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TOPICS COVERED 
( order is approxi1nate) 

1. Evolution of statistical methods in quantitative genetics 
2. Challenges from complexity and use of phenomic data 
3. Brief review of Bayesian inference, Bayesian regression 
4. Genome-enabled prediction: "Genomic Blup"; 

the alphabet: Bayes A, Bayes B, Bayes C, Bayes L 
5. Principles of cross-validation 
6. The problem of dealing with interactions 
7. Introduction to non-parametric regression: LOESS, 

kernel regression, RKHS, radial basis functions, neural 
networks (NN) 

8. Results from animals and plants 

PRE-REQUISITES: knowledge of quantitative genetics, mixed linear models, 
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probability theory, some basics of R language 
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SOME BIBLIOGRAPHY: Bayesian 

Jhn!il:;,""'"'" 
l¾"'kl(,i.,wi; 

Statistical learning: general 

Free software: WEKA 
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Gentle introductions to non
parametric regression ... 

ONLY IFYOU REALLY WANT TO GO DEEPLY ... 
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1. EVOLUTION OF STATISTICAL METHODS IN QUANTITATIVE GENETICS 

Visual appraisal (still widely used) 

IPathozo,{> Fisher's 1918, Path analysis, "Animal Breeding Plans" [1UllV,D'.<;J 

[Anov,an ) ANOVA (Method 1 ), least-squares, selection index ,wr 

[-P~ Methods 2+3, MINQUE, MIVQUE I 1 ':C::J-1 Ci-; 

I Blupassie) Mixed models, BLUP, animal model, multi-traits 1194?3"' 1 

[Bfill:!J~ VCE, ASREML, DMU I El/1 ?11:i'cj 

I Posteriozf3> Threshold models, Survival, MCMC, QTLs ! 1982-2008] 

Balding et al. (2007) "Handbook 
of Statistical Genetics". Wiley 

Chapter 20 
D. Gianola 

"Inferences from Mixed Models in 
Quantitative Genetics" 
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2. Challenges from complexity 
and use of phenomic data 

DNA 

Promoter 

Potenl,al 
rsJ~Julatory 
o!ornBnts. 

lntron seT111,=inr:P.s 
removed during ,r ., 

spl1r;1ng 

lrnhal lfans1a11on.,, 
poodt.H~t 
(nmino add chain) 

Gene structure 
Tianscriplion 
start site lntron Exon 

Trans.,r,nrition 
stop s11e, 

.J, Transcription 

lnit1n.l transcription p1o<iuc.t 

Finished lrnnscriphon product 
contmrnng or1ly exons 

Translation 

Posttrnnslatlonal modiflcntlon 

Finishod pro!oin 

Some genes do not hove introns 
Some genes ore located within introns of other genes 

Khatib (201 I) 
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How many genes do we hove? 

Organism 

Haemophi/us influenzae 

Escherichia coli 

Baker's Yeast 

Genome size # of genes 

1.8 Mb -1,700 

4.6 Mb -4,300 

DNA1gene 

-1 Kb 

-1 Kb 

(Saccharomyces cerevisiae) 12.1 Mb 

A worm 

-6,000 -2 Kb 

( Caenorhabditis elegans) 

Fruit fly 

97 Mb 

(Drosophila melanogaster) 185 Mb 

Human {Homo sapiens) 

A flowering plant 

(Arabidopsis thaliana) 

3.000 Mb 

100 Mb 

-18,000 

-14,000 

0 25,000 

-25,000 

-5.4 Kb 

-13 Kb 

SG Kb 

-4 Kb 

Khatib (2011) 
I Mb ~ 1,000, 000 bp 

POTATO GENOME 
(Nature 2011} 

• Final assembly 727 
Mb 

• Genome size 844 
Mb 

• 1 SNP every 40 bp 
• 1 indel every 394 bp 

(average 12.8 bp) 
• 24,051 genes cluster 

with at least one of 
11 genomes 
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The Pheno1nic data 
(phenotypes+geno1nic) 

1) Massive phenotypic data exist 
2)Massive genomic data increasingly available 

le: Si\! 
➔ 107 SNPs dbSNP 124 (Nat. Center Biotechnology) 
➔Perlegen: 1.58 million SNPs 

➔Animals: 

) 

-Wong et al. (2004) -- chicken genetic variation map with 2.8 million SNPs 
-Hayes et al. (2004) -- 2500 SNPs in salmon genome 
-Poultry breeding companies-- Thousands of SNPs on sires/dams 
-USA (2008) -- >50,000 SNPs in over 3000 Holstein sires 
-Pigs --60,000 SNPs 
-All over developed world -- chips with 800,000 SNPs in cattle 

All you wanted to know about SNPs 
but were afraid to ask ... ... 

SNP= _[J_NA._~;_~;_qq_c_n_r.:r; variation occurring when a single .!.!.U.'.~"'.itQ1.i.Qg -A, I, ~~. or~.?. 

13 

in the r1_: __ r:,,q.(D.9 differs between members of a species (or between paired chromosomes) 

ABOVE: two sequenced DNA fragments 
AAGCCTA to AAGCTTA, contain a difference in a single nucleotide. 

we say that there are two p}Jgjg;;. : C and T 14 
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Copy number (CNV ) of copy number 
polymorphisn1s (CNP): other source of 

information about genetic variation 
lnchviduals vary in number of copies of genomic regions 

Disease genes located in CNV regions 

I Kb~>I Mb 

Higher numhl•r: 
-Cancer cdl-. 
-liability to IIIV 

~··, -•.",) 

-,.,.·; 
•1•~· 

■ 'ik'" 

fable 1 Su1Ttf\1:1y J CNV st;1Yeys per/.1nrec f, cf:mr ri,1111nakn lrmtxk R(.'Cie;; 

NLfriler tfoMber Mean se:~ 1\\~diY, ;Li.e S1f fill\(f 

S~>t>:ifs ofB".1~/,t; c,f CNVR ONR1.~bl (NVR I~) ONRfkb1 

Cow 556 4l 9(-0.6 394.E 21.9-: 1050.6 

2G-5 l<ll 171.5 12SJ 50 200 
20 3N m 16.7 1.7 .. 20:0 

~J 1.,.,: " 1':9 89 18-1260 
539 6S2 204., 131.1 32.5-5569 

leeep 11 135 77.6 55.9 24.6505 
God 1) m 90.3 49.5 24.5,.1070 

Pig ll )7 932 6.89 1) -61.9 

,.~1u:~·,, 
C::.,{<"-'~ 

Met·,c,C; empioftd 
tc, dett{l CNVR 

Bov;neSNP50 Be.i:Khir 

8ovirie5NP50 BeadChp 
Bo/r,e 2.1 M ~CG!! Mra;-s 
Bov•rce 385k aCGH msys 
!l-.'"11/:1:eSN P50 BeadCh1p 
B::r,,r,e 385k aCGH arrqs 
So{rt 385!-. aCGII arrirs 
PO({ine 385;; aCGH !lfJa)'S 

Reit1ei;r~ 

;\\1tukv:1all t'/ Ji. (2000) 

eat ft i. {2010J 
Faoi:l.a r{ Ji_ 1~010· 
Liu f/Ji ()010) 

Hou et J!. (2011.1 
ffinl.ar.esi et ai !1011 a) 

Fol1tdl1oi et ~i (20101 
fadirta l~ a;_ (21))8/ 

55 49 7S.4-E 170.9 44.7-<0700 Porcine SNP({I Bea!Xh:P Rain,;, Cl'd-11 ti Ji (2010) 

aCG{ crrny (1lrnpll3b,·e g~01'1e tqbc ciz:ahot\ CNV, fff{ numt-tr veriatvn. CNVR, Cl'.ij)f r.umb!:r vari,;fon (fg« 
·52 J01Himnl GiVRs v.tre found to m:1p ID i;r,kri,}wn cl:wrn<Y-0nl r1:g(ins 

%1ti:ll genome sw1 c0r1pr6ir-g chromose-nie1 ➔. 7, 14 and 17 

Copy numbet variation in the genomes of domestic animals 

A. Clop' '. 0. Vi!fal' Jnd M Amill~'' 

16 
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Figure 1 n"''"-'1', f)h c 11,,,-r! tl)' S~N ir, d,-..re,L ai,,.,,-,ls (.1. h\ n,,, ,.,t,;[-c rnal rn!c,ur ,n pi5 arm ,t,,.,p ·< u.u«.\< bv , dt,p•" ,t-.,., ,;/ J g,-r,c,o:-,r 
,e~icm ir,v,1•,;ng tbr· rT ;r-d U-,,. A~Ji' .'(Nlt'l fNfNt,,·{-f,' <e-Th<> p<'a-rnmt, phenotyp.• jr, ch,C>~" ,s Jttr,t,.;t.,t,le ID ,1 CNV t.,•our«-J 20- i-_, 40 ir.b 

w:;;u:~(e ;,rrw,c-,.1t,i:-,;J f ,1nk~d b-/ preckted rq;~IM,;ry ele,nnt, w.thi the ,,-,tnm 1 o! tl>t SOY' ~i-ne 11cpri~ted ir::rn ri? 1 r-i Wr,,:ht £18 
2{09) (Ci lk,.,r,e .,.-,h-mo'.ll cdootw,.11 dy,pl.l'.Od. i!nvM by J [NV in ~~ors J ,,i ti•e f'),\ ;~.,,e, '"~rill/ r,epra·,tw ,_,ti-, l,nd peon~siu" 1'011 
S~,r,ge, <,.-_,en,~ • Bw,,e,<; V.t'J•.! J?LloMI tll M~~f'C\Jklt 1/e.•d,cine, [>r/,~t'";Ulle, et JI.. 2001. r ~ i\ /\ lir,;le· pr,,nl , .. ~t.,1,c,n w,tl"" ll't' fU! 

<fDM ~"'~ <l-\t~ph ~<~Ft•.l 1~'1<.11i-o ,It lnr., ,j,l!c!£~t ~i•e ;,t1,; a,.d le.l<h I;, anh,drc•lC. t'dWerni'" <!t'f'~\iJ"' v.Ul!., eel Tb' "wi,.llf.'<f \k"' pl11 

<Kl)).'> ~•xi the' ta-,-,·1.\1 Sh:l!-P~, fr·,t-r dsmO<'.r (h:1radr~1tic r,! :Lr ~r.ir-Pe. &,~ ,,,e causrl b_; ,1 <D H.b ll'-'fl,c,,r.:,n m·ar n·,r /iA Q grnr 
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SEQUENCES FOR THOUSANDS OF 
ANIMALS (WITHIN SPECIES) COMING SOON 

A human 
dog 

mouse 
rat 

. n_n-.r1,..,. ;,;.GA . • nc...•-... _ - • -"'-AA .G,.,_ .. ,;::_ .. ,.,,..,..,.,,._ .Gn- .,.,.., . ~"' 

. n.- 1-\-A. (-. h-:n . • ""'--.-.. •• Xr.c..r'l.h. <..•,, ·, '- C-..,_n,_,,.; ,..A,...,_,_ . ; ._, 
COW .n.-..h-AT., .nvf-.. ~,.....,,_,_,..._~,-,_;;.,.,_AJ.,.G,_,---'-"''-"'"''-•G,.,_ •. G,.. '""' 

opossum .ACA:: ... ,....,_ l-,.G,-.~ , .... G"'-'-'-. -ACi-,J.,._--,,... '-'-'·'-'-G...,,., .Gt-.._..., __ -1. -

X. laev1s (RaxG4) CG1v-.CA,G ...... G,U ...... C .A<. ;AACM':"GGSCCC .• G ... ,., .G,.,G;-.-.,,.,;-.C. 
x. Jew~•is (AY250711) CvMCn•'-'•h'.>A! •nA-.AC J..-.A-.M7G.:G-.c .... c.-.,G-- .::A3,..G ... nCC 
X tropicalis (XIRaxG) --~1-.A-..A;.G,Aun> r,...,._ -...,s.:._ .AA ... n.r,.~"'"'"'-'-'-- .G.,_ .,.,,.;.G-"-•-"''". 

olx Sox --="-------'=------pt 

B 1 kb R8X gene 
--1 \ 

CNS 1 exon1 exon2 exon3 
~ 

C 

•• 

Input 

CNS1j--- - -

Exon2lw-
Exon3I-..,. - -,-~ 

•• 

D 0 

i'ttl t ,ff' ~I '..)' 

'ff 8 cS rJ 
Rax! "•I 

Sox2j- ND--,j 
ms-actinf-· I 

oocj~-~ "' -I 
RT•½-~~~• 

t 2 3 4 

Meuwissen, Hayes and Goddard (2001) 
"Genomic selection" 

Better terms: 
"Genome-enabled selection': / SN:i;i~~~:;cornbined 

"Genome-assisted selection'/ 

Y ~,.. P 1 n +(;}Xig, + l\ 

~ Effect of chcomosomal segmect, 
allelic, haplotype 

ANIMAL BREEDING: 
USE ALL SNP MARKERS IN MODELS 

FOR GENOMIC-ASSISTED EVALUATION 

QUESTION: BYE-BYE QTLS, PEDIGREES, GENES?. 20 
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Essentials of genome-enabled 
prediction and selection 

Fit (train) some regression model (typically Bayesian) to 
a data set with markers and phenotypes 

• Estimate marker effects 
• Predict marked genetic value or phenotype in a new 

sample (testing or validation sample) for which only DNA 
information is available 

• Once phenotype ( or something related to phenotype) is 
observed, asses quality of prediction. For example, 
calculate predictive correlation or mean squared error of 
prediction (choice of metric?) 
Objective: gain reliability and if new sample is of 
juveniles, reduce generation interval. Dispense with 
progeny testing? Reduce frequency of phenotyping? 

TYPES OF QUESTIONS TO BE ANSWERED (Drosophila) 
OBER et al. (2012, Plos Genetics, forthcoming) 

ll<:fr•n·nce Par,d if)GHP). 11 iww rrmlfll\lllit\· T('>'(mff•• for w•uelie ~tu,lie,: of cumpk·x tr,dt:: ['.!i'. 

21 

\\.(' n·porl 1 h• n•~ults ,,f n full '><'<[lJ<•w·•• ha~,•d ;:::rm,mic prc\Jiel ion for r \\\J qU-clll! itn1 i \'(• 1 r,ii,s .. '<! arrnt ion 

11 



CROSS-VALIDATION 
• Data available (genomic, phenotypic) 

• Data generated according to unknown process 
• Split into training (fitting)-testing (predictand) sets 
• Fitting process essentially describes current data 

(model is typically wrong) 
• Use training process to make statement about yet

to-be observed data (testing set) 
• Prediction error (conditional and unconditional): 

point estimate 
• Distribution of prediction errors (conditional or 

unconditional): interval estimate 
23 

BRfEDERS: FUNDAMENTAL THEOREM OF NATURAL SELECTION➔ additive effects 

Schaeffer (2006): 

A potc11tial dr.iwb,Kk or genome-wide selection 
may be Lite existc11ce or i1tl<>ractio11s or cpistatic 
ellt'cls between QTL. II epistatic eflects are large, 
I lwn I Ile ilfftl r,H \' o! c; EB V ttlJ y llt'Vt'r read 1 0. 7 5. /\ 
statistical modl'i rn11ld be written to ilff<n1111 lor 
i11teractions, b111 tltis would likely be very dif!irnlt to 
nnnptlle. 

YES, IT WOULD BE DIFFICULT! 
SEE NEXT .. 

24 
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COULD WE WRITE A MODEL FOR SOMETHING LIKE THIS? 
A SYSTEMS BIOLOGY MAP OF THE BRAIN 

,., ,"."" "·"· ,~ ' ., .. ,, •••l 

25 

Structuralism? Systems analysis? 

Levi-Strauss 
(1908-2009) 

Lacan 
(1901-1981) 

Foucault 
(1926-1984) 

Althusser 
(I 9 I 8-1990) 

13 



Will "systems biology" help? 

• von Bertalanffy (1968) wrote: 

/ Allgemeine Systemtheorie / 

'There exist models, principles, and laws that apply to generalized systems or their subclasses, 
irrespective of their particular kind, the nature of their component elements, and the relation 

or 'forces' between them. 

It seems legitimate to ask for a theory, not of systems of a more or less special kind, but of 
universal principles applying to systems in general. 

ln this way we postulate a new discipline called General System Theory. Its subject matter is the 
formulation and derivation of those principles which are valid for 'systems' in general. 

Concepts like those of organization, wholeness, directiveness, teleology, and differentiation are 
alien to conventional physics. However, they pop up everywhere in the biological, behavioural 
and social sciences. and are, in fact. indispensable for dealing with living organisms or social group 
Thus, a basic problem posed to modern science is a general theory of organization. 

General system theory is, in principle, capable of giving exact definitions for such concepts and, 
in suitable cases, of putting them to quantitative analysis .. 

Systems analysis is not new in the 
ani1nal sciences ... 

MODELING BEEF PRODUCTION SYSTEMS' 

G. E. Joandct 1 and T. C, Cutwrigln 

T<'xas A&.\-1 U11hwsi1y, College St.iwm 

JOURNAL Of· ,\NJMAI.SC:IFS<:I·., Vo!. 41, No.4, 1<J7S 

THE USE OF SYSTEMS ANALYSIS IN ANIMAL SCIENCE WITH 
EMPHASIS ON ANIMAL BREEDING' 

T. C. Canwright 2 

Texas A&M Unhlnsity, College Sr.:rion 17843 

JOURNAL OF ANIMAL SCIENCE, Vol. 49, No. 3 (1979) 

Where is the beef? 
28 
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WHAT CAN WE EXPECT FROM SYSTEM ANALYSIS? 
SYSTEMS ANALYSIS IN ACTION: PENTAGON "SYSTEMS" VIEW OF 

THE WAR IN AFGHANISTAN 

ANSF 
TACTICAL 

GENERAL McCHRYSTAL: 

OUTSIDE SUPPOHl 
TO INSlm.GENT 

FACTIONS 

"By the time we understand this slide, the war will be over" 

(and he was sacked by Obama after The Rolling Stones) 

' COALITION·-' 
DOMESTIC , , 
SUPPO~T 

fS:!131\L 
(;{)\/f:.!~/!Aha(''.:': 

& BtL!l!FS •• 

POPULAR:; 
SUPPORT• 

Dealing with epistatic interactions 
and non-linearities 

gene x gene 
gene x gene x gene 

gene x gene x gene x gene 

(Alice in Wonderland) 

30 
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Fixed effects models 
(unravelling "physiological epistasis" a 

la Cheverud?) 
• Lots of "main effects" 

• Splendid non-orthogonality 

• Lots of 2-factor interactions 

• Lots of 3-factor interactions 

• Lots of non-estimability 

• Lots of uninterpretable high-order interactions 

• Run out of "degrees of freedom" 

.. Epistatic networks will probably involve a few genes of large effect 

Example of epistatic network 

Old fashioned, Ford-T car 

Say one knows genes A, B, C, D. Do ANOVA: 

A 
B 
C 
D 
AB➔ at0.05 
AC➔ Significant at 0.01 
AD 
BC 
BO➔ Significant at 0.01 
CD➔ Si9nificant at 0.001 

Yawn. nobody will publish .. 

Modern Swedish car 

D 

Publish in Nature and claim 32 
new paradigm for epistasis 

16 



-+ RANDOM EFFECTS MODELS 
FOR ASSESSING EPISTASIS REST ON: 

Cockerham (1954) and Kempthorne (1954) 

--Orthogonal partition of genetic variance into additive, dominanc 
additive x additive, etc. Y if 

□No selection 
□No inbreeding 
□No assortative mating 
□No mutation 
□No migration 
□Linka e e uilibrium 

Just consider 
Linkage disequilibriu 

ALL 
ASSUMPTIONS 
VIOLATED! 33 

A VIEW OF LINEAR MODELS 
(as employed in q. genetics) 

Mathematically, can be viewed as a '"local" approximation of a complex process 

Linear approximation 

Quadratic approximation 

nth order approximation 

./"' (a} 
I -- fr, d)'· -1-. 

11! 

FELDMAN and LEWONTIN 31,975) 
CHEVALET (1994) 

17 



How good are linear and quadratic approximations? A Taylor series provides a 
local approximation only .. 

Homo 
sapiens 

y = g(x) + e 

1. Sin and cosine functron 

f------+---t 
-5 -4 -3 -2 

I 
I 

g(x) = sin(x) + cos(x) 

y l.4t 

1.2t-' 
1.0 --

-0.4 

-0.6 

-0.8 

-1.0 

~ 1.2 

-1.4 

2 

4. Approximations 
are good at x=O ... 

3. Quadratic approximation 

4 5 
X 

\ 

CLOSE ENCOUNTERS OF THE PREHISTORIC KIND 

NO! THE ADDITIVE 
GENETIC MODEL 

Neanderthal 

36 
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A prevailing view, and for good reasons 
(Hill et al., 2008; Crow, 2010; Hill, 2010) 

• Fisher's theorem of natural selection 
• Interactions are second-order effects; 

likely tiny and hard to detect 
• Epistasis probably arises with genes of 

large effects, unlikely to be observed in 
outbred populations 

• Epistatic systems generate additive 
variance and "release" it, so why worry? 

A much less popular view 
(Gianola and a few others) 

• If everything behaves as additive, can 
additive models allow us to learn about 
"genetic architecture"? 

• In areas where phenotypic prediction is 
crucial (medicine, precision mating) can 
the exploitation of interaction have added 
value? 

• Is so, should we consider enriching our 
battery of statistical tricks? 

37 

38 
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39 

Do not fight over methods (Gonzalez-Recio, Sun) 

Distinctive aspects of non-parametric 
fitting 

• Investigate patterns free of strictures imposed by 
parametric models 

• Regression coefficients appear but (typically) do not 
have an obvious interpretation 

• Often: very good predictive performance in cross
validation 

• Tuning methods and algorithms (maximization, 
MCMC) similar to those of parametric methods 

• Often produce surprising results 

40 
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PENALIZED and BA YESlAN METHODS 
for functional inference play a role 

• The idea of "penalty is ad-hoc 
• It does not arise "naturally" in classical inference 
• It appears very naturally in Bayesian inference 

... 

➔ L2 penalty: equivalent to 
Gaussian prior 

➔ L1 penalty: equivalent to double 
exponential prior 

➔ Penalties on covariance matrices 
equivalent to priors (e.g., inverse 
Wishart) 

Bayesian methods arise naturally in predictive inference 

The concept of penalized likelihood 

41 

(example: ridge regression viewed from this perspective) 

y = X/3 + e; e-N(O,!rJ!) 

SSR = (y- X/3)
1 
(y-X/3) 

L(/JlY) - exp[ (y-X/3)' (y-X/3) ] 
20'~ 

Penalty - exp[- /3'~ ] 
2ap 

Penalized likelihood - exp[ (y-X/3)' (y- X/3) ] exp[- /3' f3 ] 
2a~ 2ai 

Penalized sum of squares= -2log[Penalized likelihood] 

(y- X/3)
1 
(y- X/3) + /3' f3 

2a2 2a2 
e fi 

42 
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Ridge regression estimator obtained by minimizing penalized SS over fl 

a(Penalized sum of squares) 

8/3 

⇒ Set to 0 

( X'X +!;: )fl = X'y 

Verify minimum: 

a2 (Penalized sum of squares) 

3/3C/3
1 

fJ = (X'x+nr 1x'y; 

Positive-definite➔ minimum 

2 
A= Uc 

a-2 
/3 

43 

The concept of penalized likelihood 
(example in the mixed linear model) 

y= Xj3 + Zu + e 

YI~, u, R~N(Xj3 + Zu, R) 

u~N(O,G) 

P(YIP,u,R) = \ , exp[-1-(y-xp-Zu)'R- 1(y-Xp-Zu)] 
(2ir),IRIT 2 

p(uJG) = 1 exp[-1-u•c- 1u] 
(2ir)11Glf 2 

22 



Assuming known variance components, the log of the joint density of the data and 
random effects is termed "penalized likelihood 

c=> l(~.u ).R.G) ~ K - f() - X~ -Zu)'R- 1(y-X~ -Zu) - fu'G- 1u 

-21(/J.11[r,R,G) ~ K + (r -X/J- Z11)' (1· -X/J- Z11) + 11' G- 111 Penalized SS 

c=> 2/(p.uiy.R,G) 
~ X'R- 1(y-Xp-Zu) tp 

C!(p.111y.R.G) 
~ Z'R- 1(y-Xp-Zu)-G- 1u 

Du 

Setting the derivatives to O yields 

[ 

X'W 1X x'R 1z ][: ]~[ X'R- 1y ] Z'R· 1x Z'R- 1z + c- 1 Z'R··ly 

► The solution to these equations produces the "maximum penalized 
likelihood" estimates of[, and u 

►These solutions are also the tiLUF(f3J and fkUP(u) 

23 



OVERVIEW OF BAYESIAN 
INFERENCE 

Rev. Thomas Bayes 

! 702 London, England 
1761 Tunbridge Wells, Kent, England 

1763. "An csiay toward, ,oh ing a prob km in the doctrine of chm1ccs"' 
l'hilo.mpluca/ Tr,msoc/ums of 1/ie Ro_n,1 Society r,{ Lom/011 53, 370-418 

Pierre-Simon Laplace 

1749 Beaumont-en-Auge, France 
1827 Paris, France 

1774. "M0rnoin;, ,ur la probabililC des causes par lcs C1·Cncmcnt,··.1 

Smw11., ,1lrange., 6, 621-656. Oc111re.1 8. 27-65 

HISTORICAL NOTES 
• Karl Pearson (without knowing) used Bayes 
• Fisher (likelihood, fiducial inference) 
• Lack of admissibility of classical procedures 

(James-Stein) 
• Revival: Neo-Bayesianism (Lindley, Box, Zellner) 
• MCMC procedures (Metropolis, Geman and 

Geman) 
• Bayesian methods in genetics: Haldane (1948), 

Dempfle (1977), Gianola and Fernando (1986) 
• Explosion of Bayesianism in statistics: Gelfand 

and Smith (1990) 
• Explosion in genetics as well 

2 
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Bayesian methods in Genetics: today 
-Classification of genotypes 
-1\:lokcular cvolutitlll 
-Linkage mapping 
-QTL cartography 
-Genetic risk analysis 

- l"l1i,J,-i<Hl1.'d i!,IU,.T,,:-,;> 

\:fi\.11t!\.''s 

-'l'ranscriptional analysis 

-Bayesian protcornics ,vith ,vavclcts 

THE BAYESIAN APPROACH IN A 
NUTSHELL 

• All unknowns in statistical system treated as random 
Randomness reflects (typically) subjective uncertainty 

• Can include as unknowns: 
• The model (distribution, functional form) 
• Its parameters (heritability, inbreeding coefficient) 
• Genetic effects, number of QTL loci, marker effects 
• Combine with what is known a priori with information 

from data: Bayesian learning 
• Bayesian approach can also be used for developing 

predictors of future observations without taking inference 
too seriously 

3 
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HOW DOES ONE DO THIS? 
• Introduce a prior distribution for all unknowns 

(PRIOR) 
• Define a distribution for the data under a 

certain model (LIKELIHOOD) 
• Arrive at conditional distribution of all 

unknowns given data (POSTERIOR) 
• Derive marginal or conditional posterior 

distributions of interest by standard 
probability theory 

• Display summaries or entire distribution 
, Interpret results pmbabilistically 
• Example: the posterior probability of Ho is 8% 

BAYES THEOREM: DISCRETE 

A// disjoint hypotheses about some mechanism. Assign 
probabilities to the events "the hypothesis is true": 

~(;~;l~US~;e--~) 
~·~----·-----·-----
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• N observable effects. Given that a hypothesis 
holds, one observes events with probabilities 

Probability distribution of events under hypothesis 
("likelihood") 

7 

• Assume that events E and the hypotheses H have joint distribution: 

•The conditional probability that a hypothesis holds, 
given the observed effects is: 

Posterior 
probability 

Marginal distribution 
of data 

Bayes theorem 

I 'ii H JJC,/c',) 

p(Lf) 

\f 

Prior 
probability 

Likelihood 
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THE ··PROPORTIO'-L-\L TO" REPRESENT.-\TION: 

The ·'Pac-l\lan'· operator: eats m1>ihing rlwr does nor depend on h 

BAYESIAN LEARNING: DISCRETE 

•Let 2 bits of evidence accumulate. Then: 

" piE :/1,ip(H) ------/ p(E E.H; >(Elfl,)p(H,) 

, p(( _ .H)p(H,E 1 ). 

•Prior before bit 2 is posterior a11er bit I 

48 

•ff given the hypothesis. the 2 bits of evidence are independent: 

49 

Conditional independence 
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EXAMPLE OF DISCRETE PROBLEM: HEMOPHILIA IN HUMANS 

,1 }. 1/ 1/1!. [f11/lllfl/,,1ilil :, U _1,r//1/,', ,/,,1,/." ,II i11;11///!i.' 'J/11 id111,; P•/ll!1/s/i1/1 If!/' 1f, 1.IJ'/l.~."(11/ 

!ro,·uf1d 111 //:,· ".I ,/,,·,,11"'-~/JII", ,'//1, _,, ,111 ,I,!!<'/,·,/ "·' _y_y //,' ·,·1111" 1:. ,i11,/ .Y)- ;1• 1n, 

/'ii, ,·ou,/1/1111: 1, ,,1,.,111•,,! ,1, 11·111111 ,, 1111/11 1,· i!uui,l, /lq ,_,11•, u•d1,,,/1,ui., 111u I. ,11ul ,,. 11,, 1, 

//,,of u11 nuT111, nl ll:r 11 111/,/1 111 t/1, _\".,-l,,1,. 11>,!S'UI/'' 

DATA 

IMPLICATION 

KP11-h~moph1li.ic father 
;\on-hc1110philiac mother 

:,..:,m-h,·nlophiliac 

""'nm, 
l-knmphil1:1c hrothcr of" ornan 

Non-lwnophifoc father 
J\on-hcmophihac nmlhcr= CmTicr of" 

Non-hcmoph1liac 
woman 

!knmphiliac brother of,1 oman 
(earner ofu) 

Problem: Probability(woman is can-ier)= Probability(0= I) 9 

PRIOR IMPLIED BY THIS INFORMATION 

(mother must be Aa) Pr(//= 1) = Pr(tl = ()) = ,)' 

l\1ORE DATA BECOl\1E A \"AILIBLE 

( \Voman lrn!>:: non-affected '>OH'> I 
',.__ - J 

l 1r(}· 1 = ll.) cc, n:o = ()'i 

Pro·, =iil'l=<l)Prl};=IJlli=O)= l X 10 
THE DATA CONFER 4 TJMES MORE LIKELIHOOD TO NO~-CARR!fR 

HYPOTHESIS 
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POSTERIOR PROBABILITIES 

l'r10= J;J'r1)· =(l.)·,=1'11'= 11 
1'11il=li}-1=ll_):,=IJ1::::: • _ 

• l'r1Vi =ll.):::;::;t!r 

l'r 11! = I l /'r I )"1 = IJ.), = lljfl = l 1 

' ~ Pr10 = 1/ 1'1·11·1 = !I. 1·c = 11111 = ,:, 

1/lld 

o+WE MOVED FROM 05: li.S TO • llJi 
-+SHARPER STATE OF KNOWLEDGE BUT CANNOT 

RULE 01 I HYPOTHESIS WOMAN IS A CARRIER 
-+STILL UNCERTAINTY ... MORE DATA NEEDED 

E\"EN MORE DATA BECOI\IE AYAILABLE .. 

( 

"Csiug po~terior 
as prior for new 
assunllng conditional 
independence 

C -;ing prior before 
Any progeny data. 
And combining all 
infonn.21tion 

I Woman has 3 non-affected sous 

Y,=O y =0 ) 

l'l'lli = II\' = 11. ), =Ii.\',= II) 

:, I'. 1\. 1 =1111!= I, 
1 !'ril'.·='li''= I' 1 .1l'r ;:,=111'1=11• \ ! .. ,, 

\\'O~L~l( COULD STILL BE A CARRIER! 

13 
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TENDS TO,, AS, GOES TO L\'Ff'\ITY HO\\'E\'ER. 

IF \\'Ol\L\N H.-\S AT LEAST ONE HEJ\lOPHILL-\C SON. 

BAYES THEOREM: CONTINUOUS 

•Evidence is now given by a vector of observations y 

•Hypothesis is a vector of unknowns 0 

•A pwbability model ',/ poses joint distribution IO y \!] 
with density 

• Assume that both the unknowns and the parameter are 
continuous-valued 

55 
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pl 

PRIOR 

BAYES THEOREM IN A NUTSHELL 

f}i i ", J 
J ( 0 )/ ( y 

Prior density 
Likelihood function 

Marginal data density 

Posterior density 

BAYESIAN INFERENCE and MCMC 
(can fit any model) 

) 

DATA POSTERIOR 

17 

Most of the times the prior comes "out of the blue" 18 
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THUS: THE ANTI-BAYESIAN ARGUMENT ... 

POSTERIOR 

LARGE SAMPLES 

• "Asymptotic domination" of the prior by the 
data (likelihood) 

• For parameters on which there is a lot of 
information from the data, the prior matters 
little 

• Prior may be influential in small samples; 
worthwhile to investigate sensitivity 

• What is a small sample? 
• Even if prior matters little, Bayesian approach 

allows to use probability theory to measure 
uncertainty 
What about asymptotics in situations where n«<p, and where th%e 

are strong non-linearities? Can one learn about marker effects? 

10 



CJ\'\ ONL l'ST!MAl'l: ~L\RKER HlHTS FROM DAL\ Wlll:f\ n<<p \V!TIIOUT 
[3Rl'\Gl,\(; EXTlcR"iAL l,\FORM;\T!O'-:'' 

y = X/3 + e; e-N(O,Ja~) 

L(f3~,) - exp[ (v-Xf3)'(y-Xf3)] 
2a~ 

log[L(/3lv)] = (y -Xf3)' (v-X/3) 
2af 

lfp>>n 

lnformation(/J) = _ _K_ log[L(/J[l')] = _ _Q_ --X-- = -,, ' [ (v-XP)] X'X 
pxp af3cf3' 0/3' aZ, a~ 

Expected lnformation(/J),," = X'f ⇒ Does not have full-rank 
I a; 

⇒ MARKER EFFECTS ARE NOT INDIVIDUALLY ESTIMABLE 

VERY IMPORTANT TO KEEP IN MIND 

ORDINARY LEAST-SQUARES 
(MAXIMUM LIKELIHOOD UNDER NORMALITY) 

21 

[ Rank(X1,X2) = p :5 n [ 

"OLS" estimato~ [ ~' ] = [ x;x, X',x, ]_, [ ~~ ] 
__,.. /J, x;x, X',x, Av 

= [Xxr'xy 
E(/JIX) = [X'.lT'X'E(y) 

= [X' xr'x xp = /3 
"OLS" is biased If full model holds and one fits "smaller" model (e,g,, single marker 
Regressions, or just additive effects) 

......._ y=X1/31+e 

__,.. E()J,1x,) = (x;x,r'ECYJ 

= (X',x, )-' [X,/31 + X 2f32 ] J Typical of GWAS 

= /3, + <x;x, r'x,x,/3, 
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Example: n=4, p=5 

Example again: 

.. X= 

... X1X= 

X= 

0 0 

1 I 

2 4 

3 9 

0 0 

I 1 

8 16 

27 81 

4 6 14 36 98 

6 14 36 98 276 

14 36 98 276 794 

36 98 276 794 2316 

98 276 794 2316 6818 

LEAST-SQUARES DOES NOT ALLOW 
ESTIMATION OF INDIVIDUAL REGRESSIONS 

IN THE n«p SITUATION 

n=4, p=5 BUT ADD 5 TO DIAGONALS OF X'X 

0 0 0 0 

1 I 

2 4 8 16 

3 9 27 81 

4 6 14 36 98 9 6 14 36 98 

6 14 36 98 276 6 19 36 98 276 

14 36 98 276 794 XTX+Ix5= 14 36 103 276 794 

36 98 276 794 2316 36 98 276 799 2316 

98 276 794 2316 6818 
98 276 794 2316 6823 

Determinant= 0 Determinant= 25782105 

12 



RIDGE REGRESSION 

Classical view: "estimator" ofa fixed vector of regression coefficients 
Can assess by cross-validation 

{3Ridge = [X'X+IAr
1
X'y / 

[I+ (X'X)- 1 Arr(X'X)- 1X'y 

[1 + (X'X)-1 A ]-1,BOLS 

=[I+ (X'X)-1A ]-1E(.B0Ls) 

[ / + (X'X)-1 A ]-I /3 . Shci,;kage towacds O 

Biased est1mator but more precise 

Classical view: "predictor" of a random vector of regression coefficients /3 ~( 0, aJ), 
/1=BLUP, E(,B)=E(P), taking A=~ as known 

", 
Bavesian view: Mean of posterior distribution of regressions under prior f3 ~( 0, aJ), 

nomrnl likelihood and known variance parameters 

EXAMPLE OF CONTINUOUS CASE 
Inferring the Poisson parameter (ML) 

N independent samples 

L(iy) = K +~.,·,log(}.) -Ni. 

dLUly) = I>, - N 
d) l 

69 
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I 

Inferring the Poisson parameter (Bayes) 

Gamma prior> p(,1,la, fJ) = /J"/(a) A a-I exp(-~) 

p(J..ly, a, /3) "' l(J..ly)p(J..la, /3) 

"' ;._L>;e-NA;._ a-I exp(-~) 

"' J,,L;,,+a-l exp1-( N + A-JJ..] 

"' ;._Nr+a-1 exp[ 
( Ntl) ] 

Posterior is Gamma as well (Conjugacy) 

-1 

.l.ly,a,/3 ~ Gamma(Ny+a,(!j)) 

(
A'forl ),Vy+a 

(Al /3) ~ -fi- ,.•'T~_, ,{''.,"' )', 
p y,a, r(Ny + a) e 

27 

Suppose the mean of the observations is 3 and that N=2, 5, 10. 
a=f]=1. The posterior densities look like 

Density 1.o 

"" 
'·" N=10 

Posterior density 
."'- of A tends to normal 
~ As sample size increa 

' . Lambda 28 

14 



c==) £(},ja,/J) ~ afl; Var(,\ja, /J) ~ a/J2 

E(Ajy,a,/J) ~ (N)'+a)Cv/+ 1 ) 

~ (N;~ I )y+ (N{J
1
+ I )a/J 

~ (-N )y + (_i__)a/J 
1) Weighted ave. 

N+l.. N+..l of MLE and prior mean 
p p 2) When N goes to 

c==) Var(,-la /J) ~ (Ny+ al( /J ) 
2 

infinity, expectation ten, 
to MLE. 

' N/J + I 

~ (Ny+a)(-1, )' 
N+µ 

~ N(- 1-, )

2

MLE(l) + (- 1-, )

2

a 
N+µ N+µ 

limN➔co Var(-1.la, /3) = MLE(Jc) Tends to AsyVar of 
MLE estimator 

29 
N 

Joint, Conditional and inal Posterior 
Distributions 

• Put 0 · [(};, 0',j' representing distinct features of models, 
(e.g., means and variances) 

•Then, elicit a joint prior density 

g(01,02) • g(01!02)g(02) ..••• g(O,I01)g(01) 

where ,; ( 0 , J is the marginal prior and i:( (J, 0, ) is a conditional prior 

•Joint posterior density is 

p{f) . . O• ,J /!O,O~,ig(O ,O,i __ _ 
ff UO .0, yJ,:(0,0 Jdl dl, 

• Must decide which is the object of inference 
• Joint, conditional or 111,1r.girn1J posterior probability statements? 

30 
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: posterior densities 
•Obtained directly from probability calculus as: 

• Additional marginalizing may be needed if o o 

r!O ·" f i:,(0.,0.,, )dl;,,dl 

J 1{0 ) 

Conditional posterior distributions 

• By definition of conditional density: 

{' (0 ! ,0 :;· } 

p (fl.' ,y) 

•Here, one is interested in variation about O only 

p(O, 0e,v) if p(O,,O,y) 

tt !.(B,.O,·~·Jp(0,.0 2 ; 

X /_(0,,0,)'Jf'(O! 0,) 

if 1(8,aO,,yJp(O, O;J 

• Identifying conditional posterior distributions: important for 
implementing MCMC methods (sampling from posteriors) 

31 

32 
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BAYESIAN LINEAR REGRESSION MODEL 
(normal distribution of residuals) 

•MAKE DISTINCTION BETWEEN 2 SETS OF LOCATION PARAMETERS 

Dummy variates 

"'. I 

X,1 

l 

/ 

rcgrcss10ns 

;catmcnt effects 

'i:,J (~ i 
,~2~J'7 ... l 

~ 
-1 -------- regressors 

Maximum likelihood (also least-squares) estimator: 
Vector of 
right-hand 
sides 

=C 

li&:iliH.;&;.. ► 
I 

X 1X2 

x;x2 

17 



LIKELIHOOD FUNCTION 
•Under standard conditional independence 

) 

•Decompose 

n, ) ) 5;. 

', , , (., x,p p 
,.________ Does not 1mohe J3 

) c~ - Xi p, - p ,) 

~ Involves J3 

]c[ f) I ~I ] S;, 1 (f' 1-, )' (fl, /L) '= ! ) ' ) ' 
~, 

L P, 

Inference using improper (flat) 
priors 

( A A 2 [ ) ( 2 )- _!!__ [ S,+S P ] p 1-'i, 1-12, a y o: a ' exp -lu' 

Joint posterior is proportional to likelihood 

a) Conditional posterior of coefficients, given variance 

p(J3i,J32fa2,y) o: exp[- 2;,] 

51: 

p(f31' f321cr2, y) ~ exp 

- [ (P,-1,) (P,-0,) }[ ::=:: r 
2a 2 

-

18 



"Similar" (but not same) as distribution of maximum ... likelihood (OLS) estimators under normality 

[ P1 
] o',yc {[ 

P1 
]

, [ X:1X1 
I Ja') X1X2 

P2 P2 X2X1 x;x2 

b} Conditional 12osterior distribution of coefficients, given 
variance and other coefficients 

P1IP2,0"2,Y o: N(~p (X
1
1X1 r

1
u 2) 

P21Pp0"2,Y 0: N(~2,cx;x2r
1
u 2) 

"offset" 

~; - (X;x;r
1
x;(y-@.p., i = 1,2, i * j. -

J J 

c) Conditional posterior of individual coefficient, given the 
variance and all other coefficients 

Normal, with mean and variance: / w;thoutparamctcrk 

~/3 x~(y-X_kp-k) 
k = I 

XkXk .----columnkofX 

d) Conditional posterior of variance, given all coefficients 

2 2 --"- [ Se + S fi ] p(u IPI' P2, y) o: (u ) ' exp 2u2 

2 2 ("- 2 +1) [ Se +Sp] p(u IP]' P2, y) o: (u r -, exp 2u2 . 

'IR R ( ) ( s,+s, ) -2 
(J Ppt-'2,Y ~ n-2 ~ Xn-2 

Curious loss 
of2 d.f. (due to prior) 

\ l'-\,.\ ~/~· 

,,~·J,; l:t - c.1,-N" 

'\--:Y' 

19 



Let: 

and 

E(x- 2 ) = - 1 ' Var(x- 2 ) = ,,., 
v v-2 ' v (v-2)2(v-4) 

Se +Sp 
n-4 

Var(0'2I~ ~ ) = [en -2)( Se+ Sp) ]2 2(11 -2)2 
1' 

2'y n-2 (n-4) 2(i.i-6) 

2(Se +Sp ) 2 (n-2)2 

(n-4) 2 (n-6) c:::> 

MUL TIVARIATE-t DISTRIBUTION 

ylµ, L, w ~ N(ylµ, ~ ) 

w- Ga(L L)·v > O 
2 ' 2 ' 

Joint density: 

p(y, wlµ,L, v) = p(ylµ,L, w)p(wlv) 

I (L)1-+ [ I '(L)-1 ] = 21r w exp -2(y - µ) w (y - µ) 

x (v/2)T wf-1 exp[- vw] 
r(v/2) 2 • 

20 



Marginal density ofy: 

,. 
_ _!_ (v/2)T 

p(ylµ,L, v) = 12irLI 2 f'(vll) 

x [ , I ] 
J 

.!ill._] (y - µ) L- (y - µ) + V d x lV , exp -w 
2 

w. 

0 

Integrand is kernel of 

fx =-1 [ (y - µ)'L-1 (y - µ) + v ]d 
w 2 exp -w w 

2 
0 

re";' J 

Multivariate-t density: Degrees of frccdo 

~ 

n+v 

= f'( .!!f-) ' [ I + (y - µ)'Lv-1 (y - µ) ]--, 

f'(; )lvirLI' 

µ 

Var(y[µ, l;, v) _v_l; 
v-2 

/ "Scale matrix" 

21 



(,J\, u ) ' C 

·re ✓ /l 

) ) " \ 

All marginal and conditional distributions are multivariate or 
univariate t 

Starting from 

all marginal and conditional distributions are normal. Integration over 

yields t-distributions. For example, then 1 dimensional distribution y I fy2 , µ, L, v 
has mean vector and covariance matrix 

Marginal distribution of regression coefficients 

Degrees of freedom 

I Mean vecto::2>-

ovariance matrix 

Var(P,,P,ly) ~ (np,~;,,.4) [ 

22 



Marginal distribution of variance 

p(u 2 ly) 0: (u 2 rt exp[- 2';2 ] J J exp[ - 2s~,, ]d~ld~2 

[ (P, - ~,)' (P, - ~2)' Jc[ :: = :: ] 
ff exp 2a2 

r==> 
p(CJ21y) a: (CJ2 )-( n-p1tr2 +1) exp(- /;2) 

21 ( 2) Se -2 a y~ n-p1-p2- ( 2 )Xn-p 1-pr2 
n -p1 -p2 -

E(a 2 ly) = Se 

n-p1 -p2-4' 

Var(a 2 ly) = 2S~ 

(n-p1-p2-4) 2(n-p1-p2-6) 

23 



Posterior distribution of residuals 

univariate-ton n - 2 - p 1 - p 2 degrees of freedom 

Var(eilY) Var(x;~ly) 
S 'c-1 eX; X; 

(n-p 1-p2-4) 

Exact and estimated posterior densities 
(most of the time we will not be able to derive the posterior, but 

may be able to sample from it) 

Density~--------------------~ 
0.7 

0.6 

0.5 

0.4 

0 . l 

0.2 

1 

Parameter value 

2 

True, unknown posterior 

Estimated posterior 
(from samples) 

Pr(biol. Important) 

4 
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t:.st1maung a posterior 
expectation and variance from 

samples 
Posterior Expectation: £(0/y) = J 0p(0/y)d0 

May be posterior is unknown or integral impossible to compute 

, Samples available from [01y] 

, 9(tl,ij(2l, ... ,0(SJ 
s 

Estimate integral as £(01y> = t Le<i) 

Monte Carlo Error~ £(9jy) -£(9jy) 
s 

i=I 

Goes to U as 
V 

~ 1 L 9Ul - £(9jy) S tends to infinity 
49 

i=! 

Monte Carlo Variance of estimate of posterior mean 

Measures variability to be expected if repeated sampling 
( each time S samples drawn) is done from the posterior 

Var(Monte Carlo Error)=Var01i[E(01y) -£(01y)] 

Var(Monte Carlo Error) = Var0,y [} t 0<0 - E(01y)] 

= Vara1y[ 1t0uJ] 

50 
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Null only if samples 
are independent 

IF MARKOV CHAIN MONTE CARLO SAMPLING IS 
PRACTICED, SAMPLES ARE TYPICALLY SERIALLY 
CORRELATED 

IMPORTANT TO EVALUATE AUTO-CORRELATIONS 
IN MCMC, TO ASSES MONTE CARLO ERROR 

METROPOLIS-HASTINGS 
ALGORITHM 

.. . and derivatives 

51 

52 

26 



1. FORM OF ALGORITHM 

I.Generate candidate 0' from proposal densityj(0'[0I'- 1I) 

2. Draw random number U(O, I) 

3. Compyte ratio 
Posterior or conditional posterior 

g(0')71(0'[0HI) ,,0 '\-' 
R = , .,,\\' <,:-

g(0I,_, )//(0[,-II [0') .• : .•. ),, '' 

4
. If { U < min(R, I) set 01,1 = 0' 

01'1 = 01'-II Important: sample not rejected. 
Chain value is just repeated 

Integration constant is not needed 

R = cp(vlO' )p(0')//(0'10 II- I1) 

cp(v[OU-1 )p(Ol1-1 )//(0I'-'l[O') 
·········"--·----

p()'l0' )p(O' )//(0' 1011-ll) 
-

53 

2 SPECIAL FORMS: USING THE POSTERIOR AS PROPOSAL 

p(yl0* )p(0* )/f(0* I0[!-l]) 
R=---_:_ ______ _ 

p(yl0[1-l )p(0[1-l )/f(0[1-l] 10*) 

p(yl0* )p(0* )/[.cp(yl0 * )p(0*) J 
1 

If this were not so, one would have doubts .. , 

54 
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3. SPECIAL FORMS: METROPOLIS ALGORITHM 

Take a symmetric (in its arguments) proposal density: 

Acceptance rate becomes 

p(yl0* )p(0* )ij(0' 101i-l]) 
R = __:_....::...:.........:_:.._:____:_::....:_--'----.;.__ 

p(yl0[,-l )p(0[1-I )//(0[1-I] 10*) 

p(J'l0* )p(0*) 
p(yl0[1-I )p(0[1-I) 

If { U < min(R, I) set 9i1l = 0* 
9[1J = 9[1-1 I 

GIBBS SAMPLING 

Want to san1ple fron1 joint posterior 

Sainple is 

Eac coordinat is a draw m marginal 
po terior 

55 

[J\rn !DATA] [ ('II I 'l) 1\.T t\56 
- ./ - : - i : l 
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Gibbs san1pling works as follows: 
I) For111 all frilly conditional posteriors 
2) Draw and update successively 
3) Repeat a nu1nber oftin1es without storing smnples 

(burn-in) 
4) Collect all subsequent sainples, and thin then1 if 

needed for storage purposes 

57 

At the end of process: 

j A B C 

1 A(l) B0l C(l) 

2 A<2J s<2J c<2J 
Discard 

'>- first 1 samples 
as burn-in 

t A(ll B(ll BUl 
~ 

t+1 A(t+l) B(l+l) B(l+l) Keep subsequent 
m sainples for 

t+m A (t+m) B(l+ml B(l+ml 
Posterior analysi. 

~ 

58 
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EXAMPLE: MH FOR A GLIM (Carlin and Louis, 2000) 

Number of flour beetles killed after exposure to carbon disulphide 

Dosage No, Killed No, Exposed 

}_lj .!.i_ !.!..i. 

1,6097 6 59 Generalized logit model 
1,7242 13 60 

1,7552 18 62 Pr(deathjw) = h(w) = [ 
cxp(x) 

1,7842 28 56 l+cxp(x) 

1,8113 52 63 

1,8369 53 59 lr1 = dose i = l,2, ... ,k 

1,8610 61 62 
H'- µ 

+ 

]Ill] 

x=-a- ·-~-- Unknown parameters 
1,8839 60 60 mi > 0 

Priors 

m1 ~ Gamma(a 0,b 0) cc m?-1 exp(-..'..:!.l.) 
bo 

Jorn! posterior 

p(/1, u 2, m r lY,ao, bo,co, do, eoJo) 

_,, -· ,,. 

~ { P,[h(w;)]''[l - h(w;)]"'-,J exp[ 
(/1 - Co )

2 
] 

2dj 

x (u 2 )-Ceo+IJ exp(-- 1-)mf°-' exp(-!!!i.) 
f 0u 2 bo 

{ 

k } a
0-i [ ~ fl[h(w;)J"'[l - h(w;)]",-Y, mi exp 

( 
2)(,0+!) 

~I U 

µ - N(co,do) 

59 

Joint posterior is not recognizable.,,Use Metropolis-Hastings 

60 

{? 

.", 

t--! ··1-; 
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>, 
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Transform variables, to work on 

fl= e, ] 
a 2 = exp(20,) 

111, = exp(03) 

\H 3 so that Gaussian proposals can be used 

Cp ~ Gp 

~[ ] 801 (}02 c03 0 0 

1= Ccr2 CCT2 C(J2 
0 2 exp(202) 0 ae, 802 i":03 

81111 Dm1 81111 0 0 exp(03) 
601 i:02 E'-03 

. -··------- ---

➔ lffl = 2 exp(202 + 03) 

61 

New density= old density (evaluated at transformed variables) times Jacobian 

Collecting terms 

p(0,, 02,03 ly,ao, bo, co,do,eo Jo) 

"{D[h(w;)JJ''[i -h(w,)]",-Y,}exp(a O03 -2e O02) 

x ex [ (0, - co)
2 

_ exp(03) _ J J 
p 2dt, bo Jo exp(20,) 

POSTERIOR IS NOT RECOGNIZABLE ... 62 
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Hyper-parameters: a0= .25, b0=4, c0=2, d0=10, e0=2.000004, f0=1000 

1) Metropolis-Hastings proposal distribution used 

[ 0· }{[ 0'1-1] 

l [ 00012 0 0 

]J 
I I 

01 fl~/-]] ,D ~ 0 .033 0 

0· gll-l] 0 0 . 10 J 3 

R 
p(yl0 * )p(0 * )If( 0 * 10 [H l) 

p(yier,-1 )p(er,-1 )iJ(er,-1i 10,) 

/(0'10I1-IJJ = I exp[-l.(0'-011-IJ)'o-1(0' -011-IJJ] 
(2,r)'IDI 2 

/(011-1]10') = I exp[-l.(011-IJ _0')'0-1(0I1-IJ _0•)] 
(2,r) 3IDI 2 

/(0'10[1-I]) = /(0[1-IJ10•) 63 Symmetrk: use f\'IETROPOLIS RATI() 

➔Three parallel chains run each with 10,000 iterations 
➔ Burn-in= 2,000 in each chain 
➔ Histograms based on the (10,000-2,000)3= 24,000 sampled values 
-+Autocorrelations and inter-correlations estimated from chain 2 

-Chains mixed slowly (13.5% acceptance rate) 
-High correlations between parameters: 
-Makes sense to explore different proposal 64 
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2) Metropolis-Hastings proposal distribution used 
➔From first algorithm ,estimate posterior covariance matrix as i c.._ +. L)e(,i _ lr)(0lr1 - tr)' 

,_, 
➔Use Gaussian proposal with covariance matrix (gave acceptance rate 27,3%) 

-003546 

'¥ =2i: c.._ -oo.,546 
[ 

0.000292 

0.07.j733 

:;I 
Pi it 

! 

-0.007856 0.117809 

Pit l'llt 

'd/J,, ;I.,,' 
"J' 

-0.007856 ] 0.117809 

0.241.'i.'i I 

65 
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4. GENOME-ENABLED PREDICTION 
GENOMIC BLUP, BAYES A, BAYES B, 

BAYESIAN LASSO 

Standard analysis (fixed X) 

Bayesian or Frequentist? I 2 2 
(more later) /31(j /3 ~ N(O,J(j /3) 

E(ylX, /3) = X/3 

E(ylX) = 0 

Var(ylX,C5;,C51) = XXC51 +IC5; 

1 



Exa111ple 1 (.Ridge regression from Ba_ve".>ian and frequenti~t point:-:: of ·dew) 
Suppose the condliwnal pnor of the 1Ygressions has the form 

Frequentist: random 
effects model 

so thf flro sets of cofjficio1ts are i11dependt:11t. Q prio1'i. Then the 
mrnn of the cond?twnal posifrior d1stributw1~ of thr regn.oss1on cotJ
ficicnts. using tl.90) and (1.:J:.)) is 

Frequentist: conditional 
distribution 

II 'hen then~ is a singlt sft of ffgress1on coeffioents and when the 

prior mean is a null i 1ector this reduces to Frequentist: mean of conditional 
distribution (BLUP here) 

~ = (X'X + Ik)-
1 
X'y. Bayesian: mean of conditional 

posterior distribution 
u:htTe 

Freguentist: estimate var. comp by, e.g. REM 
Bayesian: use posterior distributions 

{<._,_• ,,1§.,e-1""'~7'<.>J...'-• ~ (' :S C>- t~)t'c
7
·le-\ 

c ..... a..-.4r;), :,.------ ,w-1.- p ,J;<.. ' ,, -JS '·•"f-t,~,,__ · 

Prediction of marker effects: BLUP 
(iid marker effects) 

[ 
er' ]~ X'X+cr;I j3~X'y 

/ Assume inverse exists 

[ 1 + ;j (X' xi-' ]t ~ (X' X)_, ~Y 

f) ~ [1 + :: (X'X)-
1 J' )10 , 8 ⇒ SHRINKAGE 

Prediction of signal (X/J) to phenotype 

Var(X/JlY) = XVar(/JlY)X' 

= {1 + O'! (X' X)-1 ]-IX' O'~ 

(T /J - • p C7 V 
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Prediction of future record 
'-(JV-,( 0-j_).vt•~(""'). 1] •L. 

f-.~:f;,," ('. (,/C, \J 
)_)Aa ,J,ff~•'--f:,-f f,t,,,, VJ,v ( f:} ✓ ic/ 1'1('1{[{~, /! 

y* X* f3 + e* 

E(X* /3 + e*[y,X,X*) = X* E(f3[y,X) 

= X* [I+ ;; (X'X)-1 ]-I PoLs 

Var(X* /3 + e* [y,X,X*) = X* Var(f3[y,X)X* + !*a~ 

1. Standard BLUP of signal (f) 

Xis fixed here 

Y = f + e = X/3 + e 

f - N(O, Var(/)) Var(/) = XX'Var(/3) 

Var(ylX) = XX' Var(/3) + lu; 

BLUP(f) = Cov(f,y')[XX'Var(/3) + Ia;]·'y 

= XX' Var(/J)[XX' Var(/3) + Irr;J-1y 

= I+ (XX')- 1 ~ y [ 
2 ]-! 

Var(/3) 

[1 + (XX')-
1 

v.:im ]BLUP(f) = y 

2. Morph into genomic BLUP a la Van Raden 

G = (X-E(X))(X··E(X})' 
p 

2 Lp/1-p,) 

j~l 

Center using allelic 
frequency information 

I+ c-1 a, g = [ 2 ] 
Var(fJ)!V .M.HW y 

IS THIS G THE BEST ESTIMATE OF THE UNKNOWN GM? ARGUABLY NOT 

fvt +cL W ) 
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3. Estimate marker effects from genomic BLUP? Use standard BLUP theory under 
normality! 

g = £( X/J[v, variance components) under normality 

£(/JIX/J) = E(/J) + Cov(/J,/l'X' )[Var(X/l] 1 [X/J-E(X/l)] 

= 0 + a),X'(XX') 1
- 1-, X/J 
"/J 

E(/Jlr, variance components) = E.qJy[E(/JIX/J,y)] 

= Ex11:, [ X' (XX' )- 1X/J[l'] 

= X'(XX')'ExfJi,[X/J[v] = X'(XX'r'Ii 

7J = E(/Jlv,variancecomponents) =X'(XX')-'[I+(XX')- 1 
2 

~; ]-'y 
a ril 1-.11.Hw 

[REMEMBER THIS] 

BRUTE FORCE DEFINITION: BLUP is a conditional expectation under normality 

/3 = E(/31Y, variance components) = Cov(f3,/3'X')[ XX' a!+ Ia~ r'y 

= aiX'[ XX' ai + la'i r 1
y = aiX' (XX')- 1 

[ ai + (XX')-
1a~ r1 

= X'(XX')-'[ J + (XX'r 1 :i ]-I [REMEMBER?] 

CAN GO BACK AND FORTH BETWEEN GENOMIC BLUP AND RIDGE REGRESSION 
ESTIMATES OF MARKER EFFFECTS 

h ,,i'.N i,,,_ (},,.151v/ 7J = X'(XX')- 1g 

, I"' , Jr•" ,,,,,1&, g = X/3 
L, '.J/11( 

4 



GAUSSIAN PROCESS ANALYSIS (11D MARKER EFFECTS) 

y = f + e = X/3 + e 
[3 ~ N(O,JCJ~) • [Read Falconer and Mackay IQG] 

X ~ F ~ [Genotypes vary at random: population Genetics] 

E(ylX, /3) = X/3 ~ 

E(yl/3) = ExE(ylX,/3) = E(X)/3 

E(y) = E p[ E(X) /3] = E(X)E(/3) =0 } 
Big assumption 

Are frequencies effect-dependent? Are effects frequency dependent? 
TURELLI, ZHANG&HILL, MACKAY WITH MARKERS AND 

1//t'/ c./'-<!.- ?Lf~1..,\.,,-c J'-·'1...f 1··v1.r <; .. c. C 

Covariance 
matrix of signal 

Var(y) = Var(/)+ Var(e) = Var(j) + Ju~ 

Var(/) = Var(X/J) 

= Ex(Var(X/JIX) + Varx[E(X/JIX)] 

= Er[XVar(/J)X']) + Varx[XE(/J)] 

= Ex[XX'ai] + Varx(O) 

~ = aiEx[XX'], 

BP= ''best predictor" 
/ (MULVN assumed) 

7 = BP(/) 

[ _t /+ Var-1(/)]f = _t y 
a; - a~ 

[1 + :: Ex
1
[XX'] ]1 = y ~ 

£,} [XX'{ Ex[XX'] + :i I ]1 = y 

[ Ex[XX'] + :i I Jr = Ex[XX'lv 

Looks like 
genomic BLUP 
(it is not) 
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Under multivariate normality 

Var(/[!') = Var(/) - Cov(/;y) Var- 1 (J')Cov'(l;y) 

= Var(/) - Var(/)[Var(/) + lcr;r' Var(/) 

= uiE.,[XX'] - uiEx[XX'][cr/ 1Ex[XX'] + Ju;r' u~Ex[XX'] 

= uiEx[XX'] - uiEx[XX'] E.c' [~X'] [1 + u! Ex[XX'] ]-' uiEx[XX'] 
Up D"/J 

Proper assessment of posterior uncertainty requires knowledge 
of the genotypic distribution 

[ 

x,, 

X21 
xind,marker = . 

x,,1 

,, 
"x' L., ,, 
1=1 

" 
L,:r1,X2

1 

j=l 

I' 

I>t 
j=l 

x,,, ] 

X,1p 

I' 

"X X L..J 1, ", 
j=l 

6 



Genotypes (random variable W denotes genotype at a locus) 

}-"ttr 

{ W(aa) ➔ -1 E1111(W) -p 2 -q' - (p-q) - /I 
,/) )( ,,_;J 

W(Aa) ➔ 0 ' Var1111(W) - E(X')-E'(X) 

" W(AA) ➔ 1 ' - p' + q" - (p - q)' 

- 2pq 

k 

{ 

W(aa) ➔ 0 ,. 
E111r(W) - 2p2 +2pq - 2p(p+q)- 2p 

" 
W(Aa) ➔ I V 

Var1111(W) - 4p2 + 2pq - 4p2 - 2pq 
W(AA) ➔ 2 

Coding does not affect the variance of genotypes but mean shifts 2p-(p-q)- I 

DEVIATIONS FROM MEAN AND STANDARDIZED DEVS. ARE INVARIANT 

H'-E{W):coding 1 Ir - £(11'):coding 2 

-l-(p-q)=-l-p+q=-2p 0-2p 
,. 

W" = w-£(11) 

0-(p-i;)=q-p= [-2p I - 2p V .p;;;j 
1-(p-q) = 1-p+q = 2(1-p) 2-2p-c 2(1-p)) 

Under HW 

,, f' 

= L, 2pjqj + L)Pj - qj )2 
j=l /=l 

p p 

= ~(l-2p1q_1) =p-I:2p;q; 
j=l 

I' p 

= L, 2¢i;1PJ(Jj + Z:(p, - q1)
2 

p 

= 1:,P} + qf-2p_,q,(I -efi) 
j=l 

Cov(x1
1
x2) = pJ +qf-2p 1q1(1-q>)-(p 1 -q;)

2 

~ 2pq¢ 
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UNDER HARDY-WEINBERG AND IDEALIZED CONDITIONS 

/! /' I' !' I' I' 

L 2Pl/1 + L)P, - q,f- a12L2p;q1 + Lv,, -q1)
2 

a1,. L2P1l/1 + 2)/1, -q,f-
/·"l 1-I 

Symmetric t~p,q, + t~~' -q,)' a,,,,, f; 2p,q, + f;v,, -q,J' 
/ 1 / I I I I I 

JI p 

a,.., 1 L2p,q, + L(p, -q,)2 

Additive relationships p p 

L lp;q, + L(P; - Cl)):. 

1-1 rl 

Likewise, if the x's are centered 

Symmetric 

Gn,n-1 

A~ n x n matrix of additive relationships 
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Then, the "genomic" relationship matrix 

G = (X-E(,\;)(X-i'(,\J)' 

I' 

2 Lp,(1-p,) 

j=I 

x·.r' 
l'.1u111 

Is the realization of a process. If this process is the HW process, then its expectation 
is 

E A 

For example: parent and offspring are expected to have a relationship=0.5 
but in reality it could be larger or smaller 

THE CURSE OF THE BAYESIAN 
ALPHABET 

Sarah Palin 
sings 

'To Russia with 
love, a view from 

my igloo" 

Halle Berry, 
as "A" 

Featuring 

Kim-Jong II, 
as "Bayes" 

Scarlett Johansson 
as "B" 

Herman Cain as 
"C-rr - 9 - 9 - 9" 
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BAYESIAN STATE OF KNOWLEDGE 
(in a finite sample) 

Minimum-+ Prior 

Maximum-+ Conditional posterior 

Intermediate-+ Marginal posterior 
l t 

REASONABLE BAYESIAN MODEL 
(for learning about state of nature) 

• For any parameter, must be able to "kill" the 
prior asymptotically 

• For any parameter, statistical distance between 
prior and posterior (and therefore conditional 
posterior) must go to infinity 

• If this distance has a finite upper bound, it 
means that the prior is influential 

• Must be able to reduce statistical entropy as 
conveyed by the prior by a sizable amount. If the 
reduction is tiny-+ prior very influential 

10 



THE PROCESS OF 
DECONDITIONING 

(MARGINALIZATION 
CONSUMES INFORMATION 
ABOUT THE FOCAL POINT 

Meaning: conditional posterior is 
the best world to live in 

Prediction of Total Genetic Value Using Genmne-\Vide Dense ~'larker Alaps 

T. H. E. l\-l~nwi-;st-'n," B. J. Hayes' and .M. E. Goddard'·; 

BAYES A+ BAYES B 

(as I understand these two methods) 

11 



Linear model proposed by Meuwissen et al. (2001) 

Code for genotype 
ofSNP j: 
X"' -1,0,1 

SCALAR 

MATRIX 

The priors 

I' 

y; =JI+ Exub; + e;, 
j=I 

i= 1,2, ... ,n; n<<p 

y;lp,x;,b,cr~ ~ N(p + Exub;,cr~) 
1=! 

y = 1µ + Xb + e, 

y[p, X, b - N(lµ + Xb, Ia~) 

Additive substitutio 
eHect of 
SNPj 

µ~uniform 

(J2 
e 

(J2 
b-1 

. 
J 1,2, ... ,p 

or all J 
Hyper-parameters, specified arbitrarily 

12 



BAYES A (Meuwissen et al., 2001) 

Marginal prior 

These hyper-parameters 
will control the extent 
of shrinkage. Question: 
does their influence vanish 
asymptotically? 

b;[cr7 - N(O,cr}) 

o}lv,s2 ~ us2 x;~2 

}=1,2, ... ,p 

Note. each SNP has a variance 
(think of a sire model in which 
each sire effect has a variance) 

t'{"...,., 
'-

( S r\.!'~ --.--..A-

.1,i V:-'' ·1t ~\.__s,--

1~ ·, .,_b..c 
~( \')•"-''-y ·'-' C/" ·-

The prior of a marker "Ir,<......'' 
effect is a t-dislribution 
with known scale and df 

Bayes B is Bayesianly "STRANGE" 

Bayes B assumptions 

{ 

point mass at some constant 
b[cr2 ~ 

l 1 ( 2) 'f 2 N 0, cri I cri > 0 

2 ~ O with probability ;r cr-[;r= 1 
vS2 x~2 with probability I -

if cr2 
} 0 

3. Recall: if a prior variance 
is 0, this means complete 
certainty 1. Meuwissen takes the constant = 0 

2. Meuwissen assumes 1T is known, e.g., 0.95 

13 



Joint density: 

( , ) { b; = k and <I/ = 0 with probability n 

p b;,<I;ln = N(0,<IJ)p(vS 2x~') with probability 1-n 

Marginal prior 

Further 

Then: 

f~( ')-"'.'' ( h] + vS
2

) 2 ~ <J - exp ~~- d<J 
I a? I 

0 J 

~ r(1;" )(b} + vs2t";' 

( 
b' )-"'-~ l+u~' , =t(O,u,S 2 ) 

/ 

PRIOR= MIXTURE OF A POINT MASS AND OF A !-DISTRIBUTION. BAYES B PUT 
THE MASS AT0 (IF NOT 0, THIS GETS ABSORBED INTO THE GENERAL MEAN) 

j { b1 = k with probability n 
p(b1ln) = . . . 

t(O, v,S2 ) with probab1l1ty I - n 

MARGINALLY: ALL MARKERS HAVE THE SAME DISTRIBUTION 

14 



Mean and variance of a mixture (e.g., Gianola et al. 2006, Genetics) 

l'hl· fir-.1 ,ind '>t't rind 111111n1·11h. and r!w Y;11ia1u t' o! a 

f-inil(' 111i:-..11111· oJ· A.-( ;:u1-.-.:i,n1 di,11lhn1inn-... \\"illi pa,~11nt· 

!t'l\ fl=J> 1 ... /\-.JJ. 1 ..... µ,..-.u-i, .u;_.1•. wlw1l' 
. .,--.A: 

1 lw n1i:...:H1n· proprn IH1n-. /'; 1 an"•.;u( Ii dial 2--L 1 /'k = I. an· 

In Bayes B: 

E(b1/1r) 1rk + (1 - 1r )0 = 1rk 

⇒ O if k = O 

Var(b1 /n) = n x O + (I - n) }~v
2 

+ nk2 
+ (I -n)0 2 

- (nk) 2 

=(1-n)s2v +nk2(I-n) 
v-2 

(I - n) S
2
v
2 

if k = 0 
v-

ALL M"',RKERS HAVE THE SAME VARIANCE IN BAYES B! 
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BAYES A IS A SPECIAL 
CASE OF BAYES B (n=0) 

Meaning: if Bayes A has an 
inferential flaw, this carries to 

Bayes B 

HEURISTIC ARGUMENT: 
view form of Gibbs sampler 

for Bayes A 

(element-wise sampling) 
Note: the form of the implementation it 

is just an algorithmic matter: it is 
immaterial with respect to the issues 

16 



Sampling the mean 

- -n p 

µ[ELSE~ N I 
L Yi - Lxub 1 

a2 
e 

n ' n 

i=l j=I - -
Flat prior for the mean (or for the fixed effects) is not influential 

Sampling the residual variance 

a~JELSE ~ n(l + ~,) 

Goes ton 

-2 
Xv,+n 

The prior can be "killed" simply by in \asing sample size 

This will dominate the weighted average 
as n increases 

17 



Sampling the marker effects 

bijELSE ~ N 11 ' 11 

' " 2 a; L..Jxij + er' 
2 a;; 

Xfj + a2 

i= I bi i= 1 hj 

J = 1,2, ... ,p 

Kill the prior simply by increasing sample size. The effect of the shrinkage ratio vanishes 

Sampling the variance of the marker effects 

(
b2 +vS 2 ' 

a 2 ELSE ~ v I + _l_ .1 - 2 
1,) ( V ) J + v ~Typically very small 

Priordf:veryinfluential-----:(t±)] j 2([-CG))+v ])82 
V I+ V S -"'<cc;c;.L--- Xv+! 

l+v 

j = 1,2, ... ,p 

•Prior cannot be killed here. One can increase the number of data or of 
markers ad nauseum and gain only one degree of freedom, always 
•Recall that, in the conditional posterior, all other parameters are known (i.e., 
they are assigned values) 
•Since one must de-condition, actually the true posterior moves less than 
one degree of freedom away from the prior 
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RECALL: STATE OF KNOWLEDGE 

Minimum➔ 

Maximum➔ 

Intermediate➔ 

RatiL-, 1 '' 

"' 

"' 

Prior 

Conditional posterior 

Marginal posterior 

J,1 !2 W. It, .IK 11\ 
uegr-ces of tr~d(1111 

FiM>ll'<' L ib\j,, J,. lw•~·:t '"' Jl[,;i,·nt:, nf \·;,r)n'.i«;, i 'i" (<1,~_--).L'iT) f('i" (<':'. .. ) ;I -'-V !> ·" 

nf th,- iuorlitiorrn: p•·t;:.,ri,_,r ,md p;-i .. r di,nnl"ltiPu• .-.f tb' Y<ll'ii111r.· ,,f the 1rn,rh•r din 1. i,,' l1 

hu1diP11 ,,f tb· 1i,·:,:rn-:~ ,,f fr,_,_.,l.,m I' ,,j tiw pri"r. 

For df>6, the relative variability of the posterior distribution of the variance of 
a SNP effect is essentially COPYING that of their prior distribution 
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ENTROPY OF A DISTRIBUTION ("DISORDER") 

H(p(xl0) = E, 10[-logp(x)] 
Example: normal distribution 

ln1rory' T 

p(xl11 ~ O,a2) ~ - 1-cxr(- ·'
2
,) 

✓ln:a' 2a-

log~,(xlp ~ O,a2)] ~ log(-'-)- J_ log(a2)- x', 
,/2ir 2 2a" 

£{-log[p(xlp ~ O,a 2}]} ~ -lo{ffe )+t[log(a 2)+1] 

~ 0.91893853+t[log(a 2)+ I] 

Entropy 

ENTROPY CALCULATIONS 
Bayes A: variance of effect 

------ Variance of marker effect 
Prior entropy .----- (sorry, change of notation) 

H{[a;,lv,S 2]} 

~ -f log[p(a;,lv,S 2 )]p(a~,lv,S 2 )da;, 

~ _l'.. -log[ vS' r(l'..)] + (1 + l'..)_d_logr(l'..). 
2 2 2 2 d( f) 2 

Entropy of the conditional posterior 

H{[c,~,IELSE]} 

~ -J log[p(c,;,IELSE)]p(c,;,IELSE)dc,;, 

\anance 

~ _l'..±..l _ log[(vS' +a/ )r(l'..±..1)] + (1 + v+ 1) d logr(l'..±..1). 
2 2 2 2 d(';l) 2 

Learning from data: reduces entropy 
(cannot calculate entropy of posterior in closed form) 

20 



Relative information gain 

RIG 
e I fo 1A1 1, /f~ •" ( < 

H{[ cr;,klv,S2 ]}-H{[ cr;,klELSE]} 

H{[ cr~k ju,S2 
]} 

Fora,= 0, S = I and v = 100, RIG= 9.60x IW3 I 

For a k = 0, S = 1 and v = I 0, RIG = 6. 51 x I 0~2
1 

For ak = 0, S = I and v = 4, RIG = 0. 125 

Metaphorically: the prior is totalitarian in Bayes A (8) ~ 

STATISTICAL DISTANCE BETWEEN CONDITIONAL POSTERIOR AND PRIOR _,. y,·'•' 
(KULLBACK-LEIBLER) J ,y1,, .. ,;, 

,,,J<;/ ,J,:•,,h,-• ') 

Specific distance at a given variance 

I 

➔ IF KL IS LARGE, THEN LEARNING BEYOND THE PRIOR HAS 
TAKEN PLACE. 
➔KL SHOULD GO TO INFINITY AS DATA ACCUMULATE IN ANY 

REASONABLE BAYESIAN MODEL 

C,;,:, J+i r,,11/ J,J_ ,;I ' C ( 11f✓ ' i( ,'{,\{ : )t"l,ii.lL,J 

p I\ OY' /J,,1c'(1i /\ 
r 

f)
' . ,() 

//( ~- r"•1'> D 

21 



KULLBACK-LEIBLER DISTANCES 
BETWEEN CONDITIONAL 
POSTERIOR AND PRIOR 

(of variance of marker effect) 
1) 7.33 x 10-2 for v = 4,S = 1,p = I and a1c = 0 

2) 2.64 x 10-2 for v = 10,S = 1,p = I and ak = 0 

3) 2.52 x 10-3 for v = I00,S = l,p = I and ak = 0 

If 10 markers are allowed to share the same variance, KL= 4.47 
Relative to (1 ), KL distance increases 61 times ... 

// '(ac. )'Ii·~/ 1<'P\1 \/ 1 , ; J.\ /. 

BAYES A (B) 
• The prior always matters 
• The effect of the prior is via the extent of 

shrinkage of marker effects 
• Cannot learn about variance of marker 

effect 
• Statistically greedy models (same will 

apply for any model assigning marker
specific variances) 

• May have good predictive ability 
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SIMULATION 

(never take a simulation too seriously) 

RESURRECTION OF BAYES 
A 

(If additive model holds, it may give 
sensible inferences about marker effects) 
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Description for slides 1. 2 and 3 

Bayes A was fitted on a simulated data of 50 observations. 
- TrLe: re1at1onsh p between resoonse and SNP (Xi x2 x31 effects 

• Y"' ·,v1 + 2'w:-+ x, -2'x 2 + 5'x 3 .. error (-NiO sd-1 2)) 
M::idel f1t'.ed 

Y "' vv;s + Xg + error 
W Is inc;de11ce matnx 'or two nuisance parameters. 
X Is inc1deroce matrix for SNP effects. Besides x1. x2 a'lo x3. five acd:tsonal 
irrelevant SNrs (x4 :o x8i addec. SNr> value 1s allele cc.oy nun:t;ers i.e .. 0 
1 or 2 

Slide 1-Posterior distributions of SNP effects g1 {f = 1, 2, ... 8) when using five 
different priors on o,/, scale determined by estfmated residual variance {1.5) 
- Black. o<> ~ ur-11(0. iOO) 
- Red. oi· ~ scaled inverse x2 (dl""4. scale"' i .5) 
- Blue o9,:'.!-scaled inverse x2 (dfc-4. scale"'3) 
- G_reen oJ./- scared inverse X2 idfc-8. scale"';"-: S) 
- Pmk o~\2 - scaled inverse x2(df:c8. scale,,,3) 

Slides 2 and 3-Posterior dlstfibutions of 8 SNP specific variances under 
above five priors. Because the uniform prior leads to a very dirferent posterior 
of $NP varfance as compared to the other four priors, it was plotted separately 
(sllde 2). Slide 3 is for the four scaled Inverse chi-square priors, with same 
color representations In sllde 1. 

POSTERIOR DISTRIBUTION OF SNP VARIANCES UNDER UNIFORM PRIOR 
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POSTERIOR DISTRIBUTION OF SNP VARIANCES UNDER FOURS.INV. CHI-SQUARE PRIORS 

THE GOOD NEWS 

Posterior distribution of SNP effects 

25 



Bayes A 'picks ljp the 3 re[evanf SNPs 
,, 

' 'J CS 1 0 

.l 

J.O (tO C Q 

-=ro =:rs···;,-c ··5~---Tci 

<J, 

; I 

'.iJ 

;) 5 

00 00 ca 

DEATH-RESURRECTION-DEATH 

Bayes A may give a distorted 
picture if there is non-linearity or 

non-additivity 
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(),J 

Ooscrlption for slides 5, 6 and 7 

Bayes A was filted on a simulated data of 50 observations. 
- True reJatrorsl1-p between resoonse and SNP (.x1 x2 x31 effects 

• Y - w1 + 2'W: + exp(x 1)'s1n(x:,,·0.5_1'x/ + error (~·'.'>J(O. so..,0.25)) 
- Model f1ttea 

Y "" \/'1";3 + Xg + error 
W 1s mc-.dence matnx for twc nuisance parameters 
X rs 1nc1dence matrix for SNr effects. Besides x1. x2 and x3. five ac::H onal 
-rrelevant SNPs (x4 to x81 Mdec. SN? value 1s allele copy !luffbers i.e .. 0 
1 or 2 

S/Jde 5-Poslerior dislributlons of SNP effects g1 (i = 1, 2, ... 8) when using five 
different priors on o!/, scale determined by estlmated residual variance (42) 

Black o - unif(0, 1001 
- Rec. o,/ ~ scaled mverse x2 (df-:A. scale~ 42) 
- Blue: og,"'! ~ scaled inverse x2 (db 4. scaie-84) 
- Green c/- scaled inverse x2 ;at~8- scaIe-::::42J 
- Pink a,/~ sca'.ed uwerse x2 (df,.,8. scale.,,,84) 

Slides 6 and 7-Posterior distributions of 8 SNP specific variances under the 
above five priors. Because the uniform prior leads to a very different posterior 
of SNP variance as compared lo the other four priors, It was plotted separately 
(slide 6). Sllde 7 is for the four scaled Inverse chi-square priors, with same 
color representations in slide 5. 
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BAYES A vs. BAYES L 

(Bayes L= Bayesian Lasso) 

"} t .n ,1 r 

In the Bayesian Lasso, marker effects are assigned double exponential distributions 

EACH MARKER HAS THE SAME D.E DISTRIBUTION: 
NO HETEROGENEOUS VARIANCE EITHER 

. 
0 

M ,. 0 

! 
C 

N 
0 

Density of a Normal and of a Double-Exponential Distribution 
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Graphical Representation of the hierarchical structure of the Bayesian LASSO 
and Bayes A 

Bayesian LASSO ( I , 'I) ( 'I ) p /31 a r1 /J r1 ,l A1·1 I Jl, a') 

,1,1( • p(a') 

P(,o,. la'r; l)P(r; I-<) p(y,, Ip, a') 

P(/31 la; )p(a;, ldJ;,, Sp) p(,,1 I p,a') 

Bayes A p(a') 

{)9 11 ·t 

P(o,,la} )AaJ,,ldfµ,S p) p(y,, I p,a') 

u\{/ '/' Vilt ·,h'M 
ii-, 
I ·n,' ( 1\ 11c---fJti-. •1 L--

ANOTHER SIMULATION 
(learning of marker effects 

versus learning signal) 

(never take simulation too seriously, 

although it is great for checking ideas 
and code) 

DE LOS CAMPOS ET AL (2009) 
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280 

)'; = I xJ1, + s, 
i==l 

i = 1, ... ,300. 

280 markers. Residuals assumed N(O, 1) 

Pearson's correlation between marker genotypes 
(average across markersand 100 Monte-Carlo simulations) 
by scenario (X0: low LO; X1 high LO). 

Scenario 

0 007 0.002 -0.002 o.ou 

x, 0.711 0.567 0.450 0,35(, 

Only 10 markers had effects➔ 270 had no effect on the trait simulated 

t', 

,'! 
"' 

N 
0 

ci 

0 
0 

9 

N 

9 

M 

9 

0 

' ' ' ' ' ' Chromowme 1 ; Chrom o~me 2 ;chronosane 3 : (hromosO!fle 4 

50 100 150 200 250 

Marker number 

Positions (chromosome and marker number) and effects of markers 
(there were 280 markers, with 270 with no effect) 
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NINE SPECIFICATIONS OF 
BAYES A 

Priordf Prior Scale 

10-s 

( 
10-1 5x1Q·• 

0 (1) (2) (3) 

½ (4) (5) (6) 

(7) (8) (9) 

PRIORS 1, 2, 3 ARE IMPROPER 
PRIORS 7, 8, 9 WOULD LEAD TO CAUCHY PRIOR DISTRIBUTION OF 

MARKER EFFECTS IF SCALE WERE 1 

Tnhll' 3. Poliritl'rior cr,;finrntl'."i of residual rnri:llll'l' (er~) and correlation IH.'fW4..'l'll till' 

tl'tlt' and ('5fimated Yaluc for sC",·er.11 items ( y, phenotypes: XU. true genomic rnh1c: 

IL mark1..·r effocts; ;.1ll quantith.'s ,1n:rn~ed of 100 l\lC rcplic..ites), 

er' Corrh·. Xii) Co,A.xu. xii) c·,m(11.ri) 
1\·l1..·,1Jrl ".i[),;_ rvk;H~ S[)2... 1\k:in-1- SD~ rvkan..l. SD,;_ 

Low linkage (li:;tljllilihrium lwtw1..'<:ll m:irh·rs ( X"J 
Bayes:\: 

(IJ 0.518 0.0!,2 0.8J9 0.027 0.580 0.06J 0.102 0,04, 
{2) (J,lJ4J 0.0~{) 0.577 0.028 0.721 0.092 0.200 0.02~ 
{ )) 1.074 0.IUS 0.49(1 0.032 0.701 O.IO() 0.199 0.010 
(4) 0.39...J 0.053 (UNS 0.022 0.5J[ 0.060 0.079 0.051 
(5) 0.824 0.077 0.652 0.025 ().(it)() {J.079 0.18] 0.028 
\(•) 0.950 0Jl}N 0.57~ 0.0~7 0.722 0.fJ88 0.201 0.021 
(7) ·tnD) 0.053 , _-n:<J~, 0.015 ~~}.:.J.:\;;· ' 0.057 0.(42 0.0-1-3 
!RI i):575 0.05h lrn J n.ol9 ;0/1-(){, 0.0Ci(, 0.116 0.0+--1-
(9) ;0.710 0.0(16 fl. 72.S 0.020 

I 
0.659 O.U72 0.152 ().(JJ/ 

BL O.N~6 0.080 0.(12J 0.02s ' 0.708 0.081 0.191 (l.024 
' 

.!L t-.foau/'.,1L·ro~~ 100 t-.lC/r(;"p]icates) or lhe po:-ii-~rior m~an. 2": B~1ween-r~plic,1k' standard 

(k·viatioi1 of the 1..•:--limak. ].i_: Menn {across t-.·fC replicates) of the correlation evaluated nt 

tlw p~~tcrior mean or n. 

11,',]"" 
il J.1 f'<..-
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frlll' aud l'sti111:1ft'd , ahll' for "l'Hrnl itl•m:-. ( y. phtnolypl'S: XH. lnll' l,!('110111ir ,aim·; 

n. marklT l'fft.'('h: all quanfitil''i HWrngNI of JOO l\lC n'plk:11l'.'i), 

CT" Corri) .x,il C,>1riXll.Xll) cu,,-(n.ul 
l\l,:;11r1- Sf)_;_ l\ka1r1- Sf>.:.. l\k;m~ :-,\)2.. J\k11r'- SD_;_ 

. 
B;iyl,',; ,\: - - - -

{ll U.SJ5 (WM) O.X24 0.02l) O . .'.'XO (1,()°7() 0.I21 O.O--l-5 

CJ {l_lJJS (\.()/(1 0 h!/<J ()_()JJ ()_(,'i" O.OSJ 0.210 0.f).2/l 

\ -~) IJWJ ().ft8;i ().;i_~,\ o.o_q O.(,:iU f!.OS<, 0.211 0.025 
(41 0.---10-l- (}.()(,? ()_XS.\ 0.()25 ll.533 1).()(1~ O.!N-1- ()_0-4:-.: 

(5) o.,'-09 (JJ)(ll) 0.(,7() 0.0J() ().(,:i9 0,07(, 0.2(!0 (J.OJO 
(6) O.lJ-H.; 0.()7:i ().(,[(, O.OJ! 1).(17(1 O.!!RI 0.21 l ()_02(, 

{7) 0.]95 (UJ5(1 0.%0 0.015 0.-1<,2 (J.060 ().()(,2 0.0---l-~ 
(XJ O._-'i(1(l o.os:-. (})\Qt) 0.02! 0.59.; 0.(J70 0.132 0.0--+2 
(9) 0.(,Xl) o.rn,2 (),7.\--f n.02-1 OJi.29 U.072 0.]73 ()_().~(, 

fl f_ i{Jl\4 o.uxx 0.(,1(/ 0.0-42 l).(1(,f.; (J.(j7l) 0.211 O.U.2.' 

.L-l\.l.:-:111 (acw~s I Oil t,,.-J( i..•pl1c;de::-,) of 1lie pl1~krn1r llh.'aJJ. ,:!, . B<c'I\\ '-'0lrte11l1cHt.' -.;l,uul.H"d 

<k\'ialion of the t.'S1imall'. ~: l\foan (at.To,;.-; r\·fC replicall'S) of 1h~ ('Orrelaiinn C\.·aluakd at 

thc poskrior mcanof n. 

Simple fixes of Bayes A 

• Assign the same variance to 
all markers (trivial Bayesian regression 
problem) 

• Assign the same variance to groups of 
markers (e.g., chromosomes or genomic 
regions): model comparison issue 

• Assign non-informative priors to S and to 
the degrees of freedom y_ 

➔ can be done. Just an algorithmic matter 
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Issues and questions 

• Bayes A can be "fixed", but may not the best 
thing to do. Open question ... 

• Bayes A, as is, may still have a good predictive 
(out of sample) behavior, even though it is not 
completely defensible 

• Bayes B is Bayesianly ill-posed. If you do not 
believe me, check with local Bayesian 
statisticians ... 

• More reasonable: mixture at the level of the 
effects. This is done in Bayes C (Habier et al. 
2010), for example [ASK OUR IOWA STATE 
HOSTS] 

• Bayes B may have good predictive ability though 
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4. Dealing with epistatic 
interactions and non-linearities 

gene x gene 
gene x gene x gene 

gene x gene x gene x gene 

(Alice in Wonderland) 

Statistical Interaction 
(fixed effects models) 

Yiik =µ+A; + Bj + ABu + eijk 

E(yifklA;,Bj,AB u) = µ+A; + Bj + ABu 

E(y 1;k - Yu'k'IA ;,Bj,ABif,A;,,B 1,AB; 1) = µ+A; + B1 + AB if 

- (µ+A;,+B1+AB; 1) 

= A; -A;'+ AB;; -AB;'J 

Difference between levels of factor A depends on level of B 

If factor A has a levels and factor 1l has /J levels, the degrees of freedom are: 
- (a--1) 

- (l!-1) 
•· (a-1/(b-1) [assuming no-empty cc:ls] 
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Multi-SNP Fixed effects models? 
(unraveling "physiological epistasis" a la Cheverud) 

• Lots of "main effects" 
• Splendid non-orthogonality 
• Lots of 2-factor interactions 
• Lots of 3-factor interactions 
• Lots of non-estimability 
• Lots of uninterpretable high-order 

interactions 
• Run out of "degrees of freedom" 

Dealing with interactiorn, ("statistical epistasis"): much ol this 
took place in inspiring Iowan landscap • 

~? ·' 
·mr~ • 

;;: ~ ' ' 
- "' ~ 4., :,;I:~ ~)' 

• -
'-'!!' . -

0 K • 

t------

•;- J ) 
:· Pf,;• 

. _;, 

SOME CORN 

PIGS AGAIN 

MORE 
PIGS HERE 

C.C.C 
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RANDOM EFFECTS MODELS 
FOR ASSESSING EPISTASIS REST ON: 

Cockerham (1954) and Kempthorne (1954) 

--Orthogonal partition of genetic variance into additive, dominance, 
additive x additive, etc. if 

I 

□No selection 
□No inbreeding 
□No assortative mating 
□No mutation 
□No migration 
□Linkage equilibrium 

A ~tandard ch .. ·compo:-.ltion of ph1.•11otypic valu1.• in 
qw.m titativc genetics (F aicl>IH.:r & iVI ackay. 1996) is. 

_r.;.;;;.,u+u+d+i+c. 

whLTC u. d and iarl' additive. dominaHCL' aud cpis.tatic 
clkl.'IS.. n .. ·s.pl'clivcly. and c is a residual. rdkcting 
.,.,,,;,.,.,.,," .... , .. 1 t,.~";,,L,.,l\ ,.,, •. :,.1~~1:-., Tl.:, 1: .... , •.. L. 

The i 
elfo:t can be dccompnscd into additive x additive. 
additive x dominance. domirn111cL· x dominance. etc .. 
dL'viatc:-i. In what ha:-. hl.'en termed ·:,.,tatistical L'pi~ta
sis' (Chcvcrnd & Routma11, 1995). thc,c deviates arc 
assumed lo be random dnn\·S from SfllllC distributions 
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The degrees of freedom of the distribution are NOT GIVEN by the number of levels. 

There is now 1 di for each type of genetic effect. 

Matrix representation 

Variance-covariance 

Decomposition 

N(O,ut) 

N(O,u1) 

N(O,ut 0) 

N(O,u~d) 

N(O,u1d) 

N(O, u1dd ... d) 

Y"----Xfl·t (u+d-t-i 11,,-I i,u1 ··! i,1,r)·l-c 

-YJ-t-g+e. 

wherL' fl is sOUlt' nui:-,ancc location wct01 IL-qual to _ti if 
it contains a :-irng:le ckmcnt); X 1:-. a krnH\n incidl'lll'C 

1natri~: ii and d arc VC\.'lors or additi\\:' and d{Hni11an1.:c 
cffccb. r1.·spl.'ctiwly: icm-iud ;rnd i,1,1 arc '-'pi static effect:-.. 
aml ~"'- a +d + i,"'-+ i,,,,-+ i,1,,is the· tot~tl • gcuctir ntlu ... •. 
Assumi11g that g and e arc mi..:orrdall'd. the vari
anc1.: 1.:ovari,111cc dl·composition is 

where \"_r.V/[ and"" ;:m: the phrnotypic. gL·nctic and 
residual ,·ariam.:c covarianct' matriL'c:-.. J\.'SJX:Cllvdy. 

Further. 

,.!! '-Au!+ U,,:i + (A ii A)o!
11 

+ (A fl D)<1~,1 +(D t/ D)r,~,1-

1.1) 

lkr1.·. A is !hc numerator n:lalionship matri\; Dis a 
matrix dul' to dominance rdatiom,hips whidi can 
he computed from \.'Hlrit·:-in A, and the remaining 
matrices iuvolvL' I ladamard klrn1c11t by L"k·mcnt) 
produds of matricc::- A or D. Thus. under CK. all 
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.. DO THESE ASSUMPTIONS HOLD? 

RANDOM EFFECTS MODELS 
FOR ASSESSING EPISTASIS REST ON: 

Cockerham (1954) and Kempthorne (1954) 

--Orthogonal partition of genetic variance into additive, dominanc 
additive x additive, etc. L if 

□No selection 
□No inbreeding 
□No assortative mating 
□No mutation 
□No migration 
□Linka e e uilibrium 

ALL 
ASSUMPTIONS 
VIOLATED! 

GAMETIC DISEQUILIBRIUM 
(variances, covariances, 

correlations) 
.. 

IGarrete at locus II B (I) 
-

b (0) Marginals 

·.~a(O) ... 
I •• I' • ··1 
'Poo = Pr(X = 0, Y = 0) •i Poi = Pr(X = 0, Y = I) I Poo + Poi = Po+ 

- ~ -., --

A(I) P10 = Pr(X = I, Y = 0) P11 = Pr(X= l,Y= I) PIO t P11 = Pl+ 
. -

: Marginals , Poo + Pio = P+o 
I 

J_ Poi + P11 = P+1 Poo+Po1 +P1o+P11 = 1 

E(X) = 0 x (Poo +Poi)+ Ix (P10 + P11) = /Jl+ E(Y) = 0 x (Poo + Pw) + I (Poi + Pn) = P+I 

E(X2) = 02(Poo +Poi)+ 12(P10 +I'11) = Pi+ E(Y2) = 0 2(Poo +Pio)+ 12(?01 + P11) = P+1 

Var(X) = E(X2)-E 2 (X) = Pl+ - pf+ Var(Y) = E(Y') - E2 (Y) = p, 1 - p; 1 

= P1+O - Pi+) = P+1Cl -p+i) 

5 



Gan-.te at locus b (OJ B (I) : Marginals 

: a (0) 

A(I) 

Marginals 

P00 °Pr(X 0 0.l' 0 0) Po, 0 Pr(X0 0.l' 0 I) Pw+P01 °p 0. 

Prn°Pr(.\ 0 l.) 0 0) P11°Pr(X 0 1.1'0 1)
1
Prn+P11 °p 1. 

Pon+P10 =p.11 

E(XY) - 0 x O x Poo + 0 x I x Po, 

+ 1 x O x Pio+ 1 x I x Pi i 

= P11 

D - Cov(X, Y) - E(XY) - E(X)E(Y) 

If D > O ⇒ there is "positive" disequilbrium 

If D = O ⇒ the two loci segregate independently, P 11 = Pi+P+1 (stochastic independence 

If D (. O ⇒ there is "negative disequilibrium" 

i Gamete at locus ! b (O) I B (I) 
r--- --
•1 Marginals 

Paramelerizatio~ a (0) /JO+/Lo+D LP+1(l-p1+)-D Poo+Po1 =po+ ______ _ -,-~2-<-_v, 

:~(2 marginals, OJ j 

D' 
Po+P1,P+oP+1 

Under the hypothesis of no gametic disequilibrium 
N -sample size (large) 
Ou - #observed in cell (i,J) 

Eu - #observed in cell (i,J) 

J 

(Oij-Eij) 2 

Eij 

(NPu - Np;+p+j )
2 

Npi+P+J 

- N.._, .._, _!23__ - ND'(-1- +_I_+ _I_+ _I_) 
,t,...,t,... p;+P+J Po--'-P+o Po+P+I Pi+P ➔ o P1+P+1 

, j 

= ND2P1+P-1 +p+oPi+ +po,P+l +po+P+o 
Po+P+oP1+P+1 

-ND' (p,., +p,o)p,, +po,(p", +p,o) -ND' p,, +po, 
Po+P1+P+oP+1 Po+P1+P+oP+1 

-N D' 
Po+P l+P+oP+l 

2 

"' -;} (for large N) 
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I' = 
Cov(X, Y)) 

J Var(X) Var( Y) 

P,, -P+I/JI+ 

,.2 

P1+0 -p1+lP+10-p+il 

,., = ____ __.D"-'----
P 1+ 0 -p1+lP+1(l -p+1l 

xT 
N 

Most commonly used 
metric for LO 

h1:111;hl;i;:~ ',Ji1~1m1,·d'"" 

E(A) "" --1.., Var(A) = _1_-J Var( x; ) N N' N N2 1 N 

Some correlation will be found 
Under the null for small samples. 

.fl 
N 

L 
However, the expected "studentized" value 
will be 

=~--

Under H0 Nr 2 ~ xl 

J_ 

I ~ _,_· = _J__ = 0. 7071 
/! Ii 
' 

E(Nr 2
) ~ E(xl) = 1 = Var(Nr 2) = 2 

Empirical distribution of 10,000 chi-square variates, df=1 

0 

• 0 

N 
0 

5 10 15 

Chi-square 
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METRICS FOR GAMETIC 
DISEQUILIBRIUM 

1. Squared correlation (conceals negative disequilibrium: values in 0-1) 

r2 = n2 

P1+(1-p1+)P+t (1-P+t) 

2. Lewontin's O' 

IIIIIIBl!W:I!~ 
~ 

~ 

P10+P11 =Pl+ ⇒ P11 ~Pl+ 

Po1+Pll = P+1 ⇒ P11 ."Sp+1 

D P11-P1+P+1 

IF D > 0 

Dmax = Pl+ -Pi+P+l 

= P1+(1 -P+I) > 0 [actually 0.5] 

Dmax ⇒ P+1-p1+P+l 

= P+1 (1 - Pi+) > 0 [actually 0.5] 

Dm" = minlJJ1+(1 -P+1l,P+10 -p1+)J 

D = P11 -p1+P+1 

IF D < 0 

IDmaxl = I0-p1+P+1 I= Pl+P+I 

IDmaxl = IO-po+P+ol = Po+P+o 

ID max I = min(po+P+o,P l+P+I) 

D' = ___f2_ 
ID max I 

ID,mxl = min[/71+0 -p+1l,P+1(l -p1+)J if D > 0 

ID max I = min(po+P+o,P 1+P+1) if D < 0 
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VISUAL DISPLAY OF LD 

A Combined 

"Exponential" decay with inter-marker 
genetic distance f 

e 

Mapping and linkage d1sequ!libtium analysis with 
a genome-wide collection of SNPs that detect polymorphism 
in cultivated tomato 

...kJumaf of Exr:Jerimentaf Botany, Page 1 of i5 
ooi:10.1093fJxb/erq367 

a Processing 

C Fresh r'r\a,rkf'!t 

"'"'•~ ,_,_ .. Rk>d <<M) 

Fig. 3_ P>·,t~ c;,I i <,k,c.9,, ,--,,w,1, ,'I,!,,.,.,, ,L[» vaiu<>s or') 'Kl•"Mt 9m,c 0 bc, 
,1,:;,an<,,:, (<CM! h'1v,~"~' ·,;,,,, "'"-'"'"'",ca m,,tt c;<,--. c;l,-,.a,,,,--~ of 
<-ulo,co«:>d tunn..tt0 4< P'-'"'"'-"" ,~,,.-,.,,"'-' e,c, ,,t_,i,,c0,,c~>c, uf ,,,u,«~, • 
the-~'"''-"""''''""'- ,.,,,,e·E·:•t~:-d10 ~'"""'-'''"''' LD u,_,,.,,,, ,,,.,,_,,,,. 
chr<~,~--~~'"Y~; -,,e, "'''"" ""'' Y->tte.>. 1),c, ," ""''~,-,, "'"'" 

'""'""""'"-"' ,,,.,,._.., • .,,.,,y "'~"-'<>,;,<,tY,-) •• , ,,, ITC,HI' '""'"'·' ~,,,,vu•, 
,o ;,n,; C. "''~'""";,.,,,, "" ,...,.,,, ,.,.., '""··,-,,_,,.>J. ,,.,.,,-,n•n~,, '""' 
"""'"JA """'V-U ,.~,-,,..,,.'> ,·o•nto,,.-,d ""'' Cu,v,." WHP ,,, '"' '""'·'' ,. 
t,,- '""- u·d-c1<-<,1'••<· LOE~,,-; ,r-., 1,,,,,.-,w,!n, d"ll•~I le,,-c_ .,-,,,.""'ti...-

'"''"""'<' ,,, ""'"~ t•a"'~' ,~· tr,-, B'.,,r- "'"'"""""~' <:>I • ,,.,.,,,,.,.,.,""' 
"''"'"c,d ,· ~"""•'• "'""'-i -•~•d ,,.,,.., ,,,.._x-, ,-- ,.\,,c of(>, ,;,.,"',,, 
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Goddard ME, Hayes BJ. 2009. Mapping genes for complex traits in domestic animals and 
their use in breeding programmes 
Nature Reviews Genetics 10, 381-391 

a I Decline of LO with distance between pairs of 
SNPs as measured by LO within breeds of cattle 
(derived from approximately 35,000 SNPs, and a 
human population with northern and western 
European ancestry (CEPH cohort)} . b / LD 
between breeds of cattle. The heat map shows the 
correlation between LD in different breeds for SNPs 
within 1 0 kb of each other. For two closely related 
breeds (Angus and Red Angus) the correlation is 
high, as shown in a hypothetical example in which 
a-q and A-Q chromosomes are common in both 
breeds (upper box). However, when Angus is 
compared with Brahman (a distantly related breed) 
the correlation is low and, in the hypothetical 
example, Brahman chromosomes often carry a-Q, 
which is a rare haplotype in Angus (lower box). In 
fact, the correlation is low for any combination of a 
Bos indicus breed and a Bos taurus breed . ANG, 
Angus; BMA. Beefmaster; BRM, Brahman; SSW, 
Brown Swiss; CHL, Charolais; GIR, Gir; GNS, 
Guernsey; HFD, Hereford; HOL, Holstein; JER, 
Jersey; LIM, Umousin; NOA, N'Dama; NEL, Nelore; 
NRC, Norwegian Red; PMT, Piedmontese; RGM, 
Romagnola; RGU, Red Angus; SGT, Santa 
Getrudis; SHK, Sheko. 

Genome-Wide Association 
Study of Survival in NSCLC 

Journal of the National Cancer 
Institute. 2011. 103(10): 817-
825 

n191M22 

' 
~~4,.;JdrJ~i'±iJ ):;~ Figure 3. Linkage 

disequilibrium structure and 
association of observed and 
imputed single-nucleotide 
polymorphisms (SNPs) 
surrounding rs1878022 on 
chromosome 12. The 
linkage disequilibrium 
structure was created with 
the GOLD heat map 
Haploview 4.0 color scheme 
using the standardized 
disequilibrium coefficient, D', 
with associations expressed 
as -log 10(P) and calculated 
by the multivariable Cox 

t;ht<>mot>m~ l.l !"°I>) 10<1.~ 10,.0 1: 1117 $ 10t 0 

,.. ,v~r,:y• •I' fk<'., .. ,..,,,_,<,,•~"''' 
'''i',~,7i!'"""~~:,.,:.; .~·, l r,'t:,:t1,:'" .... • :..t~~,,:0 •· 

.} '-"""''·"' '~"'-'··-'-"I--'" 
__ ,.........-~--· ~---------~ 

K ~~~-- X -::....-S: k.... /// .-< ... Xu :,,?..?.,'2,/..,.~1 

$NP•; 
1 ~-ft i ;! i ~ t ~~~ii ii ~jl!~ t ~?1 r: t i,1~ i {~ t, ~ ii ~li ~:~ti ti 
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EVOLUTION OF LD FOLLOWED 
BY RANDOM MATING 

Suppose we start with the following gametic array and that loci are physically linked 

1 iGamet~ at locuslt> (0) B (I) Marginals 

a (0) I Pn+P-o +-D1n; a ,i /J+1(l -pi~) - Dr11 l.~P~,~,o~+_P_o_, -~-p-o-, ~~~~1: 

A(!) i:P+nCl-p~o)-D;oJ-jP-i+JJ.,.1+D1u1 !P1o+Pi1=p1~ 

i Ma_rgi~~ls !I P1111 + Pio = ~;-+O -- 1 Poi + P11 = p.,.1 1: Poo + _!'0_1 __ + Pw + P11 = I i 

Rl"combin:nion between 
Homologous Chromosomes 

Let Pr(recombination) = c 

All~Je-,·Jla,•,,h 
Bnndb 

C andc 

' = Pr(AB) 11 l = Pr( AB recombination) Pr(recombination, 

Rad and 81(1(! ftrf! 
h,,mc,\<>l;IOt,S 

Chrom""°""'a, 
¢m,fromea<>hpac~nt 

AH.•·· ·11· a -b B b 

C C c • ·C 

+ Pr(ABi no recombination ) 101 Pr(no recombination' 

=p1,p,1c+P11ro:-U -c) 

Dr11 = P11r1i - P1+/J+1 

=JJ1>/J+1c+P11[0JO-c)-p1+P+i 

= P1110: - p1.,.JJ+1 - c(P11[01 - /Jl+/J+1) 

~ (I - c)D101 

P11r21 = Pr(AB)121 = Pr(ABjrecombination) Pr(recombination) 

+ Pr(ABI no recombination) [II Pr( no recombination) 

= p 1+P+1c + P11[11Cl - c) 

D[2J = P1+P+1c+P,1r11(1-c)-p1+P+1 

= P1+P+1C-P11r11c+D[i] 

= -cD[IJ + D[[J = Dr11Cl - c) 

= (I - c)'Dro1 

hUi•14,i4f~i► 

■d4fuh ► IDnia~I = min[p1+(1 -p+i),p+10 -p1+)J if D > 0 

!Dmaxl = min(po+P+o,P1+P+1) if D < 0 

11 



Let D 1o1 ~ P,, -p,.p., ~ 0.25 or-0.25 
C ~ 0.05,0.1,0.3,0.5 

0.25(1-0.05)' [RED] -0.25(1 -0.05)' [RED) 
-0.25(1 - 0.1 )' [BLUE) 0. 25(1 - 0. I)' [BLUE) 

0.25(1 -0.3)' [GREEN) -0. 25( I - 0. 3 )' [GREEN) 

0 25(1 - 0.5)' [YELLOW) -0.25(1 -0 5)' [YELLOW] 

D[t] 

-0 1 

POPULATION ADMIXTURE 
Often populations have a hidden structure and 
LD can be due to admixture or hidden heterogeneity 

fHapi~type 1 Probability 
. ----

,; Sub-population 1 !1 Sub-population 2 Mixture (50:50) ! 

AB P11 0.0025 I o. 9025 i 0.4525 I 
.. I ·I Ab Pw 0.0475 ! 0. 0475 II o.0475 

; bA Po, ! 0.0475 0.0475 II 0.0475 
' 

rb 
;; Poo 0. 9025 II 0.0025 1' 0.4525 

I[ D = P11Poo - P10Po1 jo 0 0.2025 

Conceivably, if genotypic frequencies vary over groups with LD=O 
mixing these groups results in LD 

12 



Two populations in LD: 
one in positive LD; the other in negative LD 
Mixed at 50:50 yields 

l_l,_a__l;lotyµ_el ·j.r'rob~bility [ Sub-population ~! Sub-populati~n 2 1' Mixture (50:50) ' 

': AB ' P11 11 0.4525 I'() 0475. •• i O 25 ii 

I Ab ~ P,o j o 0475 ~~;;0.4525 : o 25 ; 

: bA f Po, J: 0 0475 .... ]! 0 4525 

1

0 25 Ii 

~b ~ ,, Poo i 0.4525 
1 
0.0475 I O 25 J 

-~ -~ _l,1J ~ 1'111'011 - P01P10 I 0.2025 j! -0.2025. ,; 0 J 

Mixing populations can also eliminate LO 

The pattern of linkage disequilibrium in German Holstein cattle 

f,rµ•~ ~ • ..,"" ,fr",,.,,,._~,111-,,'1,~ r'c,I "'"'"1 "S th•-~''" ,;1 rn•.;~, 
O•,-('IJv•l!v'> n .,!, , "'""'"' 14~~(,• J"<l ~,,.,, ,,1,,. f,e<;\!'."~-Y 

,ete,""' 

LD measures are frequency-dependent 
Cannot compare populations or 
even distributions of pairs of loci 

r1' I> Jr,jUlnC/ 

cl,fl" ciuf-. 
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A VIEW OF LINEAR MODELS 
(as employed in q. genetics) 

Mathematically, can be viewed as a "local" approximation of a complex process 

_I 1<1/ ·I f' (U) ( \ 
F" 1,li 

,Ii t -,,- ,, 

Linear approximation 

Quadratic approximation 

nth order approximation 

l '• lid, 
f--t.r- al'" I. 

u' 

LINEAR MODELS ARE "LOCAL" 
(Feldman and Lewontin, 1974) 

Example 
Response variate 

Suppose g(x) 

YI g(x) + e / Model residual 

~ Some function of a covariate x 

sin(x) + cos(x) 
:/, [sin(x)] - [cosx] 

~'. [cos(x)] - [-sinx] 

_;/_
1 

[ sin(x) + cos(x)] - [ cosx - sinx] 
" 
(i- [ cosx - sinx J = [- cosx - sinx] 

---"'-s-[sin(x)+cos(x)]- [-cosx-sinx] 
(di)-

Second-order Taylor series expansion about 0 

[sin(x) + cos(x )] ~ [sin(OJ + cos(O)J + [ cosO - sin O](x - OJ + ½[-cosO - sin O](x - O) 2 

I= I +x- ·221 
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How good are the linear and quadratic approximations? Recall that a Taylor 
series provides a local approximation only .. 

1. Sin and cosine function 
Y 1.4 fr 

1.2t 
1.0 -

0.f 

r,fc, 
2. linear approximation f 

I / .4 

I / 0.2 

3. Quadratic approximation 

1---+--t-~+---+----ii_-4-- .l--+--1----+-1.-+--~+-- --\--1---~-+--~-l 
-s -4 -3 -2 I '-i 

1/ -0.4 

I 
f 

-0.6 

-0.8 

-!.O 

-1.2 

-1.4 

2 

4. Approximations 
are good at x=O .. 

\ 

4 5 
X 

Finding structure from noisy data without models 
we have measurement noise ... : 

evaluate function sin(x)+cos(x) at x=0, 0.5 and 1 

True values are: 

> sin(0)+cos(0) 
[1 J 1 

> sin(0.5)+cos(0.5) 
[1) 1.357008 

> sin(1 )+cos(1) 
[1) 1.381773 

, VERY CLOSE TO EACH OTHER 
NOISE CAN MASK SIGNALS! 
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Create an R data set (N=300) from adding 100 N(0, 1) residuals to each of the 3 values 

> y0<-sin(0)+cos(0) +rnorm(100,0, 1) 
> y05<-sin(0.5)+cos(0.5)+rnorm(100,0, 1) 
> y1 <-sin(1 )+cos(1) +rnorm(100,0, 1) 
> y<-c(y0,y05,y1) 

MEASURING MACHINE 1 

This is arrived at by using kernel 
estimation .. 

f zK(z)dz = 0 

denslty.default(X : y) 

-- . 

Wasserman L. 2004. All of Statistics. Springer 
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Epanechnikov 

{ 

l.(I - .;:__)i./5 for lxl ~ 5 
K(c) ~ ' ' ' 

O otherwise 

Gaussian 

K(z) ~ ~ 1-exp(-=') 
./fir 2 

-5 -4 -3 ~ -1 ' z 

Example: 5 draws from exponential distribution with parameter 40 
52. 32, 82. 55, 11. 47, 106.63, 40. 21 

Gaussian kernel with bandwidth h 

17 



3 bandwidths 

Density 
0.25 

0.20 

0.15 

0.10 

0.05 

h ~ 0. 2 [BLACK] 

h= 2 [BLUE] 

h= 10 [RED] 

¥ ~ ' ~ ' ' --

·BLACK IS LOCAL, 
: RED IS.GllOBAl§ , 
' - - ff ' ~ . 

lO 20 30 40 50 60 70 80 90 !00 110 
X 

Bias and variance of kernel density estimator . .. 

Assumed samples are 11D: 

11 

E(],,) = ~ LE(K1,(x,X)) = E(K1,(x,X)) 
i=l 

11 

Var(Jn) = ( ~ )2 L Var(K1,(x,X)) = Var(K~(x,X)) 
i=l 

18 



E(K1,(x,X)) = f }, K( x h 1 )t(t)dt 

IGifl,f•[,iilitMNM .• Let 11 = x - 1 = du = - dt = I ..ilL I = h 
h h du 

E(K1,(x,X)) = f }, K( x h 1 )t\l)dt 

= f K(u )/(x - hu )du 

xpanding at 11 = O 

f(x - hu) "f(x) + /(x - /111)1,,.0 (x -hu - x) + tf'(x - hu)l,,. 0 (x - hu - x) 2 + .. 

"f(x)-f(x)hu + ½l'(x)h 2u2 

E(K;,(x,X)) ss J K(u)[r(x) -f(x)h11 + if"(x)h 2u2 ]du 

= f(x) f K(u)du - f(x)h f u K(u)du + if'(x)h 2 f u 
2 
K(u)du 

E(K1,(x,X)) "f K(u)[r(x)-f(x)hu + i/"(x)h 2u 2 ]du 

= /(x) f K(u)du - /(x)h f u K(u)du + if'(x)h 2 f u 
2 
K(u)du 

Using properties of the kernel function (see above) 

f K(u)du = 1 ;f u K(u)du = 0; a}= f u 2K(u)du 

E(K1,(x,X)) :as f(x) + i/'(x)h 2o'} 

Bias is 

E(K1,(x,X)) -f(x) "' i/'(x)h 2o'} 

E(J,,) "'f(x)+ i/'(x)h 2o'} 
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Similarly 

E(K1,(x,X))
1 ~ f (t )'K'(\; 1 )f(t)dt 

~ f(t )'K 1(11)/\11)hd11 

~ t f K2 (11)[f(x)-f(x)h11 + f/'(x)h 2112 ]du 

" f(x) fK'(11)d11 
h 

The conditional risk (mean squared error= variance+ squared bias) is 

The integrated risk is 

R(r,ln) = f[ ;h f K 2(u)du ]rcx)dx 

+ f[ ! (f'(x))
2
h4uk ]dx 

f K 2(u)du f h4 4 
= nh f(x)dx + :K f lf'(x))

2
dx 

f K 2(u)du h4 4 f 
= nh + :K (f'(x))2dx 

20 



dR(t·~1· ) . ,_ II 

dh 

f K'(u)du 

nh2 

hs 

+ "1:1 f (f'(x))2dx 

" 
cri J if' (x)) 2 

I h= --4 S 

(n)s, 

4 J K 2(u)du 

ncri J (!'' (x)) 
2 

Not very useful because it depends on unknown/(.,) 
through second derivatives/'(.,) 

Higher dimensions 

f(x) 

Dimension n 

Sample size required to obtain MSE<0.1 
for multivariate normal density and optimal h 
selected. 

The curse of dimensionality ... 

2 

3 
4 

5 

6 
7 

8 
9 
~ 

! 10 

4 

19 
67 

223 
768 
2790 

10700 
43700 

187000 
842000 
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Create a larger R data set (N=300000) by adding 
100000 N(0, 1) residuals to each of the 3 values 

> y0<-sin(0)+cos(0) 
> y05<-sin(0.5)+cos(0.5) 
> y1 <-sin(1 )+cos(1) 
> y<-c(y0,y05,y1) 

+rnorm(100000,0, 1) 
+rnorm(100000,0, 1) 
+rnorm(100000,0, 1) 

density.defau11(x ~ Yl 

CANNOT SEE UNDERLYING STRUCTURE. 
LARGE NOISE (ERROR VARIANCE) 

.Can we have l \utlie~s here? 

Now we get a more precise measuring instrument with variance 0.05 

> y0<-sin(0)+cos(0) 
> y1<-sin(1 )+cos(1) 
> y05<-sin(0.5)+cos(0.5) 

MEASURING MACHINE 2 

STRUCTURE IS REVEALED BUT 
WE CANNOT DIFFERENTIATE 
BETWEEN TWO OF THE UNDERLYING 
VALUES 

+rnorm(100000,0,.05) 
+rnorm(100000,0,.05) 
+rnorm(100000,0,.05) 

den,hy.detault/x" y) 
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... SO WE BUY ANOTHER INSTRUMENT WITH VARIANCE 0.001 ! 

> y0<-sin(0)+cos(0) 
> y1 <-sin(1 )+cos(1) 
> y05<-sin(0.5)+cos(0.5) 
> y<-c(y0,y05,y1) 

MEASUREMENT MACHINE 3 

STILL CANNOT DIFFERENTIATE 
BETWEEN THE 

> sin(0.5)+cos(0.5) 
[1] 1.357008 

> sin(1 )+cos(1) 
[1] 1.381773 

+rnorm(100000,0,.001) 
+rnorm(100000,0,.001) 
+rnorm(100000,0,.001) 

dtnstty.def3Ull(X::, ½ 

HOWEVER, NON-PARAMETRIC DENSITY ESTIMATES DEPEND ON SOME 
BANDWIDTH PARAMETER. BY REDUCING IT, WE CAN SEE THE ENTIRE 
STRUCTURE OF THE PROBLEM ... 

density.default(x = y) 

~ -

~ -

00 -

f 00 -. -
N -

0 - ' -
1.0 1.2 1.4 

N = 300000 Bandwidth= 0.0126 

density.default(x = y, bw = O.OC 

9~--------, 

@ -

q -

f R -

Outlier 
R -

l ~ -

o -L~,~-~-~-~ 

1.0 1.1 1.2 1.3 1.4 

N = 300000 Bandwidth= 0.002 

;J- •jJh C I,,, 1 ·;, c 

~)1.,,(~ •·J:+C 'fJ.,, 

veil( l·invc l~)>(,'vv1t<.e 
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FINDING "STRUCTURE" WITH A LINEAR MODEL 
(some call this "learning architecture") 

We are given (x,y) data (n=10,000). It looks like this and we run a linear regression 

yhat= 0.07936+0.24814'x 

> cor(x,y) 
[1] 0.8064256 

> cor(y,yhat) 
[1] 0.8064256 

-30 ·20 -10 10 20 30 

TRUE MODEL 
> e<-rnorm(10000,0,sqrt(9)) 
> x<-runif(10000,-30,30) 
>a<-0.10 
> b<-0.25 
>y<-a+b'x+sin(x)+cos(x)+e 

> model<-lm(y-x+sin(x)+cos(x)) 

>Coefficients: 
>(Intercept) x 
> 0.1030 0.2489 

sin(x) 
0.9518 

cos(x) 
0.9433 

RESIDUALS LOOK RANDOM 

, 
.30 -20 .,o 10 20 30 

-30 -20 -10 

RESIDUALS DISPLAY 
SINUSOIDAL BEHAVIOR 

10 20 30 
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WE GENERATE A NEW SAMPLE AT THE SAME VALUES OF X 

> enew<-rnorm(1 0000,0,sqrt(9)) 
>ynew<-a+b*x+sin(x)+cos(x)+enew 

CALCULATE PREDICTIVE MEAN SQUARED ERROR 
> msepredbadmodel<-surn((ynew-yhat)"2/10000) 
> msepredbadmodel 
[1] 9.725709 

> msepredgoodmodel <-sum( (ynew-yhatgood )"2/10000) 
> msepredgoodmodel 
[1] 8.729272 

CALCULATE PREDICTIVE CORRELATIONS 

> cor(yhat,ynew) 
[1] 0.8070097 
> cor(yhatgood,ynew) 
[1] 0.828854 

MSE(Good)/MSE(Bad)=0.8975 
MSE(Bad)/MSE(Good)=1.1141 

Cor(BAD)/Cor(GOOD)=0.9736 

> lm(yhat-yhatgood) DO NOT TRUST CORRELATIONS! 
Coefficients: 
(Intercept) yhatgood 

0.005653 0.953468 

-5 0 

yhal 

5 
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RECALLING COMPLEXITY ... 

How one 
Would model 
something like this? ''"j 

lc,J ,,,.· 
<.> 

Heal Thyself: Systems Biology Model Reveals How Cells Avoid Becoming 
Cancerous. ScienceDail Ma 21 2006 

What to do in genomic-assisted 
analysis of complex genetic signals? 

• Include all markers, model all possible interactions? 
Unrealistic ... 

• Select sets of influential markers via model selection 
➔ Huge search space 
➔ Frequentist methods "err" probabilistically 
➔ Bayesian model selection (RJMC) difficult to tune 

• Use LASSO (least absolute shrinkage and selection 
operator): Tibshirani (1996). What about interactions? 

• Explore model-free techniques that have been used 
successfully in many domains 
➔ semi-parametric regression 
➔ machine learning: focus on prediction, learning 

mappings from inputs to outputs 
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DEFINITION OF MACHINE 
LEARNING 
(Wikipedia) 

Machine learning: subfield of ,Htfi;::,.1:x,:eli·:;,,:,,,,, concerned with 
design and development of :t':•n:: that allow :.\,:i:ptfry,: (machines) 

to improve their performance over time (to ic:.:rn) based on 

A major focus of machine learning research is to automatically produce 
(induce) rnudr:ls, such as ,,de:,, and 1:r,:1u·,,c:, from data. Hence, 

machine learning is closely related to fields such as un,nn, 

27 



5. Introduction to non
parametric curve fitting: 

Loess, kernel regression, 
reproducing kernel methods, 

neural networks 

Distinctive aspects of non-parametric 
fitting 

• Objectives: investigate patterns free of strictures 
i1nposed by parametric models 

• Can produce surprising results 
• Regression coefficients appear but (typically) do 

not have an obvious interpretation 
• Often have very good predictive performance in 

cross-validation 
• Tuning methods similar to those for parametric 

methods 

I 



Exa1nple: thin-plate splines 

,0 

1 0 8 

; 
~·oe->-----

f(x,) ~/Jo+ /J,xil + /J,x,, + i:aiK,il -x;,)' +(,12 -X12[ ]1og[(xil -x;,)' +k, -x;,T l 
j=-1 

Risk of heart attack after 19 years as a function of cholesterol kw! and blood pressure. 
Lrft: logistic regression model. Right: thin plate spline fit. Wahba (2007) 

LOESS REGRESSION: 

Non-parametric exploration 
of inbreeding depression for 
yield and somatic cell count 

in Jersey cattle 
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AN OVERVIEW OF LOWESS 
REGRESSION 

1) DATA POINTS[\ .1 l 1 

2) SPANNING PARAMETER t: u 
1n: 11 LARGEST INTEGER 

3) FOR EACH .1 FIND !1 POINTS : "CLOSEST" TO .1 

I( 11 1~ NEIGHBORHOOD OF!. POINTS 

4) COMPUTE 

5) TO EACH (i. 1 1 ); x .\(r ) ASSIGN WEIGHT 

11;!,1 1) !I [~(~,\•]':' 

6) FIT BY WEIGHTED LEAST-SQUARES 

RETURN ,(11, i ... j!,. 

7) REPEAT FOR EACH OF THE .111 
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ROBUST LOWESS 

•STANDARD LOWESS NOT ROBUST 

•BI-SQUARE LO\VESS 

r .. --

i<l \\ l I( if l l' l1UJ \. : '~ .-\,. Ci' HZ])]\:\ 1 J'() l(i ~)jl H .. :\J 

I fU: llJL.-\L l.-\lUil. \\Tl(lt!T \ i)H'lU ,.\~;l l) 

1) FIT DATA USING STANDARD LOESS 

2) CALCULATE LOESS RESIDUALS F. 

3) COMPUTE ii ll!!'dt(!Jjii; ·- \' 

4) CALCULATE Bl-SQUARE ROBUST WEIGHTS 

5) REPEAT LOESS WITH WEIGHTS,, n) 

6) REPEAT 2-5 UNTIL LOESS CURVE "CONVERGES" 

4 



Example 

Birth rate in US population 
(U. S. Department of Health, Education and 
Welfare) 

n=96 

births per 1000 US population 

• during 1940-47 

Top> Ordinary Least Squares with 1st , z,d & 3,d degree polynomial 
Bottom > LOWESS fit with f = .2, f=.4 & f,.6 

42 44 46 
Date 

I:. 

: :;sl\-J" 
' SC " .. " as 

Date 

L,,) I;, c· '7 

\IA jl, IJ ,,·{ 

12 44 46 
Date 

I:, 
. • ,f 

I ·. 
: . .-.,. 1· . 

V ,. 
. . ·t·~. 

0 • ,,,.. • • • ••• 

N ~•: ·• • # • ,_ .. 

C'-------
40 42 44 46 46 

Date 

42 H 46 
Date 

.. " 
l ,Si 

I:, 

\l_\i)'\ 

"' 
\Jc'\'{ 

\;; e\-) 
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GAL TON'S BEND 
(Wachsmuth et al. 2003, Am. Stat.) 

DlAGRAM i,..-.sro o, TAfllf 1. 
,:i '" ,,,:; \, ;I.•, '" "' "'•' ,,.,n,,. I 

AllVI..~ ',;Ul\..t.JllfN 
,, ,.nd l,,,,,,•,~s •~•to W,t,o,-) . ., 

75 

ill 
"' ~ s 
.£ 

70 c ,,, 
~ 

Q. 

"' " 65 
0 
.c ·"' ., 
:c 

60 
'' I ' ' 

60 65 70 
Haight of Chile! in lnClles 

I 
I ] 

75 

..I 

l'h<! da1J.; L·urq: 111 the ~~!HCI ol lltl.' plut 1-. a 1,,..,~, '>!llO<>tl!,:r 

((:J,__.vd;.md ,111d D.-~·lin l<J'>Hl. Tht.' ~!ll()!>1hc1 ~Upf1..~~,.., tl1a1 !111..• 

r,:b11011 h<:IW"'t'll p;m_:111 .md d1ild -.1:11H1,· ,,._ nol linvar. ·1 li1..•1L' 

i-. ;.\ bvnd Jll di~· nu H' ~\ll!JL'V. h<'l" ;_,r,1und tlw ;p;,•r:1!,;''-' hci~ht 

or .1p11ni:,i1rntk,I:,, (ij,, mdw-. fo1 parent<. anti d!ildtL"IL. t\ l\-\.u

~1ug1.., pic1..•cwi;..,: 1!11car rq:r..--.,ion (I 1i11kk·y l 9"7 1 _l id,•n1, l1v<-. a 

h1cakp,)ill\ al H!IHHH! 70 :mtl firHh ii hirhly ",1/',llitinml 1,, ,· 

!ll•llll. 

A possibility is that 
Gallon ignored 
concealed heterogeneity 
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Docs the bend disappear by disaggregation of the sample' 1 

Analysis of data from Pearson and Lee ( 1903) 

50 60 70 80 50 60 70 80 
Hrigt't of Son Heigh! of Daughter 

BEND 
STILL 
THERE! 

Wachsmuth et al. (2003) write: 

In their search for tmivrrsal hereditarv law,, (i.ihon and 
Pearson \\Tn' driven hy the linear mudcl and the nnrn1al distri· 
blHi(>I! b,'.rausc the a,sociatcd p,irametcr, had ~dcntilk nwarnng 

for them that went beyond mere description. 
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RECALL:FINDING "STRUCTURE" WITH A LINEAR MODEL 
(some call this "learning architecture'') 

We were given (x,y) data (n=10,000). It looked like this and we run a linear regression 

yhat= 0.07936+0.24814'x 

> cor(x,y) 
[1] 0.8064256 

> cor(y,yhat) 
[1] 0.8064256 

TRUE MODEL 
> c<-rnorm( I0000,0,sgrt(9)) 
> x<-runif( 10000,-30,30) 
> a<-0. 10 
> b<-0.25 
>y<-a+b*x, sin(x)+cos(x)+c 

> modcl<-)m(y·-x+sin(x)+cos(x)) 

>Cocflicicnts: 
>(Intercept) x 

> 0. !030 0.2489 
sin(x) 
0.9518 

cos(x) 
0.9433 

RESIDUALS LOOK RANDOM 

.30 -20 -10 10 20 30 

RESIDUALS DISPLAY 
SINUSOIDAL BEHAVIOR 

8 



WE GENERATED A NEW SAMPLE AT THE SAME VALUES OF X 

> enew<-rnorm(10000,0,sqrt{9)) 
>yn ew<-a + b *x+ sin ( x )+ cos( x )+en ew 

CALCULATED PREDICTIVE MEAN SQUARED ERROR 
> msepredbadmodel<-sum( (ynew-yhat)**2/10000) 
> msepredbadmodel 
[1] 9.725709 

> msepredgoodmodel<-sum((ynew-yhatgood)**2/10000) 
> msepredgoodmodel 
[1] 8.729272 

CALCULATED PREDICTIVE CORRELATIONS 

> cor(yhat,ynew) 
[1] 0.8070097 
> cor(yhatgood,ynew) 
[1] 0.828854 MSE(Good)IMSE(Bad)=0.8975 

MSE(Bad)IMSE(Good)=1.1141 

> lm(yhat-yhatgood) 
Coefficients: 
(Intercept) yhatgood 

0.005653 0.953468 

Cor(BAD)/Cor(GOOD)=0.9736 

FOUND: DO NOT TRUST CORRELATIONS! 

-5 0 

yhat 

5 
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NEW TRAINING SAMPLE 

c<-rnorm( l 0000.0.sql'l{9 )) 
x <-runi!\ 10000.-30,30) 
n<-0.10 
b<-0.25 
y<-a+ h* x +,in( x )+nis( x )+c 
f,i;i/,iTRAIJ\ LSII\G PARA:-.JF.TRIC ;\IODEL 
!ll(ldclgood<- lm{y- x+si n{ x )+cos{ x)) 
modelguoJ 
yhmgood<-fiucd(moddgooJ) 
re~good<-y-y hat good 
modclbad<-!m(y-x) 

yhat bad...::-fitted( mode lbad J 
rcsbad<-y-yhatbad 
#;'##TRAIN USING LOESS SPAJ\ 0.50 
yluess<- loess( y- x,span=G. 50.degree= 2} 
yhatloess<- prcdict(ylucss) 
rcslocss<-y-yhat loess 
/p'/1/#TRAII'\ USII\G LOESS SPAN 0.10 
yloessl 0<-loess(y-x,spmFO. !0,degrce~2) 
yhat loess I U<-predict{ y luess IO) 
reslocssl 0<-y-yhatk1css 10 
##11/ITRAIJ\ USII\G LOESS SPA!\ (l.05 
yloess005<-loess(y-x.span-0.05,dcgrcc=2) 
yhatloess005<-predkt( y!oess005 ) 
resloess005<-y-yhatloess005 
par(mfrow=c(2,2)) 
plot{x,reshad) 
plot(x,re~loess) 
p!ot(x,resloess 10) 
plot (x,resloess005) 
par(mfrow=c(l, 1)) 

TRAINING SAMPLE RESIDUALS: SINUSOIDAL BEHAVIOR LESS OBVIOUS 
IN BOTTOM PLOTS 

e 

] 
! 

~ 

0 

-30 -10 0 10 20 30 

.. '; .. , .... . : -· .... 
' I 

:; . -· . . . •:'·· .... 
0 o 8 o'n 

-30 -10 0 10 20 30 

e 

j 
! 

0 

-30 -10 10 20 30 

:·· . ...... -:_.. __ ... 

I 

-·~ . . . . . ·:'· .. ,: 
08 0 

-30 -10 10 20 30 
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##GENERATE A NEW SAMPLE AT THE SAME VALUES OF X 

enew<-rnorm( 1 0000, 0, sqr1(9)) 
ynew<-a+ b"x+sin(x}+cos(x )+enew 

#####TRAINING MEAN SQUARED ERROR 

msebadmodcl< -sum((ynew-yhatbad ) .. 2/1 0000) 

msegoodmodel<-sum( (ynew-yhatgood}" "211 0000) 

mseloess<-sum( (ynew-yhatloess )*"2/1 0000) 

mseloess 1 0<-sum( (ynew-yhatloess 10)*"2110000) 

mseloess005<-sum((ynew-yhatloess005)'"2l10000) 

###EVALUATION OF TRAINING PERFORMANCE 

msebadmodel 

msegoodmodel 

mseloess 

mseloess10 

mseloess005 

par(mfrow=c(2,2)) 
plot(yhatbad,yhatgood) 
plot(yhatloess,yhatgood) 
plot(yhatloess 1 0, yhatgood) 
plot(yhatloess005,yhatgood) 

PROPERLY Tll:'s!ED LOESS 
HAS ALMOST AS GOOD 
PERFORMANCE AS 'TRUE' 
MODEL 

l 
> mso:badmodel 
[I] 10.04631 

·,-mscgoodmodd 

11 J 9.0694,7 
> 
·,. msdocss 
r11I0.03659 

> mselocss I 0 
[I] 9.109832 

> msdoess005 
[I] 9.111001 
> 

par(mfrow=c(1, 1 )) 

la/ 1::/ ! I 
0 -=~--~--~-' " -~~~-~--~~ 

-5 0 

yhalbad 

yhatloess10 

-5 

-5 

5 

yhalloess 

yhalloess005 
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INBREEDING DEPRESSION 

Examine relationships of yield (milk, 
protein, fat) and somatic cell score (SCS) 
with inbreeding coefficient using field 
data from US Jerseys 

Use REML, BLUP and "local regression" 
method (LOESS) for this purpose 

LEVEL OF INBREEDING IN HOLSTEINS, USA 

8 

7 

rn 6 
C i 5 
.!i 4 
.!: 3 
if!. 

2 

~k=::::::::__~~~~~~ 
1960 1970 1980 1990 2000 2010 

Birth Year 
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Relationship between mean value of a 
quantitative trait and inbreeding 
coefficient (F) expected to be linear 

Not so if 
bE,1 sexist 

(Crow & Kimura, 1970) 

ONE-LOCUS MODEL 
GENOTYPE (.\) ,I I ,Ii .• I i :1 .--1., :1? 

FREQUENCY /!' ( I i ) +piF 2p;p,(1 .... F\ JJc ( I ' 
PHENOTYPE ,u - A /1 /} p 1 A 

=a /J(l F !) 

(a-'- /3) - /J(''{,lfe1cro::vgosi1y) 

! ) l p;,F 

ADDITIVE MODEL WITH F (or I[) AS COVARIATE~CO'.\TR,\ n1crrnn 

13 



TWO (UNLINKED) LOCI: 
NO EPISTASIS 

Joint frequencies arc product of marginal frequencies 

GENOTYPE 

fJ. ! ' 
; ii) 

FREQUENCY 

U-- /_). i).; }I ,! · f) 

-! /I j) lf ,1.: 

'' '' 

-/1 :iF 

u · flF 

TWO (UNLINKED) LOCI: 
EPISTASIS 

GENOlYPE [ ,1 ,/:,/; A,:l2 

pj(l-i'i+;•J ' FREQUENCY J)(i - FH!'f 2p1p,(! F) 

, r;(l /J ,r,r 11 -I /Jd 

r,(1 FJ ,11- +/' /),;-K /I:!), -1-D, 1J ,LI! .-1 ! /_){; 1K 

r'.;( I ---FJ ·i r 7F • ,u --.'l + !J-1 
- ' 

/1 -1-/) 1 + [/ -t-L /1 + o/ -! lJ 0 1 

® \U.!·.l.LS --\l.J all(] H l.OC! S:\\iL ~LHSl.l<lPT ➔ADD I 
/\lllllTI\T l\ _-\lll)ITl\'Fi 

•l!(J\!01- \-( ,UI S ,\I ,I I IITLF\l/ \( iO\!S .I! ll➔SUBSTRACT AND ADD K 

110\WZY<ilJISAI ii Hi TLRU/YciOl!SXI A-+SUBSTRACT AND ADD L 
(AD!Jffl\'E X !l0\11, \ ,CE) 

•11FTJ:Rol.Hi0li\ Al _I 1\\ll ll-+ADD .I 
i!l(nIJ:--;-\XCt: X DO\Il,,\XCl·J 

l.J.K,I.: p,1ramctcr\ (4 d. frt'.cdom1 
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0 

0 

Mean value under dominance x 
dominance epistasis 

- I' 

}) 

Dominance. additive x dominance, and dominance x dominance intervene 
in linear regression 

Epistasis without dominance docs not enter into mcan-F relationship 

0

Dominancc x dominance intervenes in second-order regression 

DATA 

First lactation records (herds) on 59,778 
(1,142) Jersey cows 

• 6 generations of known pedigree 

• First calving between 1995 and 2000 

15 



Distribution of F 

F calculated from all known pedigree 
information 

F ranged between O and 34 % 

• Median F = 6.25% 

Histogram of F values 

2¼00 

20COO 

,oo 

ocoa 

c,:oo 

15 2G 25 3D 35 

F(%) 
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Model 

Procedures 
Fit linear models without Fas covariate 

Compute EBLUP residuals from these 
models 

Fit nonparametric regression to EBLUP 
residuals in order to obtain nonparametric 
lines describing relationship between 
performance and inbreeding level 

Linear Models 

Yijk = somatic cell score (SCS), milk, protein, or fat yield; 

HYS;= fixed effect of herd-year-season (i= 1,2, .... ,12276 for DS2; 11158 for D54 or 

6406 for DS6, with seasons classes January-April, May-August, September-December); 

AGE1 = fixed effect of age at calving class; J= 1,2 ..... ,6 

(< 617, 617- 716, 717-816, 817-916, 917-1016, or >1016 days of age); 

/31 = fixed regression coefficient of performance on days in milk; 

D ijk = days in milk for animal kin herd-year-season i and age of calving class/ 

D = 263: 

ak = random additive genetic effect of animal k, and 

eijk = random residual. 

17 



Linear Model Assumptions 

Genetic and residual effects assumed mutually 

independent, with e- N(O,lo·\)and a - N(O,Ao',)where A is the 

additive relationship matrix (1 + Fk in the kth diagonal 

position, Fk is the inbreeding coefficient of animal k) 

Nonparametric regression 

Fit LOESS regression to BLUP residuals 
with F as covariate 

Vary spanning parameter & degree of local 
polynomial 

• Plot fitted values of residuals against F 

18 



LOESS 
(Fitting done by locally weighted least 

squares) 

• &;i is LOESS fit using only residuals in the 
neighborhood of F;, i=l,2, ... n 
(i=l,2, ... ,n animals; j=l,. .. ,4 traits) 

Size of neighborhood determined by f = :1. 
q = number of points in neighborhood n 

n = total number of points 

"Robust" LOESS 

Weights assigned to iijk: 

I) 

II) 

⇒ [1+1] = W[I] , ~ [I] 
W ijk ijk u ijk 

t=l,2,3,4 

l = 1,2, ... q 

- ' 
i5[1]ijk =[J-("iik-&ijk)2]2 

6-med 

med= median of all (ifijk - i: ijk) 

19 



Cows with at least6 generatiorr,; of known pedigree r =1 
------ ---- -----

' C 

Q 
C 

---
residual 

-- .. _ 

a, C 

; -

C 
0 - ~- MJJ.K 

m 
-- PROlllN 

"' 
" C 

0 " " ,; 1-0 35 

2"'1 degree local polynomial 
F(%) 

"Robust" original (black) with bootstrap (light blue) LOESS curves of 
yields for US Jerseys with at least 6 generations ofknown pedigree, 

based on medians of EBLUP residuals (y-axis= eijk 1 &) 

:\f!LK YIELD F.\THHD PROTU\"HHD 

"' 
-

-- o: ,-
- s ~- --~ (,O --- i !JO 

// "" , .... __ 
--{,: '"---. ~-02 _.-,, 

~--// 

"'-------
..... __ -

~, - __ , _,, 
~ 

-(16 -£i -06 
1 

~, 
-OS - -0, -n 

" ' " ;J 3 ;c ;; " ' " '.◊ -, JJ ;, " ' " 
,; !G ~5 _;: " F·:',) ,,.,· r,_o;) 

f=0.9 f=0.5 f=0.9 

2°d degree local polynomial 
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Conclusions 

LOESS analysis suggested local relationships. 

Effects of inbreeding seem nil, until for F values 
up to ~7% 

Effects of inbreeding not accounted well by 
additive models 

Results may be confounded by effects of selection 
that are unaccounted for 

Kernel Regression 

21 



y; = g(x;) +e;; i = 1,2, ... ,11 

where: 
• y; is the measurement taken on individual i 

• X; is a p x 1 vector of observed SNP genotypes 

• g(.) is some unknown function relating genotypes to phenotypes. 

• Set g(x; )=E(y; I X; )= conditional expectation function 
• e; ~ (0, cr2 ) is a random residual 

Conditional expectation function 

( ) f p(x.,·) d 
o- X = 1' V ,, . p(x) . 

f v p(x.v )dr 

p(x) 

Non-parametric estimator of density of x 

p(x) 

'Focal point" 

'Kernel-, possibly a probability density function with 
some bandwidth parameter h 

22 



We would like· 

., 

f j1(x) dx = +. ~ f K( x.;-x )dx = 
,111-· L-.J ii 

i~l 
-f 

f. 

Implying-+ f -1 K( x,-x )cix =l 
J;P h 

-·-z 

Similarly. can form non-parametric estimator of joint density 

p(x,y) 

Recall 

g(x) = fr p(x.y) lfr 
• p(x) • 

f y p(x.y)dl' ---- --- - ESTIMATE NUMERATOR 

p(x) •------ ESTIMATEDENOMINATOR 

23 



Estimate numerator 

Let= - ':''. so that d1· - i,d: and !I • 

j, J, 1:(' 'I~,. }1, = ], f (r, + h: Jl:(: Jhd: 

= f ( 1 , + h: )J:(: )d: 

= f ., ,J:(: Jd: + ;, f :J:(: )d: 

= r, f J:(:)d: - /1£(:). 

K/.) can be constructed such that: 

f J:(: Jd: = I and£(:) = f :J:(: Jr/: = 0 

Then: 1-J.11:(.r,-.r )d1· = r, 
}, , !! . . 

Estimator of numerator is 

24 



Forming non~parametric estimator of conditional expectation 

A 

El1 i x) = g(xJ 

" 

A 

E(y I X) ,;(x) o· 

,, 
_I ,-•JJ.=_) 
11/IPL..\J; 

,-1 

" 

J y j1'.X.r!J.\ 

jJ\XJ 

Nadaraya-Watson estimator 
(weighted average i 

I/·('•;') 
--: L ir,(x),·, 

'. ,-1 ,;(-",';'-) 
i=l 

Relationship between 
Income and age 
(Chu and Marron, 1991) 

1·, 
,c,,---~"-::--~-""-~,c-_-__,,, 

,., 

(~) 

)'J<l_ l Sro11e, f"'t ,,,,,i ,,,._,,,,11,, t~Nr~mf """''"d~I~ F.c,,,d 
<I J,;,<), JJ; ,,,;,,Ji,,., '1:~,,.,. ~N r,-r,=,~1,,: ~-' c,r.u a! (),, to.,, 
~••· ~A,d ,~"''• II 3, J.>1/,d '"'w ~ l . .Ju,1,.J ,..,,~ I, • \I 

" 
I>C·/) 

h=9 local features 
Disappear (dashes) 

h=1 lots of variation 
(dots) 
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Bandwidth can be gauged by, e.g .. cross-validation 

CV(h) -

JI 

L[, ,-g ,_,(x,lh) r 
i=l 

n 

,.-Create a grid of h values 
,.-For each value compute the CV mean squared error 

(above is leave-one-out, but this may not be best) 
,.-LJse the h value which minimizes CV(.) 

THE ARCHITECTURE PROBLEM 
REVISITED: ANOTHER TRAINING SAMPLE 

e<-monn( I 0OO0,0,sqrt(9)) 
x<-runill l 0000,-30,30) 

Kernel regression h=0.5 

a<-0.10 . ~ ~ 

~~~, 
h<-0.25 , 0 • y<-a+b *x+s1 n(x )+rns(x )+e E • /f#ll#TRAJN USING PARAMETRIC MODEL t modelgood<-lm(y~x+~in(x)+c:os(x)) 
modelgood 
yhatgood<-fitted(modelgood) .30 -20 -10 0 10 20 30 
mode!bad<-lm(y~x) 

yhmbad<-fitted(mudelbad) ' 
#//##TRAIN USJNG LOESS SPAN 0.10 
yloess l 0<- loess(y~ x,span=0.1 0,degree=2) 

Kernel regression h=0.05 yhatloess I 0<-predict( yloe~s I 0) 
####TRAIN USING LOESS SPAN 0.05 
yloess005<-loess(y~x,span=0.05,degree'"'2) 

~ 

:J-~~~~-~~, 
0 
0 

y hatloess005<-predict(yloess005) • E 
~ • 

##TRAIN WJTJJ KERNEL REGRESSJON " '*• ~ I ykcmel05<-ksmo01h{x,y,bandwidth=0.5,kcmel=c("normal")) 
-10 0 10 20 30 ykcmc1005<-ksrnooth{x,y,bandwidth=0.05,kcmel=c(''nonnal'')) -30 -20 

par( rnfrOW"'C(2, I)) 

' plot(ykeme105 ,xlab="x" ,ylab="yhatkernel05", 
rnain="Kemel reb'H'ssion h=0.5'') 
plot(ykemel005,xlab="x",ylab="yhatkeme\005", 
main="Kemel regression h=0.05") 
par(mfrow-c(l, l)) 
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PENALIZED METHODS 
for functional inference 

• The idea of "penalty is ad-hoc 

• It does not arise "naturally" in classical inference 

• It appears very naturally in Bayesian inference 

➔ L2 penalty: equivalent to 

Gaussian prior 

➔ L1 penalty: equivalent to double 

exponential prior 

The concept of penalized likelihood 
(example in the mixed linear model) 

y= Xj3 + Zu + e 

YIP, u,R-N(Xj3 + Zu,R) 

u-N(O,G) 

P(YIP,u,R) = ; , exp[-}(y-Xjl-Zu)'R- 1(y-Xj3-Zu)] 
(2irFIRI, 

p(ulG) = ), , exp[-} u'G-'u] 
(2ir)'IGI> 
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Assuming known variance components, the log of the joint density of the data and 
random effects is termed "penalized likelihood 

c:::> i(p,u ),RG) "K - f(y- Xp- Zu)'R- 1() -Xp- Zu) - fu'G 1u 

-2/(/J, 11[1·,R, GJ " K + (r-X/J- Z11)'(r -X/3- Zu) + 1/ G- 111 Penalized SS 

c:::> a{p,uy,RG) 
= X'R-1(y-Xj3-Zu) tp 

D/(Jlu!y.R,G) 
= Z'R- 1(y-X~-Zu)-G- 1u 

cu 

Setting the derivatives to O yields 

[ 
x'w1x x'R- 1z ][ : ] " [ x·w1

)· ] 

Z'R- 1X Z'R- 1z+c- 1 Z'R- 1y 

► The solution to these equations produces the "maximum penalized 
likelihood" estimates of P and u 

►These solutions are also the BIUE(f,) and RLUP(u) 

8. Reproducing Kernel Hilbert 
spaces mixed model 

Function of molecular information x (vector of SNP variables) 

\ 

\ 
II 2 2 

S\g(x),A] = L[y, - w;~ -z;u - g(x;l]_,:!,,A//g(x)/IH 

"''"I // 
Smoothing parameter (A) 

"Penalized sum of squares" Some norm under 
Hilbert space (HJ of 
functions 

Variational problem: find g(x) over entire space of functions minimizing SS(.) 
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Solution to variational problem: linear function 

,--·-_ ..-
(!..1 . .✓ 

No. individuals with 
molecular data 

g(.) =ao + I:aiK(.,xj) I 

/ 
Regression coefficient Reproducing kernel 

Example of reproducing kernel: 

➔Definition of positive-definite kernel (the theory deals with "reproducing 
kernels) function 

f k(x, t)g(x)g(t)p(x, t)dxdt >0 

➔ Positive-definite kernel matrix; symmetric, with k(i,j,h)•klj,i,h) 

K1,= 

I 

k(l, l,h) k(l,2,h) 

k/2,1,h) k/2,2,h) 

k(n, l,h) k(n,2,h) 

h• scalar or vector of bandwidth parameters 

k(l,n,h) 

k/2,n,h) 

k(n,n, h) 

3 



MEASURES OF DISTANCE 
THAT CAN BE USED IN KERNELS 

Euclidean 

Manhattan 

Bray-Curtis 

0=0.25 

KERNEL GENERATING 
STRONG COVARIANCES 

oc, 04 06 

i<(IJ) 

:• 

d(x,yl= >I.,, -y, I, 
L.::::: 

o=7 

K(i,j)= exp -Bk-'J,)) LOCAL KERNEL 

x, =(x.,, ... ,x,
0

)' 

0 Ct O 2 0 ~ 0 6 1 0 

Histogram of evaluations of Gaussian kernel by value of bandwidth parameter 
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Multivariate-t kernel (Gianola, 2012) for an S x 1 vector 

I- 1 = Diag(2p,qk), 

I= Diag(2p,q,) 

I- 1 = R where R is a matrix containing r 2 from LD 

I=R 

5 

Let S = 5 d = ~(x;, -x1d 2 

k-l 

For Gaussian kernel suppose 0 =Ti= 1,2,3 
For 1-kernel v = 2,4,8. 
We will have 

Kernel evaluation 1.o 

0.9 

0.8 O 

0.7 

0.6 

0.5 

04 

0.3 

0.2 

0.1 

Gaussian = exp(-0d) 

I = [ I + % r(';•) 

exp(-d) BLACK THIN 
exp(-2d) BLACK THIN 
exp(-3d) BLACK THIN 

[ I + fr(';') RED DASH 

[I+ fr(';') BLUE DASH 

[I+ fr(';') GREEN DASH 

4 J 
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Mixed model representation (enhancing pedigrees ... ) 

" 
y; ~ w;~ + z;u + L exp[ 

;~1 

Define row vector 

Then: 

Do: 

w'w 

z'w 

T 1(h)W 

y 

w'z 

T(h) ~ 

t';(h)= k'1/h) 

T(h)=K(h) 

Bandwidth parameter 

I 
wp + Zu + T(h)a + e 

' I u- =-
" A 

I a ~ N(O, T~l (h )a&) I ~moothing 
parameter 

W'T(h) 
2 

[ 

~ ] [ W'y J Z 1Z+A- 1!!s... Z'T(h) 
(J~ il ~ Z'y 

2 a T'(h)y T 1(h)Z T'(h)T(h) + T(h) CJ; 
CJ" a 

h assumed known here 
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sf 7,,,c (l{°(ly /1 /)l/j,1f- c,5, f./1/<cl 

.----------------------------~ v(~1v..C.:~ 

THE "ANIMAL MODEL" IS A PARTICULAR CASE OF RKHS 

y 

a ~ 

Aa + e 

N(~ Use A as kernel matrix 

e ~ N(O,kr;) 

⇒ u = Aa ~ N(O,Ao-~) 

( A'A+Ao-;)a A'y 
0-" 

A(A +10-; )a 
0-" 

Ay 

a 
( 

2 )-] 

A+ 1;~ y 

I Predicted Genetic sinnal Aa BLUP(additive effects) 
V 

Penalized estimation 

a= argmin\ (y-Ka) (y-Ka)+ ,ia'Ka ) 
" 

Bayesian View 

! 1 ·1 Kimcldurl; CI.S. & Wahba. G. (1970). 
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/j\vp 
lh, 

GENOMIC BLUP IS A PARTICULAR CASE OF RKHS 

y=XX'a+e 

a~ N(O,(XX')-'ai) 

e ~ N(O,Jcr;) 

⇒ 11 = XX a~ N(O,XXab) 

( XX XX+ XX :i ), = XX.,, 

(xx{ xx'+ 1;~ )a = xXy 

a= (xx+1;!)_,>' 

I PredictedGeneticsianal"' XX'ci = xx(xx +/(J~ )-I)' 
V' ub 

iJ = (1+ (XX'r' :t }'J' = "GENOMIC BLUP" 

How to Choose the Reproducing Kernel? [1] 

⇒ Pedigree-models K=A 

⇒ Genomic Models: 

- Marker-based kinship 

Model-derived Kernel 
- K=XX' 

Predictive Approach 
Explore a wide variety of kernels 

=> Cross-validation 

=> Bayesian methods 

[1] Shawna-Taylor and Cristianini (2004) 
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Choosing the RK based on predictive ability 

cf(x,, X, ): = K(i,J/B)= Exp{ -Bxd(x,,x,)} 
(genetic) distance between individuals 

Strategies 

- ' -

I - Grid of Values of o + CV 
.. ', 

\ - Fully Bayesian: assign a prior to a 
< 

C (computationally demanding) 
' 

- Kernel Averaging [1] 
\ 

_,, 
-C 

" -
K(i,J)= a,K(i,JjB, )+ (t - a, )K(i,JjOJ 

- -- 0: 
--

,) - ,:-
Actually, this means: 

y = K1 a 1 + K2a 2 + e 
a 1-N(O, inv(K 1)Var(a 1)) 

[1] de las Campos et aL (2010) Genetics Research a,-N(O, inv(K 2)Var(a 2)) 

Example 1 of RKHS 
/- - - -" 

[ 

"' ~ 5 l [ 2 

]r :: }[ 
0 I 0 0 :] 

a, d1 

[ 

e, l 0 0 
a, d, 

)'3 = 3 3 0 e, 
a3 + d, + 

V4 = 7 0 0 0 I e, 

0 0 0 0 
a, d, 

J's= 8 5 e, 
a, ds ,_ - ~ - _, 

~ X~+Z(a+d)+e_ 

! \ 
Additive Dominance 

Henderson (1985) assumed CJ~ = 5,oj 4 and o-~ = 20 

- - r " 
0 _!_ _!_ ' 0 0 0 0 2 2 2 

0 ' _!_ 0 0 0 0 0 2 2 

A~ ' ' ' _!_ and D ~ 0 0 ' 0 2 2 2 4 4 
_!_ l_ _!_ _!_ 0 0 ' 0 
2 2 2 4 4 

_!_ 0 _!_ _!_ 0 0 0 0 2 ' ' - -- -

9 



Application of BLUP paradigm leads to 

5. 145 0.241 ]. 

0.045 -0.192 -0.343 0.096 0.242 ]. 

jj' ~ [ 0 -0.073 -0.365 0.162 0.234 J 

g ~a+ il ~ [ 0.045 -0.265 -o.1os 0.259 o.477 ] 

Next, do RKHS with K=A+D as positive-definite kernel matrix 

2 0 ' j_ ' T 2 T 

0 2 ' ' 0 T T 
K~A+D~ j_ j_ 2 -'- ' 2 2 ' 4 

J_ j_ -'- 2 j_ 
2 ' ' 4 

j_ 0 j_ j_ 2 
2 ' 4 

2 J_ J_ 0 
2 2 

/Jo ]+ J_ 2 ) I 
2 4 4 

/3' 
J_ J_ 2 J_ 
2 4 4 

0 J_ J_ 2 
4 4 

~ Xjl+Ka+e. 

10 



al, = a~+ a3 = 9 ➔ This is 1/A 

[ p0 = s. 2s9 l\ = 0.200 a"= -o.12s a,= -o.1s1 a~= o.4s1 a5 = o.422 ] 

g1,:,1 

gJ,:,.l 

0.036 

-0.210 

-0. 569 

0.206 

0. 382 
g ~a+ <i ~ [ 0.045 -0.265 -o. 10s o.259 0.477 ] 

PREDICTING FUTURE RECORDS UNDER THE SAME ENVIRONMENTAL 
CONDITIONS; PARAMETRICALLY 

,.r 
, I 2 a I d, / I 
_r~ 2 d2 r 

]+ 

a, e2 

r 3 
[ 

/Jo 
c'3 I 

)'3 03 + + ei 

J'~ 
/JI 

d, r a, e4 

) / 5 as d5 / . 5 5 

= Mr9p + cf, 

PREDICTION OF FUTURE RECORDS NON-PARAMETRICALLY 

l 2 0 .L l. l. / . I 2 2 2 

[J 
I 

y{ 2 2 l. l. 0 e{ 

[ :: ] + 

2 2 

r J l. 2 1. .L I 
Yi 2 4 4 e3 

)'~ I I J 2 I r 
2 ' ' e, 

y{ 5 0 I I 2 r 

' ' e, 

= MK0K + e1. 

FOR BOTH APPROACHES THE PREDICTIVE DISTRIBUTION IS 

I[ ;:: ],dispersion (smoothing) parameters l, \(\
0

'.J.{, 

~ \· ~-~ . ,c 
Ys V , J '-' ~J \ 

--- \ I 

( 
A -I , J) ~ M0,(MC. M+I1)cr,., 

\-/4'{ \"tK-;,..'t-,.:-.J 

~I \,t-

11 



For the two procedures the mean and SD of the predictive distributions are: 

5. 674 ± 6. 020 5. 754 ± 5. 576 

5, 364 ± 5. 460 5. 286 ± 5. 659 

P= 5. 162 ± 5. 353 ;K= 4. 735 ± 5. 561 

5. 646 ± 5. 834 5. 919 ± 5. 940 

6. 828 ± 6. 115 7. 061 ± 6. 157 

Example 2 of RKHS 
Drawn from 
Weibull distribution 

wlH'rl' n, ( i, i ,tml n,1 ( ·1.1) ilrt' l'[fi>cts uf nJ!t,lt•~ i and j ,ti I h<', 1 i_ )) !(Wll.~. Tlw c,\-~I Vil! i'-' 11ou-

li11(•;\f dll a!h-lii- dT(•('!:-. a:- irnlin11,•d h,\· tht' lir.<.t dn!\·11\i\'<'c, or 11w 1·owli11nnill PX]H'<'latinu 

fnu<'li(iu wi1h rt'C-[HTI \I) the 1)
1
.~ <1r i'-~. Fr1r im,t:1111·(• 

iJJ:' (. I 

i} ~ , 

12 



Arbitrary Gaussian kernel adopted for the RKHS regression 
using as covariate a 2 x I vector: number of alleles at each of the two loci, 
e.g., x.-lA = 2,x4" = 1 and x,w = 0. For example, the kernel entry AABB and AAbb is 

k(x .. ullll,x.w,1,,h) = exp[ 
(2-2)'+(2-0)' 

I, ] ~ cxr[-7,], 

AABB AABb AAbb AaBB A(/Bh Aahh aaBB aaBb aabb 

AABB 

AABb 

AAbb 

AaBB 
K,, 

AaBh 

Aabh 

aaBB 

aaBb 

aabb 

_1. 
e ,, 

' e ' 
' e " 

e " 
--e ,, 

_l 
e " 
e " 

_, 
e " 

e " 

_.i 
e " 

Kemelvaluek(.,.;h) = cxp(-f) against 

bandwidth parameter h. Curves, from 
upper to lower, correspond to 
S = 1,2,4,5,8 

' e h 

e 

(! h 

eh 

e " 

e " 

_]. 

e " 

e h 

Kernel value 1.u 
0, 

OS 

Kernel value 
1 0 

0.9 

_l 

e " 

e ;;-

' e h 

13 



h = 1. 75 as bandwidth parameter 
6 unique entries in the K matrix: 
1. 0 (diagonal elements, the two individuals have identical genotypes 
0. 565 (3 alleles in common in a pair of individuals) 
0. 319 (2 alleles in common, 1 per locus) 
0. 102 (2 alleles in common at only one locus) 
0.06 (1 allele in common) 
0. 01 (no alleles shared). 

Training set 

i{(•,.id11:il-, \l"1'rt' drmni frutll 1lw 11,1rnwl dif>lrih111inu _\' ({J.'..?(i'i. ,111d ;td1hl I(, !'..?J 11/ fonu 

plw11ntypi-~. Tlw r,•-;1dtirnc plw!!•l\q1i<: di:-.11il,111inl! i,-. 1111kwiwr1, l,r•(·;11t:,,.P iii" a J;(,n-li11•·dr 

fonc! io11 f)j' <'XI >I !!l!'JJI i;d 1\UI l \ r,•il ,1111 ml int<::,. phi:-. ,if ,lll ,tel, lit in> llH!"lJl:dl_y di-..t rih11kd f(':-i, l

n.il. Tlll'l'I' \\"(']"(' '.'") ill(liYid11,iJc, 11·i1li n·,•,;n[...: f{IJ' (•;w\i qf !]II' .Linn .. 1.-1n1, .. ,l.ll1/, ' .. ',('ll<Jl_1·p,·~: 

:20 fflr l'<l('h of A11!Jn .. -l11JP, ,1ml .-J,,iJ!>. awl;) qf f'<(( Jt ail' ,11,JJTJ (/(ID!, 0\ll(l ,w/1!,. Thn,;, 1li1>r,• 

1u·r•· !)() iwli1·id11;d,-, 1\'i1b 1•IH'w'1_q1i(· rPcnnk iu 1,,1a!. 

Testing set 

100 

IJ'l"'<'li,,• 

of ,,:amph•1' pH·,\iv1h-,· al1ilily. T,, ,•:,.:;11uim: 1Jii,;. ;\ UP\\" (iud(•p•_>11<[,,11!J .-.a11ipl1·~ r_,l ph1•nn

typ1•c-- \\\'H' gPIH•n1tp,I. 11,;-.11u1iuµ tlw l(•,,1dwd di~triL11thiJJ .\ (0.2(!l. ;i~ J.,,foit·. il]l(l \\illi 

,, indi,,id11,,I, p,•, C'''"''·' f"'. i,•., I IH•r,· ,_,,,,,,. JC, snl,j,·, r, iuil s11rnpk. 

IMPORTANT ISSUE TO DISCUSS HERE 

14 



u 

!i,,o:r'' 

11n,:i1~ 

-,. -'•HO 
A- Ad,J1t1,,: 

A,J,ioti>'C" ,:_ [')m.rcn:~ 
, r,_jJ,ti,, : [•,:rn1nxc: ,<;. Ee,i:ctJ:.i~ 

u 

<lo-r,1,1·1,·1J 

.,_ t,Jei'.IY'! s. o~mTrJn:e 
,,. ~.rrl ,,.,, ,tr ·,.,,-..m,~nrB r, l.p:,·,~-~ 

" 

JI 

TRAINING 
SET 

df=tr(X(X' X)-'X') 
in regression 

df=tr(X(X'X + 1,r'X') 
in ridge regression 

df=tr(K(K'K + ni-'K') 
=tr((K + 1,)-'K') . 

in RKHS regression 

15 



:;:., G 

,e,-Adul>~ 

+ A,1,'1rv~ •. r,,-n1111r,n·,:, 

~ i\.JJ11\<,,S[•\ 1IIF)Jl~~&E(IC!d:O~ 

1D 20 

l'l"li,1:,,1, •!I !:,: I ,·u u .. ,:,·1- 1:11" :,, Ii.,· pi,•d1, le' •Hid!.'- ""i'"'d'1 ,111_ 

L,·r:,,·l l!iJI,,,, -<,,n ,.i li i,,,,1·"':u1 L•1u<'I, 1.,i '•·1:1d1•i,lil J.7/, :·••1, ,.-11 

Explanation of results 

TESTING 
SET 

Iln\\- d,H',, IHW t•xpJ.iiu 1 l!(' 11;11.u!,1x I !1a1 <1 c-i1upl1• ,1d,lit iY(' rnrn!1•l li,ul lwt I ('J pn•dlcl i\ 1' 

)H'rfonn,11w•' \1·lwu !..'.''!JP ;\t•tio11 \1·11,., 1u111-li1w;11. ;10- ,-,i11J1LlaH·d !H'J('.' In ,11d"1 1o H,\dn·-~;, thi~ 

< 11l<'~I 11>JJ. ,·01J,.,id1•1 1 lw " ( 1 I[(•" 111enll \-;il11v nf I lw U ~(•!Jill_\"!)('.~ ;,uunlat 1•d: 

/i[i fl/; Iii, 

AA JJ,q;1:1 ~.IJ()(j /i. 117 

. ti/ :),(i:!(j :!.111 !J 1.1.·,7 

fl,(/ (l.!Jlti o. \I)! tJ. l-"<-:"1 

f'lw "(•,,rr1•(•l1•1l" :-.11111 ,Jf .-;<1t1al'(', ;11rn111::.; th1-,"'1' 1w•a1i,-, i,, t'.2."!.:.!:\. ,\ /1;.;f'd dl'P1-1,; ,t11illy,w-: 

nr 1·,ui;Ulf:{' pf lhP,-,(' "1111v" \';t!i11•:-- (;1;.;:-:Hrni11µ, hl'!lOJ1,\"])f'~ \\"(")'!' l'l[IP\l\_\· fr(''llll"lll '. gi\"f'C, 1h1 

!(dl(1\lill!c, j).\ftiti1>Jj 11! :-Si'111u•11tial c,illll ()r :-.ql!,l[ ◄',,. 11!)11\'I front n•HH<liu~ ('J')'()p:: l) a,l,li1i,•p 

dkrl nf l"('ll:-' A :il.DS\: :.!) ;idditiP' dkc1 of ](,,·u, !3 ilflt•t .wcr,u111i11,t.:, fp1 A 7.UG\{: 

:)1 do1nill:tl!l"(' pffpl'I-. of hwi .-1 d!id n 1.11
,:. a11d ;)_I 1•pi~1:1.-.i~: Ii.:!'_·;_ Tlrn,-. ('\"('II 1lio11µ]1 

ibt• ~t 1 ![(•1i•· ,-1·:-:t('Jll 1•,,1,- ll!lll-li1J('i!J'. Jllo;..! or 1b1• \il!illti()]J ,\)IJ()IJ).( ).'.\'11'•11·pi(· 11wa11:-- (';\JI IJI' 

a\"n>\lull'd fu1 1,·i!li il liuP,,1 rnn,\r•l ou addith-t 1 df1<1·1~ .. T!i<' addilin· t110,ll'l h,1,l 1IH' 11·1)1:--1 !it 

tu di,' ,bt111 /,•1·1•1i \\'<)J':--l' llrnn tlil· niodr>J:, !hat ,,.~:,\lrtH' ,l,1rni11a1w,, ,111d i'pis11L"is,1 nnd. n'L i1 

lwd tlw lw..,j pwdil·ti\"P a!Ji!i11·. l"ullu\1·Pd 11_,-HhHS [(,i {ru11;.J1h·1 !J.:-1,., ,\ <" 

!! 
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Example 
Of RKHS 2 

Source 

a 
b 
C 
a•b 
a•c 
b•c 

Error (a•b•c) 

I\ I: if 
I l /;I 

I\ 

'" 1;11 

'" 1:1. 
,., l,1 

/!!i 
1/1 

!. • -l.\' :.l • 

/.1.1,, 
/,i""" 

, ·, 

·' 

f.,iJU :1 1 :1 -

J I{//, 'I • .l • 

11'1,1 ·' • 1.· .l • 

1( ('1 , .) • 

/_1/ ,ii ,, . ,, 
/_kn .i, 1, 

J'l,,·1, ••. w, ;,,J<lili•.•· •.,, '.,tl,i,11, .,1 ,<!I\ ,,f 1L,- 11,i,-,, h,, 1 •,1u,,· wl,liu~ ,,r 
H·11,,,, 11cc_ ;, "k1c·_,:' ,,j!,,'.,· ,l,,,.,. aor dl,,·1 11.,·,rn •.,,\,H ,. 

• !I"'"' i·, B" d,.m;w,1w,· ;.; ,11,1 ,,i iii,- !ht,·"],,,; ;r, indi,at,·d In., 1.<·ll> 
dilfrp•w·,, l,d•-,1 ti L..i,-,,.1_1 ~••'.<".• <0l1<l tL,- a'd·; ''-"·'· o,[ i.!w h•Jcr,,.?_11:o>I< •• 

J Ji,·i,· i,,, <•ll.~1,l•·!',d,l,- ml,·1,H l!<•Jl. If c,,-11.,t, ,,..,; ,u<· 1. l. t lwl<· 1·- Jnu,· d,,u1 

ilmh•·•· al ,-,u I, ,,f 1 )11· 1J "'"I (' !,,,·1. Ju .1n/llJ n,.J,, irl",,I,,_ !< lh<•I m,.: 1 lw (' 

,d;,-1,- Hu p-,~~,.,, 1lw :11•·.i:1. \• i!L •h,·"Jli"'";i1,· l,,.rn~ 1;1,,- IL .!nl//,. h. )1!1,/, 

mdi\ id1:,,i., 1lw (' ,.~·,1., ;.·,,-iwl, !"' i-. u,m,,u 1,,,L Ii,"'' ·.,n,.,;,, )'"~- ll"1Hlll~ 
l,,,(>\H'!Jc,, 

DF Anova SS Mean Square F Value Pr> F 

2 0.00000000 0.00000000 0.00 1.0000 
2 0.00000000 0.00000000 0.00 1.0000 
2 0.00000000 0.00000000 0.00 1.0000 
4 0.00000000 0.00000000 0.00 1.0000 
4 0.00000000 0.00000000 0.00 1.0000 
4 13.33333333 3.33333333 1.00 0.4609 

8 26.66666667 3.33333333 

Variation between genotypic values is pure interaction 
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0 

"' 

Training set: 
27 genotypes, 

5 re~l1cates per geno?fe, 

- residual varian:~h as the training set 50 MC replicates, e Testing set· et 
·•n training s Results 

I A,j~t1·,~ 

• ;.:::~:: 1::,,=_~,jdil1>·~D,.>1111rii" :e 

~~ F·Jrc1r11~tr·,.-Full 

1),1 (J f, 

-+--Rl<HS 

--,,,,..-Par ametn c-Add1t1ve 

--+--Parametnc-Add1t1ve&Dominance 

--+.--- Parametflc-Full 

00 04 06 08 

' 

10 

10 
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Results testing set. 

-------8-- Parametr1(-Add1t1ve 

--+-- Paramo2tnc.A,Jd1t1ve&Dc,rrnnan,:e 
........;,---Paramo2tn(-Full 

00 02 06 OB 1 0 

EXAMPLE 3: CHICKENDATA 

• Average progeny "late mortality" (Im) in low 
hygiene environment for 200 sires of line29 
(12,167 progenies). 

- Pre-corrected for hatch, age of dam and dam, 
- Standardized log-transformed means 

• SNPs: filter and wrapper strategy (Long et al., 
2007) 

- 2:4 SNPs selected out of over 5000 genotyped on 
sires 

19 



C -

: 

: 

; 

C 

: 

P1ogeny alive dnd rlead 
( hequer1des) 

0.95 

0.05 
' 

AT>"e De&J 

--, 
Bayesian 
E-BLUP 

DATA 
ORIGINAL RECORDS STANDARDIZED RECORDS 

' ~ 

' P. 

.~ ' r 
~ 

' 
i fl rh 

0 . 
1) .5 J S 1l Ii :,0 ., ., ., ' ' ' Ad/,mecl ave,a~ i.teme<1o~y 

Distribution of progeny means 

MODELS 

SNPs 

Parametric 
(linear) method 

,·F-metric model 
.. 24SNPs Bayes A 

1000 SNPs 

Non-Parametric ... 
Kernel 

Regression 
24 SNPs 

RKHS 
24 SNPs 

20 



Dynamic programming algorithms 

Similarity between two DNA sequences 

Adapted to SNP sequences 

K 17 ( x - x;) = exp[- Score ( x - x;)] 

No need to tune h 

(Delcher et al., 1999, 2002) 

Variance component & parameter 
estimates 

Parameter PriaiWfMt E-BLUP F-metric RKHS BR (Xu's) 

a-; µ (s.d) 24.38 (3.88) 29. 72 (3.56) ( 17.07 (3.02}) 20.75 (2.91) 

HP□ (95%) 16.88-32.04 23.60-37.51 11.78-23.64 15.62-27.09 

µ (s.d) 0.10{0.06) '- 1.03 (0.71) ~ 2 a,, 
HPO (95%) 0.03-0.24 0.67-1.95 

µ (s.d) 0.40 (0.07) 

a-; 
HPD (95%) 0.28-0.55 

µ (s.d) 0.02 (0.01)) 
h' 

HPD (95%) 0.004-0.050 

Sum of posterior means of variances of the 1000 markers 
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Spearman (above diagonal) and Pearson 
between correlations (below diagonal) 

posterior means of sire effects 
E-BLUP F-metric Kernel RKHS BR 

E-BLUP 0.52 0.77 0.84 (i_'_lj 

F-metric 

Kernel 0.66 0.93 0.76 

RKHS 

BR 

0.84 0.79 0.84 

0 D2 0.58 0.80 

• E-BLUP & Bayes A very similar. 

MODEL FIT 

-Compute deviance measurement based on 
mean squared errors: 

• Al Regression of adjusted average progeny on sire's 
PTA or EGV 

• B) Regression of raw average progeny on sire's PTA 
or EGV 

-Lowess regression 
(Non-parametric locally weighted regression) 

22 



MODEL FIT 

•Regression of adjusted raw progeny LM on sire's 
PTA or EGV 

'E-6LUP' Linar Regr~lon Kernel Regression RKHS 

; t-lSE•IOo'.<I,)" , 

::-. 

; rE• liEh'il" ~ 1,ISE=7 10, 1/ 1 

C, i 0 ' 

C, ., !'· • ' 

' -://!?: 
-1 .j O 1 2 J .5 0 ; 10 

MODEL FIT 

•Less dispersion in non-parametric models 

•Lower MSE for kernel regression 

•Worst for Linear regression (F-metric model) 

I Still .... which model predicts the data best? I 

BR 

J 5 1( 
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Predictive ability 

• Cross validation 

1. 5 subsets, letting 20% sire means missing 
each time at ranaom 

2. Calculate correlations between actual and 
inferred average progeny, for each method 
within subset. 

Predictive ability 
Subset E-BLUP F-metric 

1" 
0.03 0.27 

2"' 
0.18 0.19 

3" 
0.18 0.08 

4'" 
-0.04 0.07 

5'" 
0.17 -0.12 

GLOBAL 0.10 0.06 

•RKHS showed better predictive ability 
-25% higher reliability than Xu's method 

-100% higher reliability than E-BLUP 

Kernel RKHS 

0.05 0.27 

0.28 0.37 

0.06 -0.01 

0.13 0.28 

0.23 0.15 

0.14 0.20 

BR 

0.13 

0.12 

0.17 

0.15 

0.25 

0.16 

-233% higher reliability than F-metric (linear regression on markers) 

•RKHS better than fixed or random regression on markers and E-BLUP. 
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EXAMPLE 4: CHICKEN DATA 

( ;cnomk-a\i,bt1.•d pn·didiun of a qu.111fit~1th t' tn,it in pa1·1.•11t~ and 

1u·ng(•ny: applkatinu to food cnnn.'r.,ion 1•.afl' in d1ici,;m, 

FCR measured on progeny of 333 sires with 3481 SNPs 
FCR measured on progeny of 61 birds (sons of the above sires) 

-+2- generation data set 

--all markers 
--all markers 

BAYES A 
RKHS 
RKHS --400 markers filtered using different INFOGAINS 
BLUP (Bayes) -pedigree information 

Training set: 333 sires of sons 

rn,·lho:l 

E-BLL'I' 

B~y.:s .\ 

RK11S 

Predictive set: 

111<'.lll -,,-.,-,-
M 
~ 

0.0 
0.12 

0.12 

1-0.I .\. 0 . .\5) 

(0.04. 0.4'1J 

(ll.0!'. 0.50) 

Jnforrn~ti.~n ~,1 n tL~ing_ 2 d~,;,,es ( .JOO pre-s.>l~eted S;',;Ps) 
t RKHS 

0.15 

0.20 

0.15 

0}0 

0.3~ 

~ 
0.19 

0.'.'.5 

o.n 

0 II 

0.11 

0.11 

O.ll 

0.1 ! 

(0M.0.~l>J 

(Q.l0.05JJ 

(0.13.0S)l 

1-0.05. 0.42) 

(0.12.0.5~) 

10.J0-0.5.1) 

lnfom1arion ;;i~in u~illf 3 cb,ses 1.WO pre-.<,d~l'led SNl'~J 
-'-RKll5 

pm:endle mean HI CU9~':.,J 

0 15 ~ o7T" (0.J0. 054) 

0 :o 0 24 0.].l (-0,01.04~) 

0.25 jo.J? j O.l l (0.lt,. 0 5'l) 

61 sons of sires 

' 

0.J0 

0.J5 

0.-10 

Note U1at the confidence bands of 
the predictive correlations are wide 

0.19 

0.20 

0.11' 

O.l 2 

0.\2 

0.12 

J-0.0~. 0.42i 

(-0.0-1. 0.43) 

1·0.0S.0.40) 
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- l 

T 

"winner" 
"BLUP" LJ LJ 

"Bayes A" RKHS 

EXAMPLE 5: Application to US Jersey data 

⇒ US Jersey 

- N= 1,762 sires (n=1446, training n=1130; testing, n=316 ). 

- Markers: BovineSNP50 BeadChip (50k). 

- Traits: PTAs for Milk, Protein Content and Daughter Pregnancy Rate 

⇒ Models: 

- Linear model K=XX' 

- Genomic-based kinship K = G [1] 

- Gaussian Kernel K(i,Jl0)= Exp( -0xd(x,,xJ} 

- Fixed over a grid of values 

- Kernel averaging: 

[1] Hayes and Goddard (2008) Journal of Animal Science. 
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Application to US Jersey data 

0 

0 

0 

0 

PTA-MILK 

t 

Application to US Jersey data 

PTA•DPR 

0 

0 

~-
' ' 

8 

0 4 8 10 

Piv!Sli 

(:\rlSI: oi'prcdictm.' residuals) 

10 

P\ISF 

('.\1SE ofrrcdicti\·L' residuals) 

u.l'' 
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Predictive ability of models for genomic selection in Wheat [1] 

----'P=---1=-=·e:_:d.:_ic:::t.:_i v:..:e:....::C..::0.:.11=-=·cc.:.la:::t.:_io:::1.:_1 ~ Di ffcrcncc 

Environment BL 

El 0.518 
E2 0.493 
E3 0.403 

E4 0.457 
N= 599; 

Trait: Grain Yield (4 environments); 

Models: RKHS and Bayesian LASSO (BL) 

[1] Crossa eta/. (2010) Genetics. 

Case study: pigs 

RKHS 

0.601 
0.494 
0.445 

0.524 

(%) 

+16% 

0% 

+10% 

+15% 

•Prediction of litter size in purebred and crossbred pigs 

56 
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Comparison of methods for predicting litter size 
Genus data 

Line B 
1,604 PB 
45,597 SNPs 

Phenotypic data 
Average number of piglets born (PB) over parities 
Pre-corrected by some environmental effects: 

farm*line*parity, farm*year*number of services, 
farm type, farm*month, age at first farrowing 

Genomic data 
Illumina PorcineSNP60 BeadChip. 
SNPs excluded if: 

MAF < 0.05 
call rate > 0.95 

Missing genotypes imputed from average allele frequencies at each locus. 

8 methods compared including RKHS and NN (Neural nets) 

0 I 

N 
0 

0 
0 

□ line A 
c-· line B 
M lineAB 

BL 

BL- Bayesian lasso 

Average correlation between 
observed and predicted phenotypes in the testing sets, 

(10 fold CV) 

BRR GBLUP RKHS RFBNN_G RBFNN_UD BRNN_G BRNN_UD 

RKHS- single Gaussian kernel BRNN-Bayesian regularized NN 

57 

BRR- Bayesian Ridge regression 
GBLUP- Genomic BLUP 

RFBNN-radial basis function neural net 
(G-Genomic relationship; UD-P. components) 

(G-Genomic relationship; UD-P. components) 

29 



RKHS-KERNEL AVERAGING-MODEL AVERAGING 

• It is theoretically possible to enhance ANY predictive model by using Bayesian 
Model Averaging: 

·'Predictions obtained by averaging over models are better, on average, than 
predictions from single mode!1 even the ''best"". 

WELL KNOWN THEORETICAL RESULT IN BAYESIAN MODEL AVERAGING 

•Example: with 3 bandwidths for Gaussian kernels, we can have predictions based 
on the following models: 

1 : RKHS with K1 
2 : RKHS with K2 
3 : RKHS with K, 
4 : RKHS-KA with K 1, K2 
5: RKHS-KAwith K1, K, 
6 : RKHS-KA with 1<2, K, 
7 : RKHS- KA with K1, K,, K, 
8 : Average of predictions from models 1 to 7 / J" •IM ] 
s•: Weighted average from model 1 to 7 according to harmonic mean of 

0
~Lp() -• ') 

See Sorensen & Gianola 2002. 

Continued ... 

PIC dataset for line A (litter size): GAUSSIAN KERNEL AT 3 BANDWIDTHS 

11 .. 1. 

LOCAL 
KERNEL 
(sharp) 

" 

GLOBAL 
KERNEL l '. 
(intermediate)! i 

Figure 6: histograms of the entries of K={K(x;, x;J}, . 

GLOBAL 
KERNEL 
("fat") 
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Continued . .. 

Predictive ability: 
-50 random partitions with 90% of observations in training and 10% in testing and 
-Correlations between observed and predicted phenotypes .. 

line A 

Figure 6: Distribution of correlations between observed and predicted 
phenotypes. 

AVERAGING PREDICTIONS NOT WORSE THAN BMA; NOISY DATA 

31 



Neural net,¥orks applied to 
pedigree or genomic-enabled 

prediction 

Proposition 1 

It must be true that quantitative traits 
are "co1nplex", in any sense of the 

word. 
Why? 

I 



A ··complex" trait involn~s many metabolic pathways: Rochc·s Chan 

(\:,,e w~1ow (tM,Nt+W 

Q;><al•) Cttf+W 

I 

flllltogn·WeDBt.....:h•lJWCre ,Allloch,ml<olPathw~y• .. iJ' Bf 

This is sector G5 of Roch 
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Proposition 2 

It 1nust be true that epistasis 
1s pervasive 

Example: the tricarboxylic acid cycle 

For this to work: enzymes are nceJed 

3 
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Proposition 3 

A phenotype 111ust be the result 
of a syste111 involving epistasis and 

non-lineariries of all sorts 

A SYSTE'.\IS HIOl.OGY \1.-\P OFTl[F: BRAIN 

5 



CAN ONE WRITE A 
MECHANISTIC MODEL FOR 

SOMETHING LII(E THAT? 

Proposition 4 

• It is unlikely that one could arrive to any 
reasonable mechanistic model satisfactory to 
understand, explain, learn and predict 
outcomes 

GENDMICS (QTL) 
PROTEOMICS (P·QTL) 

METABOLOMICS (BOLO·QTL) 
EXPRESSIONOMICS (E·QTL) 

EPIGENOMICS (M·QTL) 
METAGENOMICS (META•QTL) 

Need to navigate in an extraordinarily highly dimensional space 
to understand "genetic architecture"!!!!! 

6 



Welcome to the ,vorld of abstractions! 
Coping \Vith complexity 

First assumption: th~·r(: is ,1 gc11c1ie signal and an c11vironmc11tul signal 
S(•cond as~umption: the join1 ctfccl translates 11110 a phenotyc ~ 

Choices'.' 

Y = f(G,E) 

Y= GE? 

Y= EG? 

For some V\K\.O\\ N function,( 

Y = G + E + GE? ... Is an assumption 

Y= (G+EtE? 

Y= G+E? ... b an even a stronger assumption 

Further, G is unknmvn, so hat. tu be inferred from phenotypes 
and some input set: 

... Pedigrees 

... DNAdata 

... RNAdata 

... Pedign.:cs, DNA, RNA 
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THE BIGGEST SHO\V ON EARTH: 

A prevailing view (Hill et al.. 200X; Crow, 2010; Hill. 2010) 

• Fisher's theore111 of natural selection 
• Interactions are second-order effects; likely 

tiny and hard to detect 
• Detectable pistasis probably arises with genes 

of large effects, unlikely to be observed in 
outbred populations 

• Epistatic systems generate additive variance 
and "release" it, so why worry? 

THE BIGGEST SHO\V ON EARTH: 
POINT-COUNTERPOINT 

Fisher's theorem of natural selection (Kempthorne, 1978) 

m,·.tn". ,\[';II( ;1 h;1,1,· (°f'ls\Cl1H'"'!!lc'.!1 Clf<ll f)n ,!1c !)HHn ,,f lhc roil' ,1!', .<r<Jr·,-·,.:. tu'"~ 1h;,; 
l!dd1t1n: fCfld<~ Ltri<tlkc i, rn1r,,,1IJnt ",in,:,· F1~h.:r·, fu1!d:11ll1:r:!i1I 1kon·111 ,,r n.it11rai 

,ckwnn prcd1c1•. •· i, ,11dc nf ll1<' mart.. ancl ,1r<'lfl c,c1~1rl1llc, an crn1r cN11m,1nl~ m;Hk iP 
1'(•pul:1li;!n !,!cnHk., F,~hc1\ !h1:1irc111, ri u i., .-,;,r,•,-1. ,!c,ib >'ilh /i1nc,1, ":C.J!cvcr th.11 i, J;rnt! 

Interactions are second-order effects; likely tiny and hard to detect 

..... perhaps, but there may be many 

Detectable epistasis probabl~ arises with genes of large effects, unlikely to 
be observed m outbred populations 

.... may be the instruments are not adequate? 

Epistatic systems generate additive variance and ''release" it, so why 
worry? 

.... if all we get are straight lines (even thou,gh the world i~ round) how 
can we learn about "genetic architecture" witfi such lines, it the world is 
truly round? 

8 



• 

• 

THE BIGGEST SHO\V ON EARTH 
(The additive genetic model) 

Can "Genome" the lion be tamed? 

GENETIC ARCHITECTURE DETECTOR 

Another show: ..,Les Idiots Savants" 
( much less popular) 

If phenotypic prediction is crucial (medicine, precision mating) can 
exploitation of interaction have added value? 
Ideally, search for machine that 

--captures additivity (breeding), interaction (medicine) 
--has reasonably good predictive ability 
--general and flexible with respect to input data 
--does not fail if system is linear and non-interacting 

9 



THE AGE OF INNOCENCE 

Unraveling "genetic architecture" 
with statistical models 

ARCHITECTURAL 
PARADIGM 1 

GW AS: search for association 
between some marker or genomic 

region and a phenotype 

10 
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Kerns SL, Ostrer H, Stock R et al. 

EX,\.\IPl,ES 

b 

I 

GWAS FOR PANCREATIC CANCER 
(N,lture- G,'ll.;~csJ 

OR 

Genome-Wide Association Study to Identify Single Nucleotide Polymorphisms (SNPs) Associated With the 
Development of Erectile Dysfunction in African-American Men After Radiotherapy for Prostate Cancer. 
International journal of radiation oncology, biology, physics 2010 

THE AGE OF INNOCENCE 
(issue) 

Unraveling "genetic architecture" 
with statistical models 
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SINGLE MARKER REGRESSION 
WITH ORDINARY LEAST-SQUARES 

n (#number of observations <<p (# markers) 

"Full model" .. r = X/3 + e 

=~+e 

~ ··marked phenotype" 

"'OLS" is biased If full model holds and one fits "smaller·· model (e.g .. single marker 
Regressions) 

"Full model" 

_1· = X1/J1 +e 

i'(/i,X,) - (X',X, f 1
F(,·) 

- (.\",x,r'[x,11, +xz11,J 
~ 11, + <X',x, r'x,x,11, 

EXTRAORDINARILY NArVE. YET ... 

SINGLE MARKER REGRESSION 
WITH ORDINARY LEAST-SQUARES 

n {#number of observations <<p (# markers) 

y = X/3 + e 

=~+e 

~ "marked phenotype" 

"OLS" is biased If full model holds and one fits "smaller'' model (e.g., single marker 
Regressions) 

y =X1/J1 +e 

E()l,IX,) - (X',x,r'E(v) 

- <x;x,r'[x,p, +x,p,J 
- /l, + cx;x, r'x,x,p, 

EXTRAORDINARILY NAIVE, YET .... 
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SJ'iC;LE ,\I ARK ER REGRESSIO:\: .\ l)JS.\STER 

r-.:=100, 11mo binmJ rnc1rkcrs, 5 first arc signal. Ll)-.]''3 

RELATl\'E ,\11:AN-SQUAREI) LRROR {,\LL ivl:\RKl!RS) 

RMSE: all markers 

' 
' 
~ 

! 15.36 0.01 

' 
0.01 0.03 0.00 

R-15 MR"10US10 

Procedure 

Sl:\GLE 'VIARKER REGRESSION: A DISASTER 

N= I 00. I 000 binary markers, 5 first arc signal, LD-1/3 

RELATIVE rvtEAN-SQUARED ERROR (FIRST FIVE MARKERS) 

RMSE: first 5 markers 

! 

SMR R-15 MR..,0OLS10 

Proced<H 
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ft~•i./ ., ,r ,,, 
rn , , , 

SNPs 

PEOPLE DO GW AS: 

Statistical 
QTL chaser 

Gene 

THERE MUST BE ADV ANT AGES ... 

• Can 1nake nice colored graphs 

• Publish in high profile-journals 

• Produce rapid tests 

• Patent tests and sell drugs 

• Probably die before lawsuits catch with you 

• Make stories about "1nissing heritability" 

• Ask for money for n1easuring more stuff 

• Generate e1nployn1ent for statisticians 

15 



ARCHITECTURAL 
PARADIGM2 

WGP: search for association between a linear 
function of(many) marker covariates and a 

phenotype 

Bucket 

-s 

100 • 

C 
(gal) 

V 

l~ GOOD PHENOTYPE 
/ Genome 

I rD "'~I "'A / ./BA~ ~HENOTYPE 
50 t{mm) 100 

~ 'MARKED GENOTYPE' 

A (slightly) less narve form of 
approximating G is the whole-genome 

linear model: 

Where the x·s are either pedigree relationships, or marker genotype codes 
or whatever the latest fad in genomic data is 

Bayes A 

ESTIMATE FROM Bayes B ESTIMATE FROM 

LOW DENSITY 
C:IIIP 

Bayes C (with or without n) 
Bayesian Lasso 

HIGH DENSITY 

NON-BAYESIAN REGULARIZED: Lasso. Elastic Net 

LEADS TO (EXTRAORDINARILY) SHRUNKEN 
ESTIMATES OF EFFECTS, BUT GOOD PREDICTIONS 

OF "TOTAL SIGNAL" 

CHIP 

l 
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-BAYESIAN LASSO MODEL WITH N~ 4898 p~36778 
-SNPS RANKED ACCORDING TO ABSOLUTE VALUES OF: 

POSTERIOR ,IEA'IS. 
STA'IDAIU)IZEI) POSTERIOR MEA:\S (l!Sl:\G POSTERIOR SD) 
C0:'1:TRIBUTIO'> TO ADDITIVE GE:\IETIC VARIA:\CE 

Morola el al. (2IJ12) 
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::, .\llS Ill Cl. \"CS 111·,727 
2,~ lll'i':L V,c; 119107 
[l \llS-Hrl:1.-'\(;_c.,_!lll:;~ 

__ I•_> ~----·l_l_lS_·l_l!_\_:L-IJ. 011~•~•~1;,_~•C~"----

" I l fl 

I• 
II 

,, 
I 
I 
I, 

II 

I, 
I 
\! 

" /' 

•1 

" 

I 
II 
y 

,/ 

Even if one looks 
At just 30 SNPs with 
largest effects. where 
is the region? 
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BAYESIAN NETWOK. OF LINKAGE DISEQUILIBRIUiv1 {JO SNPs) 
\lorota C'I a1. (2012) 

SNPs 

Statistical 
QTL chaser 

Gene 
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Rcalit~ ... tril\l'S hack: gt'llC \frueturc 

DNA 

PrOi!l(E[t\l 

f'ulc·r1t,al 
req1,iaiory 
ulcrncnts 

lntron :,-,cq11,·1nGun 
re,no,_,ed cJwing 
sp:1c1119 

prcnJuc, 
(an1,no us;1<l chn1n) 

T,-r1ns<:nr1tuJr1 
'.>!arl site l:)!fGll 

11<1.ns,:ripr,nn 
t;top :,rlc 

~,&tt HE-1'/""'11?~ ,l, T(lH1scrlption 

,~-
ln,:,al trnns<:nplion rvo<l,1ct 

F111,:-;t,ed 1ranscr1pt,or1 pn.ultic! 
co11tc1,n,n9 011ly exons. 

Translation 

Posttranslationa1 modlllcation 

r·111,shs1d /)r(,lfl111 

Some genes do not have introns 
Some genes ore located within introns of other genes 

Arguably, one could do better 
than with linear Bayesian 

(regularized) linear models! 
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A VIEW OF LINEAR. MODELS 
(as e1nployed in q. genetics) 

\lathcmalitally. can bl' \·ic\\ed as Ll ··1ocal'· approximation 0L1 complex prm:cs~ 

/ (.r; 
,' " /d) 
-·--11 11r 

" 

Linear approximation 

Quadrntlc approximation 

th 
11 order approxima1 ion 

t ' i ;/) 

--- 1, o) 
V 

la) 
---u ,1)'·-1 ,,, 

1-1-1.1>.\!.-\N ~nd Ll'\Hl'-1"1,'.", l9/5J 
CI IE\',\LH 1199-1) 

How good arc linear and quadratic approximations".'/\ Taylor series provides a local 
approximation only .. 

y = g(x) + e g(x) 

y !At 

1.2t 
1.0 --

sin(x) + cos(x) 

)---+--t-~+-~-t-t----hf-+--t-+-\--t----t-·+-\--t----+---, 
-5 -4 -3 -2 

I 

4 

\ 

5 
X 
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.. TWO-LOCUS .. ADDITIVE \10DLL 

Xt +X2 

Togdhcr 

·T\\'0--LOCUS'" l:PIST.-\SJS ivlODEL 
X1+X2+X1X2 

Look c1t the vc1y different contours 

THE ADDITIVE MODEL IS NAIVE AND INFLEXIBLl 

Arguably, one can do better than 
this 

21 



A perhaps more uni\'crsal learning machine: 
Regularized i\rnrnl l\etworks 

'~w>,, 
r O,tp,o 

Why and how neural networks 
entered as approximators of complex 

functions ... 
(a non-mathematical argument) 
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nuckus 

I 
3 

Up lo 10 rnrn1<:ctions 

\ 
WOlhu 

lltW'OIIS 

Fm. \?a. &hemafl< diagram al 1WJI nturon. 

fro1n 10 othtr 

oeher 

nturMU 

nt-uron~ 

McCuu.ocll, W. S. and PITTS, W. (1943). A logical calculus of 
ideas immanent in nervous activity. Bulletin of Mathematical 
Biophysics 5 115-133. 

• Brain superior to von Neumann machines in cognitive tasks 

Microchips: nanoseconds, Brain: milliseconds 

➔ Brain recognizes familiar objects from unfamiliar angles 
➔ Key: not speed but organization of processing 
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Why? 

• Tasks distributed over 1012 neurons 

• Interconnected and activated 

• Massively parallel 

• Neurons adapt and self-organize 

• Interconnectivity: up to I 03 synaptic 
connections 

Can we attempt to emulate the 
brain, mathematically? 
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Kolmogorov's Theorem 
For any continuous function g(x 1 ,x 2 , ... ,xp) of p 

variables there exists continuous functions hi in [O, I] 

a continuous function$' in [O, I] such that 

'"'" ,, "' ,,,,, - ~j~"'T" .,,,, .,,, ) l 
/ .. ,,. 

Linear or nonlinear 
transformation 

Linear or on-linear transformation of inputs 

The subscript indicates an evaluation on a givcn configuration of the input 

Comments 

• The theorem states that a set of functions 
exists 

• The set includes the possibility of all 
possible JOINT effects (interactions) among 
inputs on outputs 

• It does not guide on the choice of the 
functions or on the weights 

• With noisy data the idea is to estimate the 
function from inputs and outputs 
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KOLMOGOROV'S THEOREM 
CAN BE REPRESENTED AS AN 

ARTIFICIALNEURAL NETWORK 

1rij- connl'clio11 slreng1h het1n'l!II i1111u1 i and 11e11ronj 

/ 

1,,,1 '''" 
0 1 SOllCO 
nodes 

.Ji 

Pedigree, markers, sequences, 
Nuisance variables 

Binary classification 

Wij= co1111ectio11 strength henre,:,n 
liid,lc11 11c11run input i 011d 

VIIIJJIII ne11rr,nj 

Layer of Layer of 
hidden output 
neurons neurons 

The h functions The /functions 
(4 ··neurons") (2 "neurons") 

THANSFOIUJATIONS "ACTIVATION") FUN( TIONS NOT SHOWN 

26 



( ontinuou.~ output: rd:itionship to 11011-parntnctrh' 1Tgn·s\io11 

/ 

If# node~ is known (k). the number of parameters is: 

l+k+k(]+ // x's)= 11 k (H x\ I 2) c==) Can overfit if too many hidden nodes 

Types of transformation ("activation") functions 

Linear ... □ 

Step 
(' , ,, 

' , 

□ 
, 

27 



Piece-wise linear 

Sigmoid (logistic) 

X 

Hyperbolic tangent 

y --------1 

) 

28 



!l!ustra1iun of a singk-ncmun rnudd for dassifirntion with logistit: activntion fwicliun 

2) Activated input 
I 

1) Collected input into neuron 

• I 
_, 

I 
3) Classification 

<p(xi,x 2,x 3) > t Classify as "1" 

<p(x1,x2,x 3) :St Classify as "O) 

lllustration of a multi-layer model for regression with logistic activation function 
before emission to the output layer 

xi 

x3 

12 "w" coefficients" 
-3 "Red" 
-3 "Blue" 
-3 "Organgc 

l: J 7cliva1ion 

~ Fitted value 

3 more "w" coefficients 

There arc 4 intercepts: 3 for each 
Neuron in the "hidden" (middle) h.1yer 
and 1 in the outer layer 

29 



y 

Algebrairally. the modrl IL>llb like 

/3o + /31---~~~~--'---c-~-~--~~ 
I+ exp(w~I] + w\1lx1 + w\1lx2 + w\1lx3 + w11l,q) 

+ /32---~~~~--'-' ~--~-~~~ 
I + exp(wh

2
l + w\

2
lx1 + w\2

lx2 + w\
2
lx3 + w1

2
lx4) 

+ /3
3 

I+ exp(w~l + w\3lx1 + ~vflx2 + w\3lx3 + w11lx4) + e 

4 BET1\SI 15 w'~= 19 n .. ·grcssions to estimate 

NEl:RAL NETWORKS ARE l'NIVERSALAPl'ROX.J:\IATORS 
{Follows from Ko\mogorov·s Theorem) 

50 x values sampled from U[-1,1] and then evaluate flx). Fit a two-layer 
NN with 3 hidden nodes and tanh activation functions and linear output 

(b) 

HED 

BLUE 

figure 5..3 llh.1atmtio11 of lhi:l Ci1· 
p~bil1ty of a llllllliktyN perrnolror1 
to approxirn~tA tom 01if,a rr,rt funo
tiof}S cornpr1sli1g (a) f{zl -~ .:r.'\ (b) 
/(;r) = sin(r), (c), JV) = 1-:-:L 
arm (d) f(:T) "" HV:1 wt.cro H(:rJ 
Is the Heaviside s\ep !ur-.ctlon, In 
each case, N = !i! data points 
6howr'l l>S t>:.u-0 dots, have been stim, 
pt..id unlfo1mly in ;~ over !he Interval 
( -1, 1) and the ootr-0sponding val
ues of j(J) evaluated. Th1350 dntn 
po,ints are men used lo train a two, 
lay~r n~twork having 3 tw.tdon unit3" 
witl) 'tlllh. a,clivalion functions an 
tiooar oulptJt units. The ff}S1Jltin 
network 11.rnc!lons are sti{)Wrr by o 
red CUfVOS, .and the aUlptJts of 0 
throe hidden l.fflll.S are shown b- the 
throe dash~d curves. 

-- r······,,~~--

Out ut from hidden node 
(c) 

Step timclii 

!I , I , 
i••···-·----········..L' - -~ 

(d) 
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THE l\:IT\ITESl.\l.\l. :\IOl>EL AS.\ 1u:c1u:~SIO:\ 
();\ HEI.-\TIO,\ISlflP!-. 

y u + e 

u (O,Acr~) 

y AA- 1u+e 

Au*+ e 
N 

y; 

Lise clement~ 1,f 

A (or G) as input; 
(cnv,1riatc~) in a rcgrcs,;ion 
f\!odd with randmn dfocts 

Recall 
A=CC' (Cholesky) 

The infinitesimal model as a regression on a pedigree 

I) t = Cza,, +e = cu· +e • 2 u = za,, ~ (O,Ia ,,) 

"" . ( = g(.4..Jj=l Cull _;) + e,, Identity activation 

2) 
I •• t = AA - u + e = Au + e, .. - A-I (0 A-1 2 ) u - u~ , 0"11 

L Ii ** t = g( . a u 1) + e , 
I ;=I lj I ldcnlity activation 

3) 
t = A_, Au+ e = A -Ju••~+ e, u"' =Au~ (O,A 3a 2

,,) 

Identity activation 
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Th.: i11frnllcsimal rnnd:.::I c1" ,1 lin:.:::ir 11.:mal 11.:tw/\1l 

GJ 

Fitted value 

ldcntily activation 

The x's ,·ariabks arc the uddirh·l' r<!l11riomhips ofrhe animol 

p/1C'110~1·ed lo ALL other i11dil'id11als in !he pedigree 

Other than a nai"ve theory (the infinitesimal additive model) 
nothing precludes using what might be 
a better approximation (Kolmogorov) 

"Overall" activation fin ction 
[linear for quantitative rails] 

' 

Regression mi acli\'atcd emissions 

... Elements of pedigree 
(or genomic) relationships 
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Likelihood 

Prior 

Bayesian regularization 
(need to cope with p>>n) 

p(D I b, w,a' ,M) = 11 N(t, I b, w,a',M) 
i=l \ 

A net,,ork 
1\rchitectmc 
(number of neuron::; 

and activation functions; 

Conditional posterior 

P(w I D,a-2,a~,M) 
P(D I w,a-2 ,M)P(w I a,;,M) 

P(Dja- 2 ,a,;,M) 

Marginal densi!y of the data (used to assess variance components) 

"penalized" sum of squares 

Integral not in closed form 
in non-linear networks 

)

2 

~-

1
-, w'w]dw 

2al\" 

I 
2 

J/2cr 

I 
' I /2crw -
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Laplacian approxi1nation yields 
Rcm1.;mbcr Smith and (irnscr I l 9X6): Graser ct al. ( 1987): Tcmpchrnm antl Ciianola ( I 993) 

111 

a 11e11·:::: 
2 

.HAP, . .\L4P H-1 
\\' lV + tr MAP 

Etfoclive number ofpc1rameters 

Data 
(297 Jersey cows) 

• Target : Fat Yield Deviation 
Milk Yield Deviation 
Protein Yield Deviation 

Hessian of F 

• Inputs : Elements of Relationship Matrix 
(Pedigree or Genomic, or both) 

• Rationale (again) 

y = u + e 

u ~ (O,Aa;) 

y = AA -i u + e 

= Au* + e 

s 

Yi= L auuj + ei 
j=l 

........... Use ckmcnt~ of 

......,,,.A (or G) as inputs in l\'N 

35,798 SNPs used to bui!d G 
as in Van Raden (2008) 
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Variable 

Yield_devMilk 

Yield devFat 

Yield_devProt 

k~l~1lo1dup m.iru 
ir•d!tr .. "' ffbOUll<I 

[:] 

DATA 
Descriptive Statistics 

N f',,[(::J"; Std Dev 

297 1513 1821 

297 73 103 

297 59 59. 

Min Max 

-3669 7544 

-187 1209 

-117 267 

ARCHITECTURES sinh .r ,., - r--r f',,, - I 
tauh-r~c: cu:-.h.r 0

•• r'+r-I r 2"+1 

ht.mil!..pro1tin 
Yi,IJ Ouhtiob 

Ontpnl 

Hufd,11 Joru, 5 •tut a• ,.i,h hfP«Mli< u 
om,·mob fu•«iM, 

Ou<po! J.~or. I o,urt-1, "'ilh litttr 
a<nu,i>n f•n•li .. 
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Fitting the networks (MATLAB) 

• TRAINING (60'1/o), and TESTING 
(2011/o) sets 

• Non-linear regression with Gaussian prior assigned to the 
weights and Gaussian likelihood 

• Given variances, find mode of weights using non-linear 
optimization method in TRAINING set 

• Examine performance in the set 
• Predictive performance assessed in TESTING set 
• NN with I Neuron and linear activation function is "animal 

model" with unknown variances 

' i: .. 
8 
:' -,. .. .. 
Q 

i: 
i • = • .. .. 
~ 

" ~ 
~ 

168 
160 
152 
w 
U6 
128 
HO 
112 
104 
96 
88 
80 

Run 25 times (to gel more stable results) with random parti!ions 

_,_F,ly,eld -+-Uilkyield P1olei11yidd 

Pt11igrtt t•t;\ltionships 

V-
,, 

' 

' 

' 
' . 

t 

~G,nomif I tallionshi11s 

~"I ' ._, 

Effective number of parameters 
(entire data set) 

r\,Ji\ L1) ,,/1.J: 'A, ~ f I) )0,,)1t,r fJ,o/ ,,.t (>--

( 2 J 1 ! 
.. H.""" 

L{h . .:. \c -ftix f \ ,,\ vc tlu1 :)[ ',),\( i'\.J,,. kt 1 

f\ 
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Pt11ign-t J'(':l)tiou~ups 

60 

Sum of squared prediction errors in ksting set 

,r,otemyield 

0.ti 

0,5 

U.1 

Gtnomi,rntltio11sl1ips 
UJ 

O,l 

0.1 

0 

Correlations in testing set 
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Illustration of 1nore results 

• Using pedigree additive relationships only 

RESlJL TS (Tes ting set correlations) 
Linear 1-neuron 2-neurons 3-neurons 4-neurons 5-neurons 6-neurons 

Fat_deviution 0,11 0,23 0,22 0,22 0,20 0,23 0.27 
M1lk_deviat1on O.D7 0,10 0,08 0,13 O,Ofl 0, 13 0,10 

Prot_Deviation 0,02 0,09 0,03 0,10 0,14 0,15 0,11 

0215 

,:um)_ __________________________ _ 

Results are avera e of 25 runs for each architecture 
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MSE (testing data set) 

Pn,i_lJe,1,,11.,11 

115 

1.05 

0 9.1 

0 <J • 
Lrncar 1-ncurnn J-netil<HIS +neuron, r,-neuro,,, 

EVIDENCE OF OVERFITTING IN TRAINING TEST 

"' 

39 



\'aim.:::. ofm.:ighls (n:gn.:ssions) for the linear and "bc~c· NI\ 

0.5-

0.3 

0.2 

Fat-linear 

-0 5, 

I 
-1 

0 

Milk-linear 

100 200 300 

Note the difference:. in 11umbcr of weight.\ and in their sizes 

0 15-- -

-0.2--------
0 500 1000 1500 2000 

REGULARIZATION 

Distribution of weights for linear and "best" NN architectures 

100 ----

80 I M1lk-linea 

60 

20 

' 
0 

04 06 -1 -0.5 0.5 

1000 1200 
: 11 Milk-5 neurons 

soof 1000 
Fat-{l neurons 

I 
800 

600· 

600 
4QQI 

2001 

400 

200 

J 0 
-0.2 -0.1 0.1 0.2 -0.2 -0.1 02 

04----
Prot-l,near 

O.J,-

0.2, 

--0.2' 

-0.3 
0 100 

' 
200 300 

0.3,c=====~--
I ' Prot-5 Neurons 

o) ~'------

60 
1 

Prat-linear 

40 

20 

ol._ 
--0.4 --0.2 0 0.2 

1200~-----~---~ 

1

1 Prol-5 neurons 

1000 

soo I 
600 

400 

200 

oL..-.-■ 
--0.2 --0.1 
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"Total" mfiuence of input, in neurnl net1nnk 

Value of fat 
Value of fat yield 
yield deviation Anim_id Anlm_ld devlatio11 

212 26-t / 16S 252 

21:: 281 19.J 241 

234 261 278 245 
/ 

241 19.J 208 265 

g 24.'.' 278 214 187 

251 ~55 257 191 

252 168 _.,296 256 

256 296 211 304 

265 10S 255 251 

304 111 2S1 212 

30S 215 215 308 

.ll6 190 190 316 

I 

WHEAT DATA SET: 599 lines (480 training-119 testing. 50 random n:pcats) 
1279 binary markers 

N:',; output 

I 
I 
I ' 

'<v7 

299±5.5 260±6.l 253±5.9 238±5.5 220±2.8 

0.48±0.03 0.54±0.03 056±0.02 0.57±0.02 0.59±0.02 

0.99±0.04 0.77±0.03 0.74±0,03 0.71±0.02 0,72±0.02 
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\"l \LYSIS I\ PHOCRF,',,S B\ cnoss.\ l-:T \L (CJ\I.\IYT) 

-~~ __ i_!~ corn-flower_~ng _ Data used in Crnssa_e_tal. (2010) 

Trait-environment M-BL M-RKHS M-RBFNN 

SS-ASI 0.5425 0.5926 0.5821 

SS-FLF 0.7417 0.6132 0.7460 

SS-FLM 0.7404 0.6453 0.7678 

WW-ASI 0.5153 0.5580 0.5365 

WW-FLF 0.7268 0.5372 0.7869 

WW-FLM 0.7428 0.5743 0.7981 

SS-GY 0.4743 0.5318 0.5174 

WW-GY 0.5634 0.5459 0.5586 

Maize 
disease -
- GLS --

high 
density 

55k 
M-

Sites M-BL M-RKHS RBFNN 
- -------·········-~ -- ~ --.,,-•~-----

1 0.2188 0.2099 0.2604 
2 0.4174 0.4131 0.4308 
3 0.5899 0.5691 0.5823 
4 0.5215 0.5044 0.5058 
5 0.3419 0.3064 0.3442 
6 0.2842 0.2535 0.2775 
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Maize under 2 level of drought 
-- high density 55k 

Environment 
GY-Moderate 
drought 
GY-Severe 
drought 

Wheat trait 1 
Sites 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 

M- M-
M-BL RKHS RBFNN 

0.6333 0.5591 0.6531 

0.4104 0.3652 0.3910 

- - ----------------- - -

M-BL M-RKHS M-RBFNN 
0.5969 0.6630 0.6581 
0.6861 0.7278 0.7069 
0.6224 0.6943 0.6866 
0.0673 0.1419 0.1840 
0.6481 0.6824 0.6744 
0.3798 0.4659 0.4586 
0.5984 0.6235 0.6284 
0.5493 0.6054 0.6100 
0.5374 0.5821 0.5827 
0.4775 0.5024 0.4274 
0.7721 0.7422 0.8039 
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Wheat trait2 

Site M-BL M-RKHS M-RBFNN 
·--"·,-.----·---

1 0.4830 0.5216 0.5149 

2 0.6928 0.6753 0.7085 

3 0.2285 0.3889 0.3827 

4 0.4610 0.5508 0.5557 

5 0.7509 0.7147 0.7880 

6 0.8101 0.8031 0.8399 

7 0.4695 0.5374 0.5285 

8 0.8345 0.8261 0.8657 

PUNCH LINE: 
over 35 trials, the winner is ... 

M-BL 
14% 

5 

M-RKHS 
34% 

12 

M-RBFNN 
52% 

18 

Any concerns about tl1c predictive ability of non-parametric methods. 
relative to those that "help to understand genetic arC'hitecture'"? 
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Crossa ct al. (2012) 
TAG-under review 
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Jl 
!6 

- ffL fon,Je fl°'"=· ]\.:fl.· uui~ :1~""'11:t AS1 '..m te TTl. ,r.ten"Cll GY 
p,m ,·;e!d: SS· ,ec,ai, d,.,.,~ ,a~·.,,, \\'\1; w•'.l•w.,r.,ed "1l\"rr<m.n,.,-,t, HI o~uar.1111 
rn\'1.i~"'-"'llt. LOW :oe,,emllo=. (,LS C,•in,:porn ,,,,.·-m.:,;,da: X(LB 
fa:,~,;~11"m 11,•n·ll,., 

WHAT ABOUT "fHE BREEDING 
t. 
2. Hy network dc.~ign 

By math 

a) /llji11ile.\i111al model 

b) Murk<'n modd 

Marked breeding value= 

VALUE? 

y;= z\u ' a ( ' ) Z'-Z•U. 
l azi l 

x'. _!_ (x'P) = x,'.p. 
I dxi l 
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u I "<Ji 
111 I• 

P. _ exp[-2(b, + :f':p-<".:i! 
• l+exp[-2(b, + ;;_,A,/1. l] 

WHAT ABOUT THE 
IMPORTANCE OF A CHVEN SNP? 

Joseph. IL lluang. W. L. & Dickman. M. (200:1). Neural 
network modelling of coastal algal blooms. Ecology 
M0Jc/li11g 159. 179 20!. 
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SUMMARY 

• Neural networks: universal approximators 

Need to arrive at suitable architecture (number oflayers, 
number of neurons, choice of activation functions) 

• Neural network must be assessed in predictive ability 
• Important variables in a network can be detected 
• Coefficients do not have obvious interpretation ( except in 

linear networks) 
The infinitesimal model is a naive network (_7,0!'){,, 11,,,,, ,, ) 

• The mechanistic value of the additive model is dubious in 
the face of complexity of biological systems 
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T/Jc Art of War 
:,implified Chinese: -f').T~;t;.; 
traditional Chinesp: tA:f-~;t.;; 
e.i!li!!l: SDnzf Bing FO 

Sun Tzu f,j,ftt 
(722-481 BC)? 

"It is said that if you know your enemies and know 
yourself, you will not be imperiled in a hundred battles. 

If you do not know your enemies but do know yourself, 
You will win one and lose one. 

If you do not know your enemies nor yourself, you will 
be imperiled in every single battle." 

SOME POSTERIOR THOUGHTS 

■ Cannot understand complexity ("genetic 
architecture") with parametric methods 

■ Prediction is a different ball game from inference 

■ For prediction, non-parametric methods are almost 
as good as parametric ones even when assumptions 
hold 

■ Do not spend a lot of time inventing priors, or fancy 
models. A simple additive model may just do well ... 

■ Spend more time in cross-validation and less in 
simulation. Now there is data!! 

4/24/2012 
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MORE POSTERIOR THOUGHTS 

■ Markers (and most types of molecular data) 
have ascertainment problem (Chikhi, 2008): 
simulations give distorted picture 

■ SNP assisted genetic evaluation is holding 
well, and has outperformed (in cross
validation) pedigree BLUP 

■ There is no universal prediction machine and 
model performance varies with species, trait 
and environment 

Comparison among methods in plants (Heslot et al., 2012) 

Table :2. Ar,curacy for each trw1 and model. avei age non-cross-vahdated correlatlon lot each model, and average MSE for each model. 

Datasatt Traitl RR-BLUP'i Bl Elastic net wBSR BayosCn NNET 
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' crna,:i,_-,·~ l-~ror:,c e<,,:,,, HJ~Ct 
l ;nc,yac Lu·<T•~ \'/n°a: CIMI," ·: ,i r~cs:, e, a, 

'i,3lc,~,,•:w 

<.: :J2 
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"It ain'r whc1t vou do:i't lmovv that gets vo11 into t 

It's what vou know for s1u-e that just ain't so.'' 

(Mark Twain) 

Takezawa {2005): 

Model-free procedures can have better 
predictive performance even if the 
'true·' model 1s used to generate nnci then 
fitted to Oie data. 

ROUSSEAU ON THE ADDITIVE GENETIC 
MODEL 

" ... denier ce que est, et d'expliquer ce qui n'est pas ... " 
Rousseau "Nouvelle Heloise" 

Geneve 1712- Ermenonville 1778 

4/24/2012 
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"Would you refuse your dinner 
because you do not understand 

the digestive system?" 

quote by British mathematician in 
"The emperor of the maladies: a biography 

of cancer'',2010, by 
Siddhartha Mujkherjee 

Conclusions 

• Challenges to parametric methods posed by 
genomic and post-genomic data 

• Future: Shift in paradigm. Semi-parametric and 
"machine learning" type techniques? 

4/24/2012 
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1. Introduction 

The following text (from the R-website www.r-proiect.org) briefly describes R: 

R is a language and environment.for statistical computing and graphics. 

R provides a wide variety of statistical (linear and nonlinear modelling, classical 
statistical tests, time-series analysis, classification, clustering, .. .) and graphical 
techniques, and is highly extensible. 

R is available as Free Software under the terms of the Free Sofiware Foundation's 
GNU General Public License in source code form. ft compiles and runs on a wide 
variety of UNIX platforms and similar systems (including FreeBSD and Linux), 
Windows and MacOS. 

The R-package, its libraries and manuals can be downloaded from: http://www.r-proiect.org/ 

2. Installing R 

The R-package can be downloaded following these steps: 

- go to www.r-proiect.org 

- in the left side follow link 'CRAN' 

- choose a repository 

- In the box 'Download and Installing R' choose your operating system 

(Here I follow Windows, to illustrate) 

- Follow link 'base' 

- Download R from link Download R 2.11.1 for Windows 

- Run the executable file, it will guide you through installation 
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3. The R console 

Assignments and simple operations. The following box provides simple examples which 
illustrate how to create numeric variables in R and how to perform simple operations with these 
variables. The symbol "<-" is an assignment operator, it assigns whatever is at the tail of the arrow to 
the variable whose name is provided at the end of the arrow. The symbol "#" is used for commenting 
lines. 

### ASSINGMENTS 
x<-2 
y<-3 

## Example 3.1 ## 

### SIMPLE OPERATIONS 
z<-y+x # try - */for subtraction, product and division 
z 

Numeric vectors. The following example illustrate how to create a numeric vector using the 
"c()" function which concatenates elements into a vector. Once you created a vector, you can modify 
or access any entry of it by indicating the position you want to access or modify in between square 
brackets. Note, NA is used to denote missing values in R. 

## Example 3.2 ## 

# Creates a vector 
x<-c(l0,20,30,40,50) # equivalently, try x<-1:5 
str (x) 
# Accessing elements of a vector 
x [2 l 
x [c (1, 4)] 
x[-c(l,4)] 

# Modifying elements of a vector 
x [ c ( 1, 3) ] <-NA 
X 

# Creating a sequence using seq 
x<-seq(from=l,to=l0,by=2) 
y<-seq(from=20,by=l,length=S) 
X 

y 

# Operations with vectors 
x*2 
x+y 
x*y 
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Matrices. The following example shows how to create a matrix by binding columns, cbind () , 
or rows, rbind (). The functions dim (), nrow () and ncol () give you the dimensions, number of 
rows and number of columns of a matrix. 

## Example 3.3 ## 

# Creates a matrix by binding columns 
xl<-1:10 
x2<-ll:20 
x3<-21:30 
X<-cbind(xl,x2,x3) 
dim(X) 
nrow (X) 
ncol (X) 

# Creates a matrix by binding rows 
Z<-rbind(xl,x2,x3) 
dim(Z) 
nrow ( Z) 
ncol(Z) 

Matrices can also be created using the matrix() function. To create a matrix we need to 
provide to matrix() the number of rows, number of columns and a vector containing the data that will be 
used to form the matrix. By default, the matrix () function assumes that data is sorted by column. To 
obtain more information about this or any other R-function type help ( functionname), e.g., 
help (matrix). 

## Example 3.4 ## 

# Creates a matrix 

X<-matrix(nrow~3,ncol~lO,data~l:30) 
X 

Y<-matrix(nrow~J,ncol~lO,data~l:30,byrow~TRUE) 
y 
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Indexing with matrices. We can modify, or extract elements of a matrix using indexing. The 
following examples illustrate how to extract/modify single elements, columns, rows and blocks of a 
matrix. 

## Example 3.5 ## 
# Creates a matrix 
xl<-1:10 
x2<-ll:20 
x3<-21:30 
X<-cbind(xl,x2,x3) 

# extracting elements using indexing 
X[l,l) # single element 
X [ l, ) # entire row 
X[,l) # entire column 
X[c(l,2),c(2,3)] # block 

# modifying elements of a matrix 
X [ c I 1, 2) , c I 2, 3) ) <-NA 
X 

Operations with matrices. We can use R to perform matrix operations. Cell by cell operations 
can be performed using the standard symbols. To perform matrix operations we need to 'enclose' the 
symbols between"%". The following example illustrates this. 

## Example 3.6 ## 
# Creates two matrices 
X<-matrix(nrow~4,ncol~2,data~l:8) 
Y<-matrix(nrow~4,ncol~2,data~l:8) 
# Element by element operations 
X+Y 
X*Y 
# Transpose 
Z<-t(Y) 
# Matrix product 
X%*%Z 
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## Example 3.7 ## 

# Creates an identity matrix 
D<-diag(3) 

# Adds 0.5 to the off-diagonal 
D[l,c(2,3) ]<-0.5 
D[c(2,3) ,l]<-0.5 
D[2,3]<-D[3,2]<-0.5 
D 

# Computes the inverse of D 
Dinv<-solve(D) 

# Checks properties of the inverse 

D%*%Dinv 
Dinv?o*%D 

4. Variable type 

So far we have used real variables only. R has 5 basic types of variables: characters, these are 
simply labels; integers; numeric (real); logical (TRUE/FALSE); and factors, these are variables that can 
take on a given set of values (the levels of the factor) which may be ordered (e.g., 'low', 'medium', 
'high') or not (e.g., 'blue', 'green', 'red'). The following example illustrates how to create variables of 
each of the above-mentioned types. You could also create matrices of each of these types. The function 
str() gives you the structure of an R-object, in this case the variable type and dimensions of the array. 

# integers 
x<-1:10 
str(x) 

# numeric 
y<-x/1.15 
str(y) 

# logical 

z<-x>5 
str(z) 
z 

## Example 4.1 ## 
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## Example 4.2 ## 
# character 
w<-c(''hello 1',''myName 1

',
11 red'') 

str (w) 

# un-ordered factor 
w<-factor(x=c(''red'',''blue'',''red'',' 1green'')) 
str(w) 

# ordered factor 
w<-factor(x=c{ 1'low'',''medium'',''high' 1

,
1'high''), 

ordered=TRUE, levels=c(''low'',' 1mediurn 1',''high'')) 
str (w) 

levels(w) 
is.ordered(w) 

# as.factor() as.numeric(), as.integer() , .. etc. 
# can be used to coerce variables into a different type. 

5. Data frames 

One limitation of matrices is that all columns and rows must be of the same type. Commonly in 
our dataset we may have variables of different types, e.g., some factors (e.g. sex), some integers (e.g., 
0/1/2 to code SNP genotypes), some characters (e.g., name). Data-frames allow you to have variables of 
different type within one matrix-type array. The following example creates a data frame. 

## Example 5.1 ## 
x<-as.factor(c(''low'', 11high'',' 1medium'',''low'')) 
y<- C ( 1. 1, 2 , 4, 3 , 1, Q . 5) 

myData<-data.frame( treatment~x, outcome~y) 
str (myData) 
myData 

7 



Indexing can be used in data frames in the same way as in matrices. Additionally, you can access 
individual columns using the dollar sign and the variable name. The following example illustrates this. 

myData[c(l,2),] 
myData[,l] 
myData$treatment 
myData$outcome 

6. Libraries 

## Example 5.2 ## 

Specialized algorithms are provided in R through libraries. Some libraries are included in the 

basic installation package, but others need to be downloaded form CRAN. You can load these libraries 

into an R-session by using the library () function. Once the library is loaded, all the functions 

included on it become available in the environment. 

To illustrate, let's consider the library MASS. This function has a function, ginv (), which 

computes generalized inverses of matrices. If you type help ( ginv) in R without loading MASS you 

will get the following error message: 

## Example 6.1 ## 
help(ginv) 
No documentation for 'ginv' in specified packages and libraries: 
you could try '??ginv' 

Now try the following: 

library (MASS) 
help(ginv) 

## Example 6.2 ## 

To install libraries available through CRAN go to the main menu and choose: Packages/Set Cran 
Mirror and choose one repository (e.g., USA IA, which is a repository form Iowa State University). 

Now go to the option Pagackes/lnstall packages and choose one package (e.g., accuracy). You 
should get the following message: 

package 'accuracy' successfully unpacked and MDS sums checked 
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7. Listing and removing objects fron1 the environment 

You can list the objects available in the working environment using the functions Is() or 
objects(). The function rm() can be used to remove an object (or a list of objects) from the environment. 

You can quit R by closing the console or by typing quit(). Use quit(save=' yes' ) , quit(save=' no' ) , 
to quit saving or without saving the environment, respectively. The 
following example illustrate these functions. 

## Example 7.1 ## 

ls() #list the objects in the environment 
rm(list~ls()) # cleans the environment 
ls () 

# Now let's create an object 
x<-1:10 
ls () 

quit(save~'yes') 

# Now open Rand type ls() 
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8. Reading and Writing ASCII Data 

The functions read.table() and write.table() can be used to read and write data in table-format. 
In the following example we first load a data frame (oats) available in the MASS package and then write 
it to the hard drive as an ASCII file and read the data again back into the R session. 

rm (list~ls ()) 
library (MASS) 
data (oats) 

## Example 8.1 ## 

# shows the structure of an object str (oats) 
fix(oats) # displays data (can also modify/edit/create variables) 

# writing data to hard drive 
write.table(x~oats,file~'oats.txt', sep~' ') # space-delimited 
write.table{x=oats,file='oats.csv', sep=', ') # comma-delimited 

# reading data 
myData2<-read.table('oats.txt', sep~' ',header~TRUE) 
myData3<-read.table('oats.csv', sep~', ',header~TRUE) 

head (myDa ta2) 
head(myData3) 

9. Univariate descriptive statistics 

We will look at descriptive statistics for variables in the oats data set to illustrate some useful functions 
in R. For discrete variables, the table function is useful($ operator references a certain variable in a 
data frame). The summary function will also produce descriptive statistics. The output produced by 
summary() depends on the nature of the object, below you have examples of summary() for vectors 
and data frames. 

## Example 9.1 ## 
table(oats$B) # look at counts for block variable 
table(oats$V) # look at counts for variety variable 
summary(oats$V) # can also use summary function 
summary (oats) 

For continuous variables, we will use the mean, standard deviation (sd), variance (var), quantile, and 
histogram functions. 
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## Example 9.2 ## 
mean(oats$Y) # mean of yield 
sd(oats$Y) # sd of yield 
var(oats$Y) # var of yield 
quantile(oats$Y) # quantiles of yield 
quantile(oats$Y,probs~c(0,0.05,0.1,0.9,0.95,1)) # specify probs 
help(quantile) # use help statement to get function parameters 
summary(oats$Y) # summary statement for a continuous variable 
hist(oats$Y) # histogram 
print(hist(oats$Y)) # use print to display numeric features of hist 

10. Bi-variate descriptive statistics 

In the previous example we described features of the marginal distribution of a random variable (RV). 

Now we turn into description of the bi-variate distribution of two RVs. First we look at an example of 

two discrete RVs from the oats dataset. 

## Example 10.1 ## 
# Contingency tables for two discrete RV########################### 
table(oats$V,oats$B) # table for bivariate discrete stats 
xtabs(~oats$V + oats$B) # or using xtabs and specifying a formula 

highYield <- oats$Y>rnedian(oats$Y) # binary high yield 
table(oats$V,highYield) # counts of high-yielding plots by variety 

Now we describe the association between two continuous RVs (Gas=gas consumption, and 
Temp=Temperature, of the whiteside dataset, also available with the MASS package) using the 
covariance, correlation and plot functions. 
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## Example 10.2 ## 
# Two continous RVs################################################ 

library (MASS) 
data(whiteside) 
head(whiteside) 

# variance-covariance matrix 
var(whiteside[,2:3]) 

# correlation matrix 
cor(whiteside[,2:3]) 

# or scatter plot for visualization 
plot( Gas~Temp,data~whiteside) 

Now, let's look at an example of one continuous (Gas) and one discrete RV (lns=lnsulation) also from the 

whiteside dataset. In this case we describe the joint distribution by first calculating the conditional mean 

gas consumption given insulation, and using a box-plot, which provides quantiles of a continuous RV by 

level of the discrete RV. 

## Example 10.3 ## 
# One continuous versus one discrete RV############################# 

# Conditional mean 
tapply(FUN~mean, x~whiteside$Gas, INDEX~whiteside$Insul) # try FUN~sd 

# boxplot, which displays several quantiles 
boxplot(Gas~Insul,col~'red',data~whiteside) 

Finally, let's use graphical methods to describe features of the joint distribution of two continuous RV 

given a third discrete RV. The following code (taken from the documentation available with the 

whiteside dataset) generates a scatter plot of gas consumption versus temperature by insulation. To 

this end we use the xyplot() function of the R-package lattice. 

## Example 10.4 ## 
# Scatter of gas consumption versus temperature by insulation 
library(lattice) # these commands make a nice plot of the data 
xyplot(Gas ~ Temp I Insul, data~whiteside) 
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11. Ordinary least squares regression: linear model 

We will use the whiteside data set to illustrate ordinary least squares using the Im() function of R. We 
begin by regressing gas consumption on temperature and insulation, using an additive model. 

## Example 11.J ## 
gasHO<-lm(Gas~Temp+Insul, data~whiteside) 
summary(gasHO) 

The scatter plot of gas versus temperature by insulation suggested that the effect of temperature on gas 
consumption depended on insulation. This suggests that we should expand the additive model (GasO) 
with inclusion of an interaction between temperature and insulation. This is done in the next example. 

## Example 11.2 ## 
gasHA<-lm(Gas~ Temp+Insul+Ternp*Insul-1, data~whiteside) 
sumrnary(gasHA) 

We can now compare the above models using the anova() function, which will make an F test between 
nested models. The test has only 1-df (the interaction term) and the p-value is small suggesting we 
should reject the null hypothesis (the additive model, in this case) in favor of the alternative. 

## Example 11.3 ## 
anova(gasHO,gasHA) 

The following code give examples of how to extract elements of the fitted model and how to obtain 
some diagnostics. 

## Example 11.4 ## 
names(gasHA) # these are attributes available in the lrn object 
gasHA$coef #printout the model coefficients 
coef(gasHA) # same thing using extractor function coef 

## diagnostic plots 
plot (gasHA) 
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12. Generalized Linear Models 

The Im function can be used for regression with continuous response variables. Let's now look at how to 
fit a logistic regression to a discrete response using the glm() function. This function fits a generalized 
linear model using least squares. 

## Example 12.1 ## 

# Here we discretize gas consumption and append it to whiteside 

threshold<- rnedian(whiteside$Gas) 
whiteside$GasHi <- ifelse(whiteside$Gas <threshold, 0,1) 

xtabs(~GasHi+Insul, data~whiteside) 

gasHA logReg<- glrn(GasHi~Ternp+Insul+Ternp*Insul-1, data~whiteside, 
farnily~'binornial') 

surnrnary(gasHA_logReg) 

13. Loops and conditional staten1ents 

Loops are used to repeat tasks. For example, the for loop in R can be used to run a task over a pre
defined index set. Here we have two simple examples. 

for(i in 1:10 )( 
print(i) 

## Example 13. 1 ## 

# note that the index set does not need to be a sequence 
tmp<- c ( 'aaa 1 

, ' z ' , 'bye ' ) 

for ( x in trnp) { 
print (x) 
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Conditional statement can be used to execute an operation if some variable is equal to TRUE. Let's look 
at an example. 

## Example 13.2 ## 

conditionl<-c(TRUE,FALSE,TRUE,FALSE) 
condition2<-c(FALSE,TRUE,FALSE,TRUE) 

# AND 
conditionl&condition2 

# OR 
conditionllcondition2 

# IF 
for(i in 1:4) { 

if(i<2){ 
print(i) 

}else{ 
print( -i) 

# Ex. 1 ifelse(condition, action if true, action if false) 

ifelse (conditionl, 'a', 'b') 

## Example 13.3 ## 
## Here a more elaborated one. 
startTime <- 1 
endTime <- 5 
curTime <- 2 

if ((curTime>startTime) && (curTime<endTime)) 
for {time in curTime:endTime) { 

print(paste(''Time is '',time,'' o'clock'',sep='''')) 

print( 1'Time to go home!'') 
else { 
print(''Not work time 1') 
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14. Monte Carlo Methods 

Monte Carlo (MC) simulations are commonly used in statistics to estimate features of distributions that 
may not have closed form. For instance, it can be used to estimate the power of a test statistics whose 
distribution over repeated sampling is unknown. 

The base package of R offers functions that can be used to obtain "random" draws from several 
distributions. For each distribution there are usually three functions: one, whose name usually starts 
with r for "random", which can be used to obtain random draws, one, whose name usually starts with 
d for "density", that evaluates the density function for a give value of the random variable, one, whose 
name usually starts with p for "probability", that will give the cumulative distribution function (CDF) at 
a given quantile and one, whose name usually starts with q for "quantile" that gives the quantile 
corresponding to a value of the CDF. Below we have examples of these functions for the normal 
density. 

# Random draws 
x<-rnorm(n=lOOO,sd=l,mean=O) 
plot(density(x)) 

# Density 
dnorm(x=O,mean=l0,sd=4) 

# Quantile 
qnorm(p=.975,sd=l,mean=O) 

# CDF 
pnorm(q=l.96,sd=l,mean=O) 

## Example 14.1 ## 

There are many other functions that can be used to draw numbers from other distribution with 
continuous (e.g., rgamma, rexp, runif) or discrete support (e.g., rbinom, rpoiss). 

The function sample() can be used to draw numbers from a bag of labels with or without replacement. 

## Example 14. 2 ## 
# Random draws 
sample (x=c { 11 a 11

, "b", 11 c", "d") , size=l O, replace=TRUE) 

sample (x=c ("a", "b", "c", "d"), size=2, replace=FALSE) 
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We use computers to mimic random processes. Although the numbers generated by functions such as 
sample() or rnorm() look like random they are indeed deterministic. You can see this by controlling the 
seed of random number generator. The seed is an integer that controls the sequence of number of 
generated by the random generator. The following example illustrates this. 

# Controlling the seed 
set.seed(l295490) 
runif(3) 

set.seed(l295490) 
runif (3) 

set. seed ( 12 954) 
runif(3) 

## Example 14. 3 ## 

Monte Carlo Estimates. Here we have an example of a MC estimate of the mean, standard deviation 
and .95 quantile of a normal density using numbers randomly generated from a normal density with 
mean zero and variance equal to one. 

N<-10000 
z<-rnorm(N,sd~l,mean~O) 

# estimating the mean 
mean(z) 

## Example 14.3 

# estimating the sd (should be close to 1) 
sd(z) 

## 

# estimating the probability of z < 1.96, should be close to .975 
mean (z<l. 96) 
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In practice, we do not use MC methods to estimate the mean, standard deviation and quantiles of the 
standard normal density. These methods are used mostly when the distribution of the random variable 
is unknown. To illustrate, suppose X is a RV which is the product of Zl and Z2, where Z1 is a standard 
normal random variable and Z2 is a random variable having an exponential density with rate parameter 
equal to 1. The density function of X does not have a closed form. However, we can estimate features of 
the distribution of X using MC methods. An example is provided below. 

N<-100000 
zl<-rnorm(n-N,sd-1,mean-O) 
z2<-rexp(n-N,rate-l) 
x<-zl*z2 

# estimating the mean 
mean(x) 

# estimating the variance 
var(x) 

## Example 14.4 ## 

# estimating the probability of z > 1 
mean (z>l) 

Here we have a more elaborated example. The code below estimates the power of at-test under 
different scenarios of effect size. 

## Example 14.5 ## 
nsim <- 1000 # number of Monte Carlo Replicates 
eff<- c(0.2,0.5,1,1.5,2,3) 
result<-matrix(nrow-length(eff),ncol-nsim,NA) 
SD<-1 
power<-numeric () 
n <- 10 
for (i in l:length(eff)) 

for (j in 1 :nsim) ( 
# loop over effect size 
# loop over MC replicates 

groupl - rnorm(n-n,mean-0,sd-SD) 
group2 - rnorm(n-n,mean-eff[i],sd-SD) 
model - t.test(groupl,group2,"two.sided") 
result[i,j] - as.numeric(model$p.value<0.05) # did we reject HO? 

power[i] - mean(result[i,]) 

plot(eff,power,xlab="Effect Size 11 ,ylab= 11 Power",rnain= 11 T Test power vs. 
Effect Size for n=lO'',type=''o'',col=''red'') 

18 



15. Functions 

Most of objects in Rare functions. A function takes some arguments as input, perform some internal 
computations and, usually, returns an object. For instance, the function mean() takes as argument a 
numeric vector and returns and integer. You can easily create your own R-functions. This allows you to 
automate blocks of code that can be later on used as a black-box. The following example illustrates how 
to create a very simple function. 

## Example 15.1 ## 
getPower<-function( x ,power) { 

out<-x,...power 
return(out) 

get.Power (x~3,power~2) 
get.Power (x~c(l,2,3),power~0) 

Here are two simple functions for finding and item in a list. 

## Example 15.2 ## 
IsPresent <- function(myList,item) { 

if (length(myList)~~0) return( FALSE 
for (i in l:length(myList)) { 

if (item~~myList[i]) { return{TRUE) 

return(FALSE) 

Get.Index<- function(myList,item) 
for (i in 1: length (myList)) { 

if (item~~myList[i]) { return(i) 

return (0) 

myList = c(''a'',' 1b'',''c'',' 1 d 1
') 

IsPresent(myList,''e'') 
IsPresent(myList,''c'') 
Getindex(myList,''c'') 

# OR, using built-in functions 
"e 11 %in%myList 
"c"%in%myList 
which(rnyList%in%''c'') 
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Consider the following model: 

I' 

Y, =JI+ Ix,,fJj + s, 
j=l 

i = (1, ... ,n) 

where: y, is the phenotype of the i'" individual, Ji is an effect common to all individuals (an 

"intercept"), xij are covariates (e.g., marker genotypes), /Jj is the effect ofthe/h covariate ands, is a 

model residual. In matrix notation the model is expressed as: 

y = Xp + E [1] 

where: y = {y,} is a vector of phenotypes, X = {1, x 1 , .•• , x,,} is an incidence matrix for the vector of 

regression coefficients, P = (p, /J,, ... ,JJ,,)' and E = k,} is a vector of model residuals. 

The ordinary least squares estimate of p is the solution to the following optimization problem: 

Pols =. "'. (.v,-"'x,/JJ
2 

arg min L..J ~ !J 1 

' J 

where ~(J', - 2:xu/J1 r is a residual sum of squares. The first order conditions of [2] are satisfied by 

fl [x'x]-1 x' POLS = Y • 

The appendix provide alternative ways of deriving OLS estimates in R, including use of the Im() function, 
solution using matrix operations and iterative procedures. 

~5E cc [11
Kf

1
6 ~-

1.2. The 'Curse' of Dimensionality (30 min) 

The mean-squared error (MSE) of an estimator is: MSE(0 )= E[ (e-0 )'] where 0 is the true 

value of the parameter and 0 is the estimator, which is a function of the data (X and yin the regression 
example discussed above). The expectation in the MSE formula is taken with respect to all possible 
samples of data. Commonly X is treated as fixed and the expectation is taken only with respect to 
possible realizations of y given X. 
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The MSE can be decomposed in two components: MSE(B)= [0-£(0)]' + Var(e) , where 

[0-E(0 )J and Var(e) are the bias and variance of the estimator. 

The expectation of the OLS estimate of regression coefficients in [1] is: 

E[~mslx J= [x'X]' X'E(y] 

= [X'X]'X'E[XJl+t] 

= [x'X]1 
X'XJl + [x'x]' X'E[t] 

= Jl + [X'X ]
1 X'E[t l 

When model [1] holds, E[t] = 0, therefore: E~ms lxJ= Jl. In words, if the linear model holds, OLS 

gives unbiased estimates of regression coefficients. The second term of the MSE formula, Var(e ), is a 

frequentist measure of uncertainty and reflects variability of the estimator over repeated sampling. The 
asymptotic (co)variance matrix of OLS estimates of regression coefficients, given X, is, 

Var~)= [X'X ]' a
2

, where a 2 
is the variance of model residuals. This is also the finite-sample co

variance matrix of estimates under normality. Therefore, the MSE of the estimate of the jth regression 

coefficient is C11 a' where C11 is the jth diagonal entry of the inverse of the matrix of coefficients, that 

is c-1 = [X'X J-1 • This element decreases with sample size. In the following example we study how MSE 

of estimates of regression coefficients changes with n and p. 

Example 1. Effects of n and p on Mean-Squared Error of OLS estimates 

rm(list=ls()) 
n<-seq(frorn=l00,to=300,by=l0) # vector defining sample size 
p<-seq(from=5,to=80,by=4) # vector defining number of predictors 
x<-rbinom(prob=.5,n=max(p)*max(n),size=l) # sample predictors 
X<-matrix(nrow=max(n),ncol=max(p),data=x) 
varE<-1-) 

VAR<-matrix(nrow=length(n),ncol=length(p),NA) 
colnames(VAR)<-p 
rownames(VAR)<-n 
for(i in l:length(n)) { # loop over sample size 

for(j in l:length(p)) { # loop over number of predictors 
tmpX<-X(l:n[i],1:p(j]] 
C<-crossprod (tmpX) ~---~ 
Cinv<-chol2inv (chol (Cf)·--__,_ 
VAR[i,j]<-mean(diag(Cinv))*varE #average variance of estimates 

iv--~~ -Cf-'·,.:: J -I,( ( 

) 

## plot Variance {equal to MSE in this case) Vs. n and p 
persp(z=VAR,x=n,y=p,xlab=' 1 Sample Size'', 

ylab=''Number of Predictors'',zlab=''MSE(bj)'',col=2) 
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NOTE. When p>n, the OLS estimate is not unique because X'X is singular. Nevertheless, 

predictions, 5· ~ X[X'X] X'y, are unique; here [X'X] is a generalized inverse of X'X. The function 

ginv () of library (MASS) can be used to compute a Moore-Penrose generalized inverse. The 
function svd () can be used to compute the singular value decomposition of X from where y can also 

be computed. 

In genomic models p>n, because of this, estimation methods other than OLS are required. In the 
following sections we consider alternative methods. 

In this section we discuss two different approaches designed to confront the challenges posed 
by 'large p with small n' regressions. In the first one (subset selection) we design an algorithm to select k 
out of p (k<=p) predictors; our final model will include only these k predictors. Subset selection is a 
commonly used practice, and it is based on the idea that 'highly dimensional predictors are dangerous'; 
therefore, the approach seeks to reduce the number of predictors. The second approach (shrinkage 
estimation) uses all available predictors and confronts the challenges posed by regressions with p>n by 
using shrinkage estimation methods. We illustrate this approach using ridge regression. In both 
examples we use a genomic dataset made available with R-package BLR ('wheat'). This dataset contains 
4 phenotypes evaluated in 599 wheat lines that were genotyped for 1,279 markers. In the examples we 
use 450 lines for training and evaluate the prediction accuracy of each of the methods on the remaining 
149 lines (testing). 

Subset selection. The problem of selecting k out of p (k<p) predictors can be viewed as a 
model comparison problem. Ideally, we would fit all possible models and select the one that is best 
according to some model comparison criterion (e.g., AIC, Akaike Information Criterion, Akaike 1973). In 
practice, when p is large fitting all possible models is not feasible. Instead model search algorithms are 
used. A very simple search algorithm consists of regressing the response in each of the predictors one at 
a time ('single marker regression'). Each of these regressions yields a measure of association between 
markers and phenotypes (e.g., a p-value). Then, we can form our final model by using the first k 
predictors ranked according to the association measure. This approach is commonly used in Genome 
Wide Association Studies (GWAS). The following example fits models with k predictors (k=l, ... ,300) 
chosen based on the marginal association between markers and phenotypes. The examples use the 
'wheat dataset' of the BLR package of R (G. de los Campos and Perez 2010; Paulino Perez et al. 2010). 
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Example 2. Subset selection using p-values derived from single-marker regressions 

rm(list~ls () I 
#####DATA############################################# 

library(BLR) 
data(wheat) 
objects I I 
N<-nrow(X) ; p<-ncol(X) 
y<-Y[,2] 
set.seed(1235) 
tst<-sample(l:N,size=lS0,replace=FALSE) 
XTRN<-X[-tst,] ; yTRN<-y[-tst] 
XTST<-X[tst, l ; yTST<-y[tst] 

###### SINGLE MARKER REGRESSIONS######################## 
pValues<-numeric() 
for Ii in 1 : p I ( 

fm<-lm(yTRN-XTRN[,i]) 
pValues(i]<-summary(fm)$coef[2,4] 
print (paste ( 'Fitting Marker ',i, '., ,sep= 1

')) 

plot(-log(pValues,base=10),cex=.5,col=2) 
####### VARIABLE SELECTION############################## 

myRanking<-order{pValues) 
sqCor<-numeric() 
for(i in 1:300)( 

tmpindex<- myRanking[l:i] 
fm<-lm(yTRN-XTRN[,tmpindex]) 
bHat<-coef (fm) [-1] ; bHat<-ifelse (is .na (bHat), 0,bHat) 
yHat<-as.matrix(XTST[,tmpindex])%*%bHat 
sqCor[i]<-cor(yTST,yHat)"2 
print(paste('Fitting Model with ',i, 1 markers!',sep=' 1

)) 

plot(sqCor,type='o',col=2,ylab='Squared Correlation', 
xlab='Number of markers',ylim=c(0, .28)) 

Shrinkage estimation. We have seen that when n is small and pis large OLS estimates have 
high variance, and therefore high MSE. In addition, when pis large relative ton, over-fitting may occur, 
yielding poor predictive ability. Penalized estimates of regression coefficients are designed to confront 
these problems. The main idea is to reduce MSE by reducing the variance of the estimator, even at the 
expense of introducing bias. We will cover penalized estimation procedures in more detail in Lab 2; here 
we briefly illustrate their performance using Ridge Regression (Hoerl and Kennard 1970). Recall that in 
the linear model of eq. 1 

y = XP+E [1} 

the OLS estimates of regression coefficients are the solution to the following systems of equations 

[X'X]floLs = X'y 
[2} 
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The RR estimates has a very similar form, we simply add a constant to the diagonal of the matrix 
of coefficients, that is: 

[X'X+.?cD]~RR=X'y [SJ 

where Jc is a constant and D is a diagonal matrix with zero in its first diagonal entry (this, to avoid 
shrinking the estimate of the intercept) and ones in the remaining diagonal entries and zeroes 
everywhere else. When either /4 equals zero, the solution to the above problem is OLS. Adding a 
constant to the diagonal entries of the coefficient matrix makes it non-singular and shrinks the estimates 
of regression coefficients other than the intercept towards zero. This induces bias but reduces the 
variance of the estimates; in large-p with small-n problems this may reduce MSE of estimates and may 
yield more accurate predictions. The following R-code computes RR estimates. 

Example 3. Ridge Regression 

MSx<-0 
for(i in l:ncol(XTRN)) { MSx<-MSx+mean((XTRN[,i]-mean(XTRN[,i]))'2)} 
h2<-0.S 
lambda<-round(MSx*(l-h2)/h2) 

TMP<-cbind(l,XTRN) 
C<-crossprod(TMP) 
rhs<-crossprod{TMP,yTRN) 
for(i in 2:ncol(C)) { C[i,i]<-C[i,i]+lambda ) #adds a constant to diag 
Cinv<-chol2inv(chol(C)) 
bHatRR<-crossprod(Cinv,rhs) 
yHatRR<-cbind(l,XTST)%*%bHatRR 
tmp<-cor(yHatRR,yTST)'2 
lines(x=c(0,30),y=rep(tmp,2),col=4,lwd=2) 
lines(x=c(l50,300),y=rep(tmp,2),col=4,lwd=2) 
text(x=90,y=tmp,label=expression(paste('RR (lambda=',lambda, ') ')),col=4 ) 
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Appendix 

Al. Deriving ordinary least-squares (OLS) estimate using Im() 

The OLS estimate of p can be obtained using the function Im(), which fits a linear model by OLS. 

Alternatively, we can compute the solution using matrix operations. The code below simulates data for 
regression [11, and fits the linear model using Im(). 

Example Al. Deriving Ordinary Least Squares estimates using Im0 

rm(list~ls ()) 
## SIMULATES DATA FOR A LINEAR MODEL 

set. seed (12345) 
n<-100 
p<-6 
set.seed(l2345) 
X<-matrix(nrow=n,ncol=p, 

data=rbinom(n=n*p,p=.5,size=l)) 
beta<-rnorm(p,mean=0,sd=2) 
ERROR<-rnorm(n=n,sd=l,mean=0) 
y<-124 +X%*%beta+ERROR #note%*% computes matrix product 

## FITS THE MODEL USING lm () ############################# 
fm<-lm(y-X) 
summary(fm) 
bHatl<-fm$coeff 

#(continues below) 
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In the system of equations 

[x'x]~o,s = X'y [2] 

we will refer to C = [X'X] as the matrix of coefficients and to rhs = X'y as the right-hand side of the 

system. The matrix of coefficients can be computed using C<-t (X) %*%X, or, equivalently, 
C<-crossprod (X). Similarly, the right-hand-side can be computed using rhs<-t (X) %*%y, or, 
equivalently, rhs<-crossprod (X, y). crossprod () is usually faster. The system can be 
solved using the function solve(), as illustrated below. 

Example A2. Deriving Ordinary Least Squares Using Matrix Operations 

# (continued from Example 1) 
## FITS LINEAR MODEL USING MATRIX OPERATIONS################# 

X2<-cbind{l,X) ## note a vector of ls is added type head(X) 
C<-crossprod (X2 I 
rhs<-crossprod(X2,y) 
bHat2<-solve(C,rhs) 

# (continues in Example 3) 

The matrix of coefficients is symmetric and positive definite. The cholesky decomposition of this 
matrix (U) is an upper-triangular matrix satisfying C=U'U. U can then be used to invert C using 
chol2inv () function (see below). This is usually faster than using function solve(). Other 
factorizations of C, such as the eigen-value decomposition, eigen (), or the QR decompositions, 
qr (), can also be used to invert Caswell. An example using the cholesky decomposition of C is given 
below. 

Example A3. Inversion of positive definite matrices using the Cholesky factorization 

# (continued from Ex. 1 and 2) 
X2<-cbind(l,X) # note a vector of ls is added type head(X) 
C<-crossprod (X2 I 
rhs<-crossprod(X2,y) 
U<-chol(C) # computes the Cholesky decomposition 
Cinv<-chol2inv(U) # obtains the inverse from a Cholesky decamp. 
bHat3<-Cinv%*%rhs 
# compare bHatl, bHat2, bHat3 
round(cbind(bHatl,bHat2,bHat3),4) 

# (continues in example 4) 
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In practice, when pis large, the system of equation is solved using some type of iterative methods. 
Here is one possible algorithm. Suppose that we know all but the/' regression coefficient, then, from 
the data-equation we can write: 

I' 

\' - '\' ,fJ = ,fJ +i-:. -· / L.J· I>. A • I} ) I 

t,.,,, 

~ =,fJ+" )i(-i) • 11 J_i c.i 

p 

{3} 

where: ,i\_11 = y, - Ix,,,B, is an off-set formed by subtracting from the original phenotypes the 

p 

contribution to the conditional expectation of all but the/h predictor, that is Ix,,/3,. The OLS estimate 
k=_i 

of /J1 in [3] is simply 

[4] 

A back-fitting algorithm can then be formed by iterating over regression coefficients using [4]. 
This is implemented in the following R-code. 

• Run the code. How do estimates computed using the above-described algorithm compare with 
the exact solution? 

• Change niter (the number of iterations) from 2 to 30 and compare. 
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Example A4. Deriving Ordinary Least Squares Using Iterative Procedures 

# Computes 01S using 
SSx<-colSums(X2'2) 

a back-fitting algorithm 

niter<-2 
bHat4<-rep(O,ncol(X2)) 
bHat4[1]<-mean(y) 
e<-y-mean(y) 

# the diagonal elements of X'X 
# number of iterations of the algorithm 
# initialvalues bj=zero 
# initial values mu=mean(y) 
# initial model residuals 

for (i in 1 :niter) { # loop for iterations of the algorithm 
for ( j in 1: ncol (X2) ) ( # loop over predictors 

yStar<-e+X2[,j]*bHat4[j] # forming off-sets 
bHat4[j]<- sum(X2[,j]*yStar)/SSx[j] # eq. [41 
e<-yStar-X2[,j]*bHat4[j] # updates residuals 

# compare bHatl, bHat2, bHat3, bHat4 
round(cbind(bHatl,0Hat2,bHat3,bHat4),4) 
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Ordinary least squares (OLS) and Maximum likelihood (ML) are examples of estimation methods 
in which estimates are derived by maximizing the fitness (as measured by the residual sum of squares or 
likelihood function) of the model to the training data. When the number of predictors (p) is large 
relative to sample size (n) this is not a good strategy: estimates can have high mean-squared error (MSE) 
and over-fitting may occur. Penalized estimates are obtained as the solution to an optimization problem 
that balances two components: how well the model fits the data and how-complex the model is. The 
general form of the optimization problem is: 

p = { L(y,p)+V(p)} 
arg 111111 

[1] 

" 

where, L(y, p) is a loss function that measure lack of fit of the model to the data, J(p) is a measure of 

model complexity and ,1, ;> 0 is a regularization parameter controlling the trade-offs between fitness 
and model complexity. 

Ridge Regression (Hoerl and Kennard 1970) is a particular case of [1] and is obtained by setting 

L(y,p) to be a residual sum of squares L(y,P)= ~(Y; - ;;.xy/3
1 
J' and J(p) to be the sum of 

square of the regression coefficients; typically, some of the regression coefficients (e.g., the intercept) 

are not penalized; therefore, J(p) = 'I,/JJ where 5 define the set of coefficients to be penalized. 

jES '- '\. -" S> , r;l '-J~ ')f\. ;g Q L'.7 
·l~ ,;,-,'7 ,'..., ·----l- ) \ 
~ . ' 

p acgmi, { L(Y; - LXu/31)

2 

+,1,'I,fJJ } ;~ i; :, -~;?'° 71 

p~o 
~ 1 j jES ~'>{-.2--t'S 

.,.__ • -§' i:..s;' ' I; 
'J"\ \ ~ ,; 

When ,1, ➔ oo the solution is P RR = 0. On the other extreme, as ,1, = 0 the solution is the OLS 

estimates of p. In matrix notation problem [2] can be represented as: i j 

} ' '} c:, S,'\"" 
PRR ""~'" \(y-Xp) (y-Xp)+;tp'DP -~ 1 /;:; 

\/) c-x 

where: (y-Xp)' (y-XP)= L(Y; - 'I,xij/3 1)

2 

is a RSS and P'DP = 4 /JJ is a sum of squares of the 
I j JES 

regression coefficients. Here, D is a diagonal matrix whose entries are 1 for j ES and zero otherwise. 

The first order conditions of the above optimization problem are satisfied by the following system of 
linear equations: 

[3] 
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Relative to OLS, RR adds a constant ( ,,l,) to the diagonal entry corresponding to regression 

coefficients that are included in S (i.e., those whose effects are penalized). When either Dor ,,l, equals 
zero, the solution to the above problem is OLS. Adding a constant to the diagonal of the matrix of 
coefficients shrink estimates towards zero. This induces bias but reduces the variance of the estimates. 
And in large-p small-n regressions this may smaller MSE than those of OLS estimates and better 
predictions. 

A simplified example. Let us consider a simple example where each subject was assigned to one 
of two possible treatments (treatments 1 and 2). The treatment-means parameterization of this model 

is: Y; = xu/J 1 + xn/J, + &; where Y; is the response, Xu is a dummy variable indicator of treatment 1, 

x2; = (1-X;i) is a dummy variable indictor of treatment 2, /J1 and /J2 the means of treatments 1 and 2, 

respectively, and &; is a model residual. The OLS estimates of regression coefficients in this model are: 

Moreover, Ix 1~ and LX~; equal the number of individuals in treatment 1 and 2 (denoted as n1 and 

n2 respectively), since Xu and Xu are orthogonal Ix 1;X,; = 0, and, finally, LXuY; and LX,;Y; are 

the sum of the response variable for subjects assigned to treatments 1 and 2, respectively. Therefore, 

, from where we conclude that the OLS estimate of the treatment mean are simply the average of the 

LY; LY; 

phenotypes observed in each treatment, that is P1 = ;,,~al and ff, = 
1
":al . Now, considering the 

I 2 

RR estimates, according to [3] these will be will be 

LY; LY; 
" i·x =I " h,; -=I 

; therefore the RR estimates are (] 1 = • " and (] 2 = • " . Therefore, adding ,,l, to the diagonal 
n1 + ,,l, n2 + ,,J, 

entries of the matrix of coefficients will shrink estimates towards zero. By how much? This will depend 

on the relationship between ,,l, and sample size. From here we can also see that with fix ,,l,, the amount 
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of shrinkage will decrease as sample size increases. Asymptotically, if we fix /4 and let the number of 
individuals in each treatment approach infinity, RR estimates converge to OLS estimates. 

Other penalized estimators. Several alternative penalized estimation procedures have 

been proposed, and they differ on the choice of penalty function, J(p). As we discussed above, in RR, 

the penalty is proportional to the sum of squares of the regression coefficients or L2 norm, 

J(p) = I:;", /J~ . A more general formulation, known as Bridge regression (Frank and Friedman 1993), 

uses J(p) = I:;", ll/3
1 
r with y > 0. RR is a particular case with y = 2 yielding RR. Subset selection 

occurs as a limiting case with y ➔ 0, this penalizes the number of non-zero effects regardless of their 

magnitude, l(P)= I:;", 1(/J; c/c o) . Another special case, known as LASSO (Least Absolute Angle and 

Selection Operator, (Tibshirani 1996) occurs with y =I, yielding the L1 penalty: J(p) = I;Jl/31 II . 
Using this penalty induces a solution that may involve zeroing-out some regression coefficients and 

shrinkage estimates of the remaining effects; therefore combining in features of subset selection with 

shrinkage estimation. LASSO has become very popular in several fields of applications. However LASSO 

and subset selection approaches have two important limitations. First, by construction, in these 

methods the solution admits at most n non-zero estimates of regression coefficients. In GS and with 

complex traits, there is no reason to restrict the number of markers with non-zero effect to be limited 

by n (the number of observations). Second, when predictors are correlated, something which occurs in 

GS, methods performing variable selection such as the LASSO are usually outperformed by RR (Hastie, 

Tibshirani, and Friedman 2009). Therefore, in an attempt to combine the good features of RR and of 

Lasso in a single estimation framework (Zou and Hastie 2005) proposed to use as penalty a weighted 

average of the Ll and L2 norm, that is, for O<;aSl,J(/J)=aL:~,II/J;II +(1-a)I:;",/J'. and 

termed the method the Elastic Net (EN), this model involves then two tuning parameters which need to 

be specified, the regularization parameter(;\) and a . 
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In the following example we present two ways of computing ridge regression estimates. The 
first one implements [3] using matrix operations; the second one uses an iterative procedure. Run this 
last algorithm with 10 and 500 iterations. 

Example 1. Alternative ways of deriving Ridge-Regression Estimates 

rm ( list-ls ()) 
## Using Cholesky factor###################################### 

library(BLR) 
data(wheat) 
X2<-cbind ( 1, X) 
y<-Y [, 2] 

··(d. C<-crossprod (X2) 

Zi rhs<-crossprod(X2,y) 
MSx<-0; for(i in l:ncol(X)){ MSx<-MSx+var(X[,il)} 
h2<-0. 5 .:,,,."/··'-,v ---.. ,Y-, ,-,\•t..,•, ·\s,~,-•·,"". 1.~,...._, 11,-.,,;'\;.'1-CJ)'J 

larnbda<-MSx*(l-h2)/h2 
for(i in 2:ncol(C}}{ C[i,i]<-C[i,i]+larnbda --~·' 
Cinv<-chol2inv (chol (Cl) . "<'-:; 

,(; I)' \ ,.L 
bHatRR_l<-crossprod(Cinv,rhs) t-il..lv '{\' 

/~ l'-7,\;-.'\\/ 

*" ~-~ 

## Using an iterative procedure################################# 
diagC<-numeric() 
for(i in 1:ncol(X2)) {diagC[i]<-surn(X2[,i]A2)+ifelse(i--1,0,larnbda} 
bHatRR_2<-rep(O,ncol(X2)} 
bHatRR_2[1]<-rnean(y) 
e<-y-rnean (y} 
niter<-10 
for (i in 1 :nlter) { 

for(j in 1:ncol(X2)) ( 
trnpY<-e+X2[,j]*bHatRR_2[J] 
rhs<-surn(X2[,j]*trnpY} 
bHatRR_2[j]<-rhs/diagC[j] 
e<-trnpY-X2[,j]*bHatRR_2[j] 

print(i} 

trnp<-range(c(bHatRR_l[-1],bHatRR 2[-1])) 
plot(bHatRR 1[-1],bHatRR_2[-l],ylim=tmp,xlim=tmp,col=2,main=" 11

) 

'----L"'#~#_::C~h~a~n~g~e=---n~I~t~e~r~,C..,...:s~e~t::.__:i~t::.__:e~q=u~a=l~t~o_::5~0~0_::a~n~d:_ct~h~e~n'----:e~qLu~a~l;.-:t~o~l~O~O~O:::-___,~+--rr-k--~-tb!'L) 
\oi,;'1::.Yi 

11 
\lc(rl ,':, c;1C'J"/l£' J•J.,\~•''"· 

, ' )._1 .. }i,.JI;,,' 
.,al\ r,,1 , i'.iv\\. ..Jc,\J,°) ~\, l, r ,J 

( j) i. (e..!7(..,- \P\\'~ ''{_ O(J 

I) 

2.3. Effect of regularization on estimates, goodness of fit and model DF 

In penalized estimation, the regularization parameter ( /4) controls the trade-offs between model 
goodness of fit and model complexity. This affects parameter estimates (their value, and the statistical 
properties of the estimator) model goodness of fit to the training dataset and the ability of the model to 
predict un-observed phenotypes, 
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Model complexity. The complexity of a linear model can be measured by the degree of freedom 

of the model. In RR, predictions are computed as y = Xp 1111 = X[ X'X + ilD 1-1 X'y = H 1///y where 

H "11 = X[ X'X + ilD J-1 
X' is the Hat matrix. If we set il = 0 we obtain the Hat matrix of OLS: 

H 015 = X[ X'X 1-1 
X'. In linear models degree of freedom are equal to the sum of the diagonal entries 

of H. In OLS this just equals the number of predictors (provided that X is full rank). In RR il also affects 

DF. The following R-code fits RR over a grid of values of il and evaluates the impact that ; has on 
goodness of fit to the training data, prediction accuracy, and model degree of freedom. 

Example 2. Effects of regularization on goodness of fit and model DF 

rm I list~ls I)) 

#####DATA############################################# 
library(BLR) 
data(wheat) 
objects I) 
N<-nrow(X) ; p<-ncol(X) 
y<-Y [, 2] 
set. seed (12345) 
tst<-sample(l:N,size=lSO,replace=FALSE) 
XTRN<-X[-tst,] 
yTRN<-y[-tst] 
XTST<-X[tst,] 
yTST<-y[tst] 

## FITTING MODEL OVER A GRID OF VALUES OF lambda 
lambda<-c(5,10,50,100,200,500,700,1000, 2000, 5000,20000) 
ZTRN<-cbind(l,XTRN) ; ZTST<-cbind(l,XTST) 
sqCorTRN<-numeric(); sqCorTST<-numeric(); DF<-numeric{) 
BHat<-matrix(nrow=ncol(XTRN),ncol=length(lambda),NA) 

CO<-crossprod(ZTRN) 
rhs<-crossprod{ZTRN,yTRN) 

for(i in 1:length(lambda)) { #loop over values of lambda 
C<-CO 

} 

# adds lambda to the diagonal of C (starts at 2) 
for(j in 2:ncol(C)){ C[j,j]<-C[j,j]+lambda[i] 
Cinv<-chol2inv(chol(C)) 
sol<-crossprod (Cinv, rhs) 
BHat[,i]<-sol[-1] 
yHatTRN<-ZTRN%*%sol 
sqCorTRN[i]<-cor(yTRN,yHatTRN)A2 
yHatTST<-ZTST%*%sol 
sqCorTST[i]<- cor(yTST,yHatTST)A2 
H<-ZTRN%*%Cinv%*%t(ZTRN) 
DF[i]<-sum(diag(H)) 
print (i) 

write{sqCorTST,file=''sqCorTST.txt'') 
write{lambda,file= 11 lambda.txt") 

# (Plots in next page} 
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Example 2. (from previous page) 

## PLOT 1: Model Degree of freedom 
plot(DF~log(lambda),type=''o' 1 ,col=2, 

xlab~ expression(paste(log(lambda))), 
ylab=''DF'',ylim=c(O,max(DF)));abline(h=l,lty=2) 

## PLOT 2: Estimates (shrinkage by marker) 
rnarker<-1 # {choose a number between 1 and 1279) 
plot(BHat(marker,],type=''o'',col=2, 

xlab=expression(paste(log(lambda))),ylab=' 1Estimate'') 
abline(h~O) 
tmp<-range(BHat[,c(l,5) I) 
## PLOT 3: Estimates (shrinkage all markers) 
plot(BHat(,S]~BHat[,1],xlim=tmp,ylim=tmp, 

xlab='Lambda=5',ylab='Lambda=200',col=2,cex=.5); 
lines (x~c (-10, 10), y~c (-10, 10)) 

,. 
~ ' _,. (' r' -, 

## PLOT 4: Goodness of fit to TRN dataset 
plot(sqCorTRN~log(lambda),type=''o'',col=2,main=''Training data'', 

xlab=expression(paste(log(lambda))),ylab=''Squared Corr.'') 

## PLOT 5 Prediction Accuracy 
plot(sqCorTST~log(lambda),type="o",col=2,main= 11Testing data", 

xlab=expression(paste(log(lambda))),ylab=''Squared Corr.'') 

2.4. The Hat Matrix of large-p with smal!-n genomic regressions as a local 

smoother 

Above we introduce the hat matrix as applied to the training dataset, 

Y TRN = XrnNP RR = XrnN[ X~RNXnm +ADJ-' X~1cvY TRN = Hr,,vY TRN. Similarly, we can defined a hat 

matrix for the testing dataset, y rsr = XrsrP RR = Xrsr[ X~11NXr1cv + AD J-' X~RNY = HrsrY TRN. In both 

cases, predictions are simply weighted sums of phenotypes of the training dataset, 

YrR.v.; = L hrR.v.uYJ and Yrsr,; = L hrsr,uY 1 , where h,,u is the (i,j)
th 

entry of either HrnN or H,sr, 
jETRN jETRN 

The relative absolute value of each entry, lhu I, indicates, according to the model, how informative the 

jth phenotype of the training dataset is for estimating the conditional expectation at the ith point of 

either the training or testing dataset. The following code computes the hat matrix a training and testing 

dataset and plots the one of the rows of HrRN and of H,sr. 
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Example 3. The Hat Matrix of Ridge Regression 

rm(list-ls ()) 
#####DATA############################################# 

library(BLR) 
data(wheat) 
objects() 
N<-nrow (X) ; p<-ncol (X) 
y<-Y(,2] 
set.seed(1235) 
tst<-sample(l:N,size=l50,replace=FALSE) 
XTRN<-X(-tst,] 
yTRN<-y[-tst] 
XTST<-X(tst,] 
yTST<-y[tst] 

## FITTING THE MODEL 
lambda<-200 
ZTRN<-cbind(l,XTRN) 
ZTST<-cbind(l,XTST) 

C<-crossprod(ZTRN) 
for(j in 2:ncol(C)){ C[j,j]<-C(j,j]+lambda) 
Cinv<-chol2inv(chol(C)) 
TMP<-tcrossprod(Cinv,ZTRN) 

HTRN<-ZTRN%*%TMP 
HTST<-ZTST%*%TMP 
yHatTRN<-HTRN%*%yTRN 
yHatTST<-HTST%*%yTRN 

## Plot of row 100 of HTRN 
plot(abs(HTRN[l00,]),xlab-' j (TRN) ', 

ylab='h(l00, j} ',col=2,main='Training dataset');abline(v=l00) 

## Plot of row 30 of HTST 
plot (abs (HTST [ 30,]), xlab-' j (TRN) ', 

ylab='h(30 , j) 1 ,col=2,main='Testing dataset') 

2.5. Bayesian View of Ridge Regression 

Most penalized can be viewed as posterior modes in certain class of Bayesian models. For 
instance, RR estimates are equivalent to the posterior mode of the vector of regression coefficients in a 
Bayesian model with a Gaussian likelihood and a Gaussian prior for the vector of regression coefficients. 
To see this, recall that that estimates in RR are obtained as the solution to the following optimization 
problem: 

arg min 
{ (y-xp)' (y-xp)+ ,ip-op} 
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Multiplying the objective function by -1/2 and switching from minimization to maximization do not 
affect the solution; therefore, 

= 
arg max 

. rr- . ~ 

Let /,=--',where, u; and u;, are non-negative constants. Replacing above and dividing the objective 
Cf'j{ • 

function by a; maintains the solution unchanged, with this we get: 

- { l ' l } PRR = --, (y-Xp) (y-Xp)--, P'DP 
argmax 20-- 2a-

c fl 

Finally, applying the exponential function to the objective function maintains the solution unchanged, 
therefore: 

= {exp[----4 (y - xp )' (y -xp )--
1
-, p-op]} 

argmax 2a c 2a 
11 

= {exp[- -
1

, (y - xp )' (y -XP)] exp[- -
1

, P'DP]} 
argmax 2a- 20--

c fi 

The first component of the objective function, exp[- -
1
-, (y -Xp )' (y -Xp) j, is proportional to a 

2u, 

Gaussian likelihood, centered at Xp and with (co)variance matrix Iu;. The second component, 

exp[- -
1
-, P'DP], is proportional a Gaussian prior for the regression coefficients, centered at zero 

2a/J 

and with (co)variance matrix o-' cr1 . Therefore, estimates obtained with RR are equivalent to the 

posterior mode of regression coefficients in the following Bayesian model. 

{ 
Likelihood: [y I p,u; ]~ N(Xp,Iu;) 
Prior: [Plcr~]-N(o,o-'crJ) 

[4] 

The posterior distribution of p is multivariate normal with a mean (co-variance matrix) equal to 

the solution (inverse of the coefficient matrix) of the following system: [ X'X + ,lD ]fl= X'y; this is just 

the RR equations. This is also the Best Linear Unbiased Predictor (BLUP) of p given y. 
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' 
Recall that the ratio a-,: is equivalent to /4 in RR. I a fully-Bayesian models we assign priors to 

a-;, 

each of these variance parameters, this allow inferring these unknowns from the same training data 

that is used to estimate marker effects. The following example fits a Bayesian RR using the R-package 

BLR ('Bayesian Linear Regression'), after you run the model: 

The BLR package returns an list with posterior means and other information, type str(fm) 

and inspect what BLR returns 

Check the posterior mean of a-,2 and a-: (fm$varE and fm$varBR, respectively), remember 

the ratio of these variances is interpretable as /4 in RR. 

Examine trace plots 

Compare prediction accuracy of the fully-Bayesian method versus RR. 

Example 4. Bayesian Ridge Regression Using BLR 

rm(list-ls()) 
##### DATA (same as Example 2) ####################################### 

library (BLR) 
data(wheat) 
objects () 
N<-nrow(X) ; p<-ncol(X) 
y<-Yl,2] 
set.seed(l2345) 
tst<-sample(l:N,size=150,replace=FALSE) 
XTRN<-X[-tst,] 
yTRN<-y[-tst] 
XTST<-X [tst,] 
yTST<-y[tst] 

## Fits the model 
prior<-list(varE-list(df-4,S-l),varBR-list(df-S,s-.01)) 
fm<-BLR(y=yTRN,XR=XTRN,nlter=l2000,burnin=2000,prior=prior) 

## Prediction Accuracy: Bayesian vs grid search 
x<-scan(file="lambda.txt") 
y<-scan(file=''sqCorTST.txt'') 

plot(y~log(x),type=''o'',col=2, 
xlab=expression(paste(log(lambda))),ylab=''Squared Corr.'', 
ylim-c(O.l, .3)) 

abline(v- log(fm$varE/fm$varBR),col-4) 
abline(h-cor(yTST,XTST%*%fm$bR)'2,col-4) 

## trace plots 
plot(scan(''varE.dat''),type=''o'',col=2) 
abline(h-fm$varE,col-4) 
abline(v-200,col-4) 
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Here we show the equivalence between estimates (posterior modes) derived from model [4] 

and the so-called G-BLUP ('Genomic Best Linear Unbiased Predictor', e.g., VanRaden, 2008). We show 

this, using [4] and properties of the multivariate-normal density that are outlined below. 

Properties of Multivariate Normal Density 

Let 0 = (0;,0;)' be a multivariate normal random vector with expectation El::J = l::J and 

(co)variance matrix Cov = l
0

' l lr:" 0, r:" 

(1) All marginal densities are also normal densities, specifically: 

The conditional densities are also normal densities, with mean and (co)variance matrices given 

by the following: 

Above, B 21 = I: 21I:~i' = \bij} and B12 = r:12:i:;; = \bij} are matrix of regression coefficients of the ith 

on the jth random variable of 0. 

The multivariate normal density is closed under linear operations in the sense that linear 

combinations of MVN random variables of the form ii =a+ T0 are multivariate normal random 

variables, with mean vector and (co)variance matrices given by the following: 

E[ii] = a+ T E[0] = a+ Tµ [7] 

and (co)variance matrix 

Cov[ii] = TCov[0 }T' = TI:T' [8] 
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Best Linear Unbiased Predictor (BLUP) 

We are now ready to derive the conditional expectation of marker effects and of genomic 

values. The conditional expectation is the best predictor in the mean-squared error sense. Also, as we 

show here, in the context of model [4] the conditional expectations of marker effects and of genomic 

values are linear functions of data and are un-biased. Therefore, the conditional expectations of 

genomic values and of marker effects from model [4] are BLUP ('Best Linear Unbiased Predictor'). 

For ease of notation we omit the intercept and therefore in [4] we set D equal to an identity 

matrix. The model is then described by: 

{

Likelihood: [y I p,a; ]- N{Xp,1a;) 

Prior: [p I a~]~ N{O,IaJ) 

From [4b] and using [7] and [8], we obtain that the joint density of y and p: 

ly]- MVN[o [XX' a; + la; 
p ' X'a~ 

Xa~]] 
la 2 

fl 

Using [5] we get the BLUP of marker effects: 

E[p I y,a; ]= X'a~[XX'a} +Ia; J-'y = X'[XX' + ,UJ-'y 

[4b] 

[9] 

[10] 
) L 

0~ 
which is the posterior mean of p. Here, /4 = a; a-;,'. Because of the equivalence between the posterior 

mode of p and the RR estimate, the solution given by [10] is also equivalent to the RR estimate given by 

[3]. Importantly, note that computing the solution using [3] requires inverting a pxp matrix. On the other 

hand, we can obtain the same solution using [10] with inversion of nxn matrix. Expression [10] is linear 

on data and it is unbiased with respect to the prior mean, E(P) = 0. To see this we take expectations in 

[10] with respect to y to get E{E[p I y,a; D = X'[XX' + /41 J-1 E[y]. From [9], E[y] = 0; therefore: 

E\E[p I y, a;]}= 0. Therefore, [10] gives the BLUP of marker effects. 

We now derive the conditional expectation of genomic values given the data. 

E[xp I y,a; ]= XE[P I y,a;] 

=XX'[XX'+,1,IJ-1y 

= [1 + ,1,G •1 J-' y 
[11] 
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Where G =XX'. This is the so-called G-BLUP of genomic values. Expression [11] is the best predictor 

of genomic value and it is linearly on data. Also, taking expectation with respect to phenotypes 

£ {[1 + icG-' r y} = [1 + AG-' r £ { y} = 0; therefore [11] is the BLUP of genomic values. 

The following example computes G-BLUP for the wheat datset, and illustrate the equivalence 

with predictions from the RR. 

Example 5. Ridge Regression and G-BLUP 

rm (list=ls (II 
###DATA####################################################### 

library (BLR) 
data(wheat) 
for(i in l:ncol(X)){X[,i]<-(X[,i]-mean(X[,i]))] 
y<-Y [, 1 I 
h2<-0.5 
lambda<-ncol(X) 

### Computing RR estimates and prediction using eq. [3] ####### 
C<-crossprod(X) 
diag(C)<-diag(C)+lambda 
Cinv<-chol2inv(chol(C)) 
rhs<-crossprod(X,y) 
sol<-crossprod(Cinv,rhs) 
yHat 1<-X%*%sol 

### GBLUP 

G<-tcrossprod(X) 
C<-chol2inv(chol(G))*lambda 
diag(C)<-diag(C)+l 
Cinv<-chol2inv(chol(C)) 
yHat_2<-crossprod(Cinv,y) 

### Comparison 
plot(yHat 2~yHat 1,col=2,xlab='Predicitons from RR equations', 

ylab='Predicttions from GBLUP equations') 
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In standard parametric models for genomic selection (GS) phenotypes, _1',, are regressed 

p 

on marker covariates, (x,}, using a linear model of the form J', =)I+ Ix,1/31 +£ 1, where 
j=l 

p is an effect common to all subjects (i.e., an 'intercept'), { xY) are marker genotypes 

(usually coded as 0,1,2), {13,} are marker effects and r,, is a model residuals. A standard 

practice for continuous traits is to assume that model residuals are IID normal, this yields 

the following likelihood function: 

Likelihood: p{yjµ,~, a-
2

) = fl N&,1µ + L;el x,JJJ, a-'), 
i=l 

[ I J 

where, N(_v, jp + L,~"
1 
x,J3,, a-') is a normal density for the random variable Y, centered at 

With dense panels, the number of markers (p) vastly exceeds the number of data 

points (n) and because of this penalized or Bayesian shrinkage estimation methods are 

commonly used. In a Bayesian setting, shrinkage of estimates of effects is controlled by 

the choice of prior density assigned to marker effects. The joint prior density of the 

unknowns is commonly structured as follows: 

Prior: 

[2] 
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Above, a flat prior was assigned to the intercept, x-' ( a-' df,S) is a scaled-inverse Chi-

squared density assigned to the residual variance and with df degree of freedom and scale 

equal to S, p(ll
1
jllµ,a') denotes the prior density of the jth marker effect, 01'. is a vector 

of parameters indexing the prior density assigned to marker effects, p( 0
1
, iw) is the prior 

density assigned to 0
1
,_ and m are parameters indexing this density. The marginal prior 

density of marker effects IS obtaining by integrating 0, ,, out, 

assigned the same marginal prior density; therefore, contrary what it is sometimes said, in 

all members of the Bayesian alphabet, the prior variances of marker effects are the same 

for all markers. 

Using Bayes rule, the posterior density of model unknowns given the data is 

proportional to the product of the likelihood, given in eq. [I), and the prior density, eq. 

[2), that is: 

Posterior density: 

p(µ,13,a'ly,df,S,co)oc IT NG1J1+ I..;
01

xJJ 1 ,a
2

) 

i=l 
[3 l 

The Bayesian Alphabet. Following the seminal contribution of Meuwissen, Hayes, and 

Goddard (200 I) several linear Bayesian regression methods have been proposed and 

used for simulation and real data analysis. They differed in the choice of prior density 
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assigned to marker effects. In a Bayesian Ridge regression (BRR), the conditional prior 

assigned of marker effects are IID normal, p(p1 je 
1
,,, er')= N(p, jo,a)) and 

A second group of models, which includes Bayes A (Meuwissen, Hayes, and 

Goddard 200 I) and the Bayesian LASSO (BL, Park and Casella 2008) use thick tail 

prior densities (t in Bayes A and Double Exponential in the BL). These priors induce a 

different type of shrinkage than that induced by the BRR. 

A third group of models, which include Bayes B (Meuwissen, Hayes, and 

Goddard 200 I) and the spike-slab models (lshwaran and Rao 2005) use priors that are 

mixtures of a peak ( or a spike) of mass at (in the vicinity of) zero and of a continuous 

density (e.g., t, or normal). Figure I shows the densities of a Gaussian and Double 

Exponential densities and that of a mixture model with a peak of mass at zero and a 

Gaussian slab. The three densities have mean equal to zero and variance equal to one. 
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Figure 1. Density of a standard normal random variable (black), of a double-exponential 

random variable (blue) and of a random variable following a mixture density with a mass 

point at zero (with probability 0.8) and a Gaussian process with probability 0.2. All 

variables with zero mean and variance equal to one. 

Many of the thick tail distributions, such as the I or the double-exponential 

densities can be represented as infinite mixtures of scaled normal densities. For instance, 

the I-prior density assigned to marker effects in Bayes A (Meuwissen, Hayes, and 
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where df;, and S 6 are prior degree of freedom and scale parameters and ;( 2 
( (J'} ld!r,, ,\,) 

is a scaled-inverse Chi-squared density. 

In the Bayesian LASSO (Park and Casella 2008) the Double-exponential prior 

density IS represented as: DE(,B,j}2,a-:)= I N(,B;jo,a-;r'.)E,p( ,_:11;' }"a-1~. In the 

fully-Bayesian LASSO, ),2 is treated as unknown and is assigned a Gamma prior. This 

prior is indexed by two parameters (rate and shape, see help (rgamma) ) which are 

assumed to be known. Alternative priors for the regularization parameter are discussed in 

de los Campos et al. (2009). 

In Bayes B (Meuwissen, Hayes, and Goddard 200 I) marker effects are assumed 

to be equal to zero with probability 7l and with probability (I-it) the effect is assumed to 

be a draw form a !-distribution such as the one described in Bayes A. Model Bayes C 

(Habier et al. 2011) is similar to Bayes B but uses a Gaussian slab instead of the !-density 

used in Bayes B. 

For infinitesimal traits, zeroing-out marker effects, such as in Bayes B or C, may 

harm predictive ability. Therefore, an alternative is to replace the peak of mass at zero 

used in Bayes B or C with a continuous density with small variance. This strategy is 

commonly used in what it is referred as to Spike-Slab models (lshwaran and Rao 2005); 

for instance one can mix two Gaussian densities, one with very small variance and one 

with larger variance. 

Choosing hyper-parameters. In the above mentioned models, the parameters 

indexing the prior density of marker effects play a central role in controlling the extent of 
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shrinkage of estimates of markers effect (similar to that of A of the ridge regression. 

These parameters can be chosen in several ways, one of which is to select their values 

based on heritability-based rules. 

Choosing Hyper parameters using heritability based rules. In linear models for 

genomic selection, genetic values arc represented as regressions on marker covariates, 

that is g, = 'I,xJJJ. In these models, marker genotypes are fixed and marker effects are 

random variables drawn from an IID process; therefore: 

Var(g,)= 'I,xtVar(B,)= O"~'I,x,) 
i 

where O": is the prior variance of marker effects. Summing over individuals and dividing 

[4] 

where K = n- 1 'I,'I,xt is the average sum of square of marker genotypes in the dataset, 
i j 

and h 2 is the heritability of the trait. Commonly, the model uses an intercept and we 

measure variance at the genomic values as deviations from the center of the sample. 

Therefor, a common practice is to compute K after centering genotypes, that is: 

K = n-'II(xu -20}) where 0) is the frequency of the allele coded as one at the jth 
I J 

marker. Moreover, if markers are centered and standardized to a unit variance, that is if 

X -20 
x = ----,a~'~~·~'~ are used as marker codes in the regression, then K equals the number 

V ✓201 (1-0!) 

of markers (p ). 

We can now use [4] to solve for the values of the parameters controlling 

regularization as a function of K, h2 and of the phenotypic variance ( O";). 
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Ridge Regression. Recall from the Bayesian· standpoint the regularization 

parameter of a ridge regression ,,! equals the ratio of the residual variance to the prior 

variance of marker effects, a:ar,'. Replacing this in [4] and solving for,,! we get 

[5] 

Therefore, according to [5] the larger the noise-signal ratio, the strongest 

shrinkage of estimates should be. Also, K increases as the number of marker does; 

therefore, according to [5] ,,! should be increased as the number of markers does. 

Bayesian Ridge Regression. In the Bayesian Ridge regression, instead of 

choosing ,,! we need to assign a prior to a~ and to a; . If these priors are scaled-inverse 

chi square, the prior expectations are: E(a.'ldl,S)= d/
5
~

2 
where(.) equals f-J or c. 

Typically we choose df to be a small value, usually greater than 4 to guarantee finite 

prior variance. Then, we can solve for S as a function of df, K, er~ and h2
, so that the 

prior expectation of each of the variance components matches the value we expect 

according to er; , h' and [ 4], 

specifically, equating to we get, 

[6] 

Bayes A. The above formulas can also be used to define the scale parameters in 

Bayes B. 
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B"yesi(ln L(lsso. In this model, as originally fonnulated by (Park and Casella 

2008), marker effects are assigned !ID double-exponential priors with rate parameter, 

}/· 

2 
(note, ,l, here is a different parameter than that of the ridge regression). The prior 

CJ", 

variance of marker effects 1s: 

h' 2 
this in [ 4] we get:--,=-, K or 

1-h- 1-

2 
(]"Ji 2 

therefore, - = - Using a} A2 • 

(7] 

For the scale parameter of the residual variance we can use formula [6]. 

Note. The regularization parameter of the Bayesian Lasso is a function of the 

noise-signal ratio, and also of the number of markers. Specifically we expect K at a rate 

proportional to the square-root of the number of markers. The same occurs in RR (see 

' 
Bayes B and C. Here, the prior variance of marker effects are ' (j~ CJ". =_,,_.where 

13 1- ff 

;r is the proportion of marker effects coming from the zero-state of the mixture and CJ"~ 

is the variance of the 'slab' (a Gaussian density in Bayes C and at in Bayes B); therefore 

we can use the following formulas to chose the scale parameters as functions of df, K, a-: 

h' and ;r, 

[8] 

3.2. Ridge Regression Vs Bayesian Ridge Regression 

In this section we compare estimates of marker effects derived from a ridge regression 

using lambda from eq. [5] with those obtained with a Bayesian Ridge Regression using 
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hyper-parameters chosen according to [6]. For the BRR we use the BLR package. Here, 

the prior is provided as a list. There is one component in the list for each of the variance 

parameters. In each component you need to provide prior degree of freedom and scale. 

For more details refer to help (BLR) or sec ( Perez et al. 2010). 

Example 1. Ridge regression Vs Bayesian Ridge Regression 
rm(list-1s I)) 

library (BLR) 
data(wheat) 
y<-Y [, 2 I 
h2<-.2 
df0<-5 
for(i in l:ncol(X)){ X[,i]<-(X[,i]-mean(X[,i]))/sd(X[,i]) 

K<-ncol(X) # after standardization, K=# of markers 
lambda<-K*(l-h2)/h2 
Se<-(l-h2)*var(y)*(df0-2) 
Sb<-h2*var(y)*(df0-2)/K 
round(Se/Sb,5)--lambda 

## Ridge Regression 
X2<-cbind(l,X) 
C<-crossprod(X2) 
for(i in 2:ncol(C)) { C[i,i]<- C[i,i]+lambda) 
Cinv<-chol2inv(chol(C)) 
rhs<-crossprod(X2,y) 
bHat_RR<-crossprod(Cinv,rhs) 
yHat RR<-X2%*%bHat RR 

## Bayesian Ridge Regression 
library (SLR) 
prior<-list(varE-list(df-dfO,S-Se) , varBR-list(df-dfO,S-Sb)) 
frnBRR<-BLR(y=y,XR=X,prior=prior, 

nlter=13000,burnln=3000, saveAt='BRR_') 

fmBRR$varE/fmBRR$varBR 
lambda 

tmp<-range(c(bHat RR[-l],fmBRR$bR)) 
plot(fmBRR$bR ~bHat RR[-1],xlim-tmp, 

ylim=tmp, ,main='Estirnates of Marker Effects', 
xlab='Ridge Regression', ylab='Bayesian Ridge Regression') 

lines (x=c ( -1, 1) , y=c ( -1, 1) , col=2) 

tmp<-range(c(yHat_RR,fmBRR$yHat)) 
plot(fmBRR$yHat~yHat_RR,xlim=tmp,ylim=tmp,main='Predictions', 

xlab='Ridge Regression', ylab='Bayesian Ridge Regression') 
lines (x-c (-10, 10), y-c (-10, 10), col-2, lwd-2) 
## Change the prior scale (e.g., double it) and evaluate the 
## in inferences 
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In this example we fit the Bayesian LASSO using BLR. The prior for parameter lambda 

of the BL has four arguments: type, value, rate and shape. If type=' fixed' 

lambda is set equal to value and kept fixed. If type=' random' lambda is treated as 

unknown; in this case a gamma prior is assigned to ,fas described in Park and Casella 

(2008). For more details type help (BLR) in R or see Perez et al. (2010). We chose 

values of the rate and shape parameters of the gamma prior so that the prior is flat in the 

neighborhood of the value oflambda we derive from eq. [4]. The following code displays 

the prior, run it and evaluates sensitivity with respect to rate and shape. 

Example 2. Displaying prior of lambda of the BL 
h2<-0.5 
lambda0<-sqrt(2*K*(l-h2)/h2) 
lambda<-seq(from=O,to=250,by=l) 
dLambda<-2*lambda*dgamma(x=lambdaA2,rate=le-5,shape=0.53) 
plot(dLambda~lambda, type='l') 
abline(v=lambda0,col=2) 

# change rate and shape and evaluate sensitivity of the prior 
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s 

J 1 ({,, t Jic , 
Now we fit the BL with fix and random lambda. 

Example 3. Bayesian Lasso with fixed and random 
rm(list-ls (I I 
library(BLR) 
data(wheatl 
y<-Y[,2] h2<-.5 
df0<-5 
for(i in 1:ncol (XI I { X[, i]<-(X[, i]-mean(X[,i] I 1/sd(X[,i] I 

Se<-(1-h21*var(yl*(df0-21 
lambda0<-sqrt(2*(1-h21/h2*ncol(XI) 

## Bayesian Lasso fixed lambda################################# 
prior<-list(varE=list(df=dfO,S=Se) , 

lambda=list(value=lambdaO, 
type='fixed',rate=le-5,shape=.53)) 

frnBL fixed<-BLR(y=y,XL=X,prior=prior, 
niter=l2000,burnin=2000,saveAt='BL fixed ') 

fmBL fixed$lambda 
lambdaO 

tmp<-range(c(bHat RR[-1],fmBL_fixed$bLII 
plot(fmBL_fixed$bL ~bHat_RR[-1],xlim-tmp,ylim-tmpl 
lines(x-c(-1,11,y-c(-1,11,col-21 

tmp<-range(c(yHat_RR,fmBL_fixed$yHatl) 
plot(fmBL_fixed$yHat~yHat_RR,xlim-tmp,ylim-tmpl 
lines(x-c(-10,101,y-c(-10,10),col-2,lwd-21 

## Now: change the value of lambda (e.g., 30 and 2001 and 
## evaluate the impact on shrinkage of estimates 

## Bayesian Lasso random lambda################################ 
prior$lambda$type='random' 

fmBL rand<-BLR(y=y,XL=X,prior=prior, 
nlter=12000,burnin=2000,saveAt='BL rand ') 

fmBL rand$lambda 
lambdaO 

tmp<-range(fmBL rand$bL,fmBL_fixed$bL) 
plot(fmBL_rand$bL ~fmBL_fixed$bL,xlim-tmp,ylim-tmpl 
lines(x-c(-1,11,y-c(-l,11,col-2) 

tmp<-range(c(fmBL_rand$yHat,fmBL fixed$yHatll 
plot(fmBL_rand$yHat~fmBL_fixed$yHat,xlim-tmp,ylim-tmpl 
lines(x-c(-10,101,y-c(-10,101,col-2,lwd-21 

L :\. \ ) (J ( i ( I;, 

sk--'"<) 
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So far we have regressed phenotypes on markers only. The following code gives an 

example of models with and without pedigree. In the wheat dataset, matrix A is an 

additive relationship matrix computed from the pedigree. 

Example 4. Bayesian Lasso with & without pedigree 
#####DATA############################################# 

rm I list I I I 
library(BLR) 
data(wheat) 
objects I I 
y<-Y [, 2 J 
set.seed(1235) 
tst<-sample(l:599,size=150,replace=FALSE) 
yNA<-y 
yNA[tst]<-NA 

## Markers model 
prior<-list(varE=list(df=dfO,S=Se) 

lambda=list(value=lambdaO,type= 1 random', 
rate-le-5,shape-.53)) 

## Model with only markers 
fmM<-BLR(y=yNA,XL=X,prior=prior, 

niter=12000,burnin=2000,saveAt='BL M ') 

prior$varU-list(df-dfO,S-Se/3) 
fmPM<-BLR(y=yNA,XL=X,prior=prior,GF=list(A=A,ID=l:599), 

niter=l2000,burnin=2000,saveAt='BL_PM_') 

fmPM$varE/fmM$varE 
fmPM$lambda/fmM$lambda 

cor(y[tst],fmM$yHat[tst]) 
cor(y[tst],fmPM$yHat[tst]) 

tmp<-range(c(fmM$bL,fmPM$bL)) 
plot(fmM$bL ~fmPM$bL,xlim-tmp,ylim-tmp) 
lines(x=c(-l,1),y=c(-1,1),col=2) 

tmp<-range(c(fmPM$yHat,fmM$yHat)) 
plot(fmPM$yHat~fmM$yHat,xlim-tmp,ylim-tmp) 
lines(x-c(-10,10),y-c(-10,10),col-2,lwd-2) 
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In a standard regression model, the response, Y;, is expressed as the sum of a conditional 

expectation function, g(x;), and a model residual, &; , that is )'; = g(x; )+ &; • In 

previous labs we have focused on the case where g( xJ is a linear function of marker 

genotypes, that is g(x;) = I/", xJJ; . Departures from the linear model could 

theoretically be captured by extending the regression fonnula with addition of contrasts 

between marker genotypes, for instance dominance (i.e., within-loci interaction of alleles) 

could be modeled using dummy variables of the form d,, = { 1 if x,, = 1 : 0 ow}, and 

similar contrasts could be used to model interaction of alleles at different loci (i.e., 

epitasis). However, with large p the number of possible interaction te1ms needed to 

model even modest degree of interactions (e.g., ls order epistatic interactions) 1s 

extremely large and the problem becomes intractable. 

Alternatively, we could try to capture departures from the linear model using 

semi-parametric procedures. This was first suggested in the context of Genomic Selection 

(GS) by Gianola, Fernando, and Stella (2006) who propose implementing GS using 

various semi-parametric procedures. Since then, several existing semi parametric 

procedures have been evaluated in GS. In this lab we focus on Reproducing Kernel 

Hibler! Spaces (RKHS). Penalized Neural Networks are introduced in LAB 5. 

4.2. Reproducing Kernel Hilbert Spaces (RKHS) regressions 
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Reproducing kernel Hilbert spaces (RKHS) methods are used for semi-parametric 

modeling in different areas of application such as scatter-plot smoothing (e.g., smoothing 

spline, Wahba, I 990; spatial smoothing (e.g., Kriging, Cressie 1988); classification 

problems (e.g., support vector, Vapnik 1998), just to mention a few. Gianola, Fernando, 

and Stella (2006) suggested using this methodology for semi-parametric genomic enabled 

prediction. Since then, several authors have discussed and evaluated this methodology in 

a genomic context. 

Estimates in RKHS can be motivated as solution to a penalized optimization 

problem in a RKHS of real-valued functions or, simply, as posterior modes in certain 

class of Bayesian models. Next, we provide an overview of the methodology. Detailed 

discussions of RKHS regressions in the context of genome-enabled prediction can be 

found in Gianola and van Kaam (2008), de las Campos, Gianola, and Rosa 2009) and de 

Ios Campos et al. (20 I 0). 

Penalized Regression in Reproducing Kernel Hilbert Spaces 

In RKHS regressions we define the set of functions, or space, 111 which we 

perform the regression by choosing a reproducing kernel (RK). Technically, the RK can 

be any positive definite function 2 mapping from pairs of points in input space onto the 

real line, that is K ( x,, xr): { ( x,, xr )---> t!l}. For reasons that we will discuss later in this 

handout you can also think K ( x,, x,.) as a co-variance function. For example, if the input 

2For K(x;, X;,) to be positive semi definite it must satisfy L-I,aia;.K(x;, X;, )K(x; ,X;,) ~ 0 for 
i i' 

every non-null sequence {a;} . 
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space consists of a pedigree additive relationships K ( ID.ILJr) = a( ID,, ill,) constitute a 

valid RK. 

In RKHS regress10ns the evaluations of functions are expressed as linear 

combinations of the basis functions provided by the reproducing kernel, RK, K(x,, x,.), 

that is g(x,) = L,· K(x,, x,. )x,., and the squared of the norm of the function is given by 

Stacking the evaluations of the function into a vector yields: g = Ka and 

jjgjj' = a'Ka, whereg = {g,}, K = \K,,. = K(x,,x,. )} and a= {a,}. 

Estimates in RKHS are usually obtained as the solution to the following penalized 

residual sum of squares (intercept and non-maker effects omitted for ease of notation): 

[ I l 

' above, (y - Ka) (y - Ka) is a residual sum of squares, a'Ka is a penalty on model 

complexity, which is taken to be the square of the norm of the function and A 1s a 

regularization parameters. 

The solution to the above optimization problem can be shown to be: 

a=[K'K+AKJ-'K'y. [2] 

Predictions are then obtained as follows: 

[3] 

therefore, K[K'K + AK J-' K' = [1 +AK_, J-' is the Hat matrix of RKHS. 
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Model specification in RKHS regression is defined by two main elements 3
: the 

choice of the reproducing kernel, this functions provide the basis functions and the inner 

product which define the Hilbert Space, and ,1, which, as in ridge regression, represents a 

shrinkage parameter. 

n 

In the following example we will use a RKHS regression to estimate a conditional 

expectation function non-parametrically. In the example, there is a single predictor, 

x; E [0,21r] and the true conditional expectation function is g(x;) = 120 + sin(x;). Data 

IID 

was generated as Y; = 120 + sin(x;) + li; where li; - N(0,1). With this setting, 

approximately l /3 ,d of the variance of the response is explained by the conditional 

expectation function and 2/3'd by model residuals. 

In this example we use the Gaussian kernel, 

where: d(x;, xr) is a distance function which in this example we set to be a squared-

Euclidean distance, d(x;, xr) = (x; - xr )2 
, and h is a bandwidth parameter controlling 

how fast the kernel decay as the two points, (x;, xr), get further apart. In the example we 

evaluate the effects of h (which defines the RK) and of ,1,. 

3 A third element pertains to the choice of the function used to measure model goodness/lack of fit to the 
training data. Herc we focus on the case where lack of fit is measured by the residual sum of squares; other 
common choices are the negative of the log-likelihood, this allows modeling continuous, binary and other 
types of outcomes. For binary outcomes another popular choice is the hinge function, the support vector 
machine (Vapnik 1998) is a special case ofRKHS where the loss-function is chosen to be a hinge function 
(Wahba 1990). 
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• Run the code with the values of h and A given in the example. 

• Set h= I /I 000, this makes the kernel extremely global, and run the code. 

• Set h=50, this makes the kernel extremely local, and run the code. 

• Now fix h=l and change lambda, evaluate A:=200, then A:=1/100, evaluate results. 

Example 1. Scatter-plot smoothing with a Gaussian kernel 
### SIMULATION###########Jr############################## 

set.seed(12345) 
N<-200 
x<-seq(from=0,to=2*pi,length=N) 
signal<-sin(x) 
error<-rnorm(N) 
y<-signal+error 
h<-1 
lambda<-10 

### DISTANCE FUNCTION AND REPRODUCING KERNEL####### 
D<-as.matrix(dist{x,method=''euclidean''))A2 
K<-exp (-h*D) 
diag(K)<-diag(K) +.001 

### FITTING THE MODEL############################## 
yStar<-y-mean(y) 
Kinv<-chol2inv(chol(K)) 
C<-Kinv*lambda 
diag(C)<-diag(C)+l 
H<-chol2inv(chol(C)) # the Hat matrix 
uHat<-H%*%(y-mean(y)) 

plot (y~x, main=paste (''lambda=", lambda," h= 11
, h, sep="")) 

lines(x=x,y=signal,col=2,lwd=2) 
lines(x=x,y=uHat+mean(y),col=4,lwd=2) 

## want to make the function less local? set h=l/1000, 
## want to make it extremely local? set h=l00 
## Now fix h-1 and change lambda - 200 then lambda- 1/100 

lo .:,1clc( f )\,~)(,,". c,,\'i,RL/15 

,s chv"'i<J h ~ [J.," J,J, 

4.4. Inspecting the Hat Matrix 
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----------- ----------------

From eq. [3] predictions are obtained as y = [I+ K 1 
,1.1 = Hy , where, 

The following code displays the 

entries of the hat matrix of Example I. You can evaluate the impact of the bandwidth 

parameter on the weights by changing (in Example I) h. 

Example 2. Displaying the entries of the Hat matrix in RKHS 
### SIMULATION###################################### 

rm(list~ls ()) 
set.seed(l2345) 
N<-200 
x<-seq(from=0,to=2*pi,length=N) 
signal<-sin(x) 
error<-rnorm(N) 
y<-signal+error 
h<-1 
lambda<-10 

### DISTANCE FUNCTION AND REPRODUCING KERNEL####### 
D<-as.matrix{dist(x,method=' 1 euclidean 11 ))A2 
K<-exp(-h*D) 
diag(K)<-diag(K) +.001 

### Hat Matrix #################################### 
yStar<-y-mean(y) 
Kinv<-chol2inv(chol(K)) 
C<-Kinv*lambda 
diag(C)<-diag(C)+l 
H<-chol2inv(chol(C)) # the Hat matrix 

### Plotts the ith row of H ######################### 
row<-50 
plot(H[row,]~x, rnain= 1111 ,xlab= 11x(j)'', 

type= 11 l 11
, ylab= 11h(i,j) 11 ,col=2) 

abline(v=x[row],col=4) ; abline(h=0) 

4.5. Bayesian view of RKHS 
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The solution to the penalized RKHS regression (see eq. [1]) can be shown to be the same 

than the posterior mode of the vector of regression coefficients in the following Bayesian 

model: 

[4) 

where A = u; CY:'. The proof of the equivalence between the posterior mode of a in the 

Bayesian model described in [4) and the solution given in [2) can be obtained following 

the same steps used in section 2.5 of LAB 2. 

Further, changing variables in [4) from Ku to g =Ku, and noting from the 

properties of the MVN density (see section 2.6 of LAB 2) that g ~ MVN(O,Ku;), where 

u; = u;, we obtain an equivalent representation of [ 4), 

0 

[5) 

Therefore, from the Bayesian perspective, the evaluations of functions at points in the 

input space, g = {g(x; )} are viewed as realizations from Gaussian process satisfying: 
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[ ( ) ( )] 
K(x , x.) 

Cor g X; ,g X;- = ✓ ( ,) (, ) 
K xi,xi K xt,xt 

Here, the RK K(x;, Xr) 1s viewed as a 

( co )variance function whcih defines a notion of smoothens of the function with respect to 

points in the input space (genotypes in our case). A high value of Cor[g(x;),g(x;- )] 

implies that, a-priori, we expect the function to behave smoothly when we jump from X; 

to X;-. At the same time, this means Y; is informative about g(xr) and that Yr infmms 

us something about g( x;). 

Special cases. Certain parametric models appear as special cases of RKHS 

regression. For instance, if our information set consists of a pedigree and K is a matrix 

of additive relationship matrix, the model defined by [ 1] is equivalent to the infinitesimal 

additive model, the so-called Animal Model. The Bayesian ridge regression and GBLUP 

(see section 2.6 of LAB 2) is another example of a parametric model that can be 

represented as a RKHS, this is obtained by setting K = XX'. These are examples where 

the RK is chosen so as to represent the types of patterns expected under a parametric 

model. Another alternative is to choose kernels based on their performance ( e.g., 

predictive ability). In this lab we will focus on this second approach. 

4.6. Genomic-Enabled Prediction Using IU{HS 

In this section we use the Gaussian kernel for genomic-enabled prediction. To this end, 

we replace the distance function by a genomic-distance. For instance, we can set 
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d(x;, X;,) = L (xu - xi'i )2 
; the Gaussian kernel be~omes: K(x;,X;,) = exp{- h x d(x;, X;, )} . 

• --
j ' ,_ 

The function dist ( ) of R takes tow arguments: x which should be a numeric vect~ 

matrix, and methods, which should be a string indicating th,e method fro computing \ 

. . 
distances. By default the Euclidean distance is coi11puted. ~ype help (dist) for further 

details. The function return~ _an ,obj~ct, which can be converted to an nxn matrix, 

containing pairwise distance between the rows of X. 

The example
1

~~low fit~ th,e model over a grid of v~lues ofthe,bandwi?th . / 

pm:ameter (h) i:tnd e(a·luates the e~fec<of.it-.on gooclness of fit, model complexity and / 

predictive ability . . 
• Run the code; . 

• Evaluate ~ow go,odness of fit aryd predictive ability changes :with h 
11 f • 

• 
' (]'2 ' ' 

How does ,1, = --%-changes with h? 
(J'g 

v 

' Ill_ arv_,~ ~ J w.,____,. 

6~'4 (/_ bt ~ ~v( ribctvf 

clte2J-;J l.~ 



Example 3. RKHS for Genomic Prediction 
rm(list~ls ()) 
setwd('~/Dropbox/Armidale/') 
load("PROGRAMS/RKHS/RKHS.rda") 
library(BLR) 
data(wheat) 

### DISTANCE MATRIX############################# 
D<-as.matrix(dist(X,method=''euclidean''))A2 
D<-D/mean (D) 
h<-c(le-2, .1, .4, .8,1.5,3,5) 

### GENERATES TESTING SET####################### 
set.seed(12345) 
tst<-sample(l:599,size=l00,replace=FALSE) 
y<-Y[, 4] 
yNA<-y 
yNA[tst]<-NA 

' ' 
\.,,~,_\I~~~•\:__,._•'-

### FITS MODELS################################# 
PMSE<-numeric() ; VARE<-numeric(); VARU<-numeric{) 
pD<-numeric(); DIC<-numeric() 

/ 

fmList<-list () 
for (i in 1: length (h)) ( 

print(paste{'Working with h=',h[i],sep=' ')) 
# COMPUTES THE KERNEL 
K<-exp (-h [i] *D) 
# FITS THE MODEL 
prefix<:-: paste(h[i], " 11 ,sep=" 11

) 

fm<-'EKHS]y~yNA,K~list(list(K~K,df0~5,S0=2)), 
. ,-~ ri"rter=5 000, burnln=l 00 0, df 0=5, S0=2, saveAt=pre fix) 

/fmList[ [ii ]<-fm 
-~/ PMSE [ i I <-mean I (y [ tst] -fm$yHat [ tst]) A 2) 

VARE[i]<-fm$varE 
VARU[i]<-fm$K[[1]]$varu 
DIC[i]<-fm$fit$DIC 
pD[i]<-fm$fit$pD 

R2<-1-PMSE/mean((y[tst]-mean(y[-tst]))A2) 

###PLOTS############################### 
plot (VARE~h, xlab="Bandwidth", ylab="Residual Variance", type="o", col=4) 

plot(I(VARE/VARU)-h,xlab~"Bandwidth", 
ylab=''variance ratio (noise/signal)'',type=''o'',col=4) 

plot(pD~h,xlab=''Bandwidth'', ylab=''pD'',type=''o'',col=2) 

plot(DIC~h,xlab=''Bandwidth'', ylab=''DIC'',type=''o'',col=2) 

plot {R2~h, xlab="Bandwidth", ylab="R-squared", type="o", col=2) 

(-y "" pi 3 
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The choice of the RK (its functional forn1 and the values of parameters such as the 

bandwidth) constitutes the central element of model specification in RKHS regressions. 

There are several ways of choosing a kernel. In parametric models, the RK is chosen to 

represent the type of patterns expected under a particular parametric model ( e.g., additive 

infinitesimal, K=A; linear model, K=XX'). Form a non-parametric perspective one can 

choose kernels based on the performance of the model, e.g., predictive ability; an 

illustration of this was provided in the previous example where a validation set was used 

to evaluate predictive ability of RKHS using a Gaussian kernel, over a grid of values of 

the bandwidth parameter. 

A third way is by inferring the kernel from the data. For instance, in a Bayesian 

context one could assign a prior to the bandwidth parameter and infer this parameter 

jointly with other unknowns. While this is appealing, it is computationally demanding for 

at least two reasons: (a) the RK must be re-computed every time a new value of the 

bandwidth parameter is sampled; (b) mixing may be poor. This occurs because, usually, 

variance parameters and the bandwidth parameter are highly correlated at the posterior 

distribution. An alternative which we consider here is to offer the algorithm all candidate 

kernels jointly. For instance, we can make the conditional expectation to be a sum of 

several random effects, (g1, ... ,gN, }, each of which has its own (co)variance function, the 

model becomes: 
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s, 
y=lp+ Ig, +E 

p(i:, g, , ... , g N, ja-;, a-:,, .. , a-'.,, ) = N(i:IO, I a-;,)ft N(g, 10, K k a-:, ) 
k=I 

It can be shown that, conditional on variance parameters, the above model is 

equivalent to one with a single random effect, g, whose prior distribution is N(glO, Ka-~) 

where: K = K 1a 1 + K 2a 2 + ... + K .v, a,v, is a weighted sum of the candidate kernels with 

0"2 

weight given by ak = g
2
' and a-: = Ia-L . Variance parameter here can then be seen 

Cf g k 

as weights associated to each kernel which can be infen-ed from the data. The larger the 

variance associated to a given kernel the larger the contribution of that random effect to 

the conditional expectation We refer to this approach as kernel averaging (KA, de los 

Campos et al., 20 I 0). 

The following example illustrates the use of KA; the sequence of kernels was 

generated using the Gaussian kernel and the values of the bandwidth parameter used in 

our previous example. 

• Run the code below. 

• What Kernel gets higher weight? 

• ls that the Kernel that gave highest predictive ability 111 our previous 

example? 

• Compare the predictive ability of KA with that of models fitted in our 

previous example (i.e., single kernel with fixed bandwidth). 
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Example 4. Kernel Averaging 
rm(list-1s ()) 
setwd( 1 ~/Dropbox/Armidale/ 1

) load("PROGRAMS/RKHS/RKHS.rda") 

library (BLR) 
data(wheat) 
D<-as.matrix(dist(X,method=''euclidean 11 ))~2 
D<-D/mean (D) 
h<-c(le-2, .1, .4, .8,1.5,3,5) 

### GENERATES TESTING SET####################### 
set.seed(l2345) 
tst<-sample(l:599,size=l00,replace=FALSE) 
y<-Y (, 4 J 
yNA<-y 
yNA[tst]<-NA 

### FITS MODELS################################# 
PMSE<-numeric () 

VARE<-numeric() 
KList<-list() 
for (i in 1: length (h)) { 

KList([i]]<-list(K-exp(-h[i]*D),df0-5,S0-.5) 

## Displays entries of different kernels 
plot (KLi st I I 1 I J $KI 100, I , y 1 im-c IO, 1) , col-2) ; abl ine (v-100) 

plot(KList([5]]$K[l00,],ylim-c(0,l),col-2);abline(v-100) 

fmKA<-RKHS(y=yNA,K=KList,thin=l0, 
niter=25000,burnin=5000,df0=5,S0""1,saveAt= 11KA_") 

VARG<-numeric () 

for(i in l:length(KList)) { VARG(i]<-fmKA$K[[i]]$varU 
weights<-round(VARG/sum(VARG),5) 

PMSE<-mean({y[tst]-fmKA$yHat(tst])'2) 
R2 KA<-l-PMSE/mean((y(tst]-mean(y[-tst]))'2) 

# compare with results obtained in the previous example 
# take a look at the trace plots of variance parameters 

;)--' "''_( I ' ' 'J 

L1011\JJJ. ,,v 

\~ jt. ,,,\ .VJ ZU'-" ;t 
(l"_ :) ll\ ,-C, \ 
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The following code compares the entries of a pedigree-based additive relationship matrix 

versus that of two marker-based genomic relationships. The first one (XX' , denoted as 

XXt ) is the co-variance structure coJTesponding to a linear regression on marker-

covariates with IID normal marker effects ( what we have called the Bayesian Ridge 

Regression). The second one (denoted as K) is a Gaussian kernel. 

Example 5. Pedigree Vs marker based relationship matrices 
rm(list~ls ()) 
library(BLR) 
setwd('~/Dropbox/Armidale/') ; load( 11 PROGRAMS/RKHS/RKHS.rda") 
data(wheat); for(i in 1:ncol(X)){ X[,i]<-(X[,i]-mean{X[,i]))/sd{X[,i]) 

D<-as.matrix(X,method='euclidean')A2 
D<-D/mean (D) 
K<-exp(-2*0) 
G<-tcrossprod(X)/ncol(X) 

## plot of entries of XXt versus A 
tmpX<-as.vector(A) 
tmpY<-as.vector(G) 
tmp<-range(c(tmpX,tmpY)) 
plot(tmpY~tmpX,xlab='A',ylab='G',cex=0.3,col=2,xlim=tmp,ylim=tmp) 
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rm(list=ls II I 
library(BLR) 

Example 6. RKHS with markers and pedigree 

setwd I'~ /Dropbox/ Armida le/') ; load ( "PROGRAMS/RKHS/RKHS. rda") 
data(wheat) ; for(i in l:ncol(X)) ( X[,i]<-(X[,i]-mean(X[,i]))/sd(X[,i]) 

### Generates Testing Sets###################### 
set. seed (12345) 
tst<-sample(l:599,size=l00,replace=FALSE) 
y<-Y[,4] ; yNA<-y; yNA[tst]<-NA; KList<-list() 

### First the pedigree-model#################### 
KList[(l]]<-list(K=A,df0=5,S0=.2) 
fmP<-RKHS(y=yNA,K=KList,thin=l0, 

nlter=6000,burnln=l000,df=S,S0=1,saveAt=' 1 P '') 
PMSE<- mean((y[tst]-fmP$yHat[tst])A2) 
R2 P<-1-PMSE /mean((y[tst]-mean(y[-tst]))"2) 

### Now Markers################################# 
G<-tcrossprod(X)/ncol(X) 
KList[[l]]<-list(K=G,df0=S,S0=.2) 
fmM<-RKHS(y=yNA,K=KList,thin=l0, 

niter=6000,burnin=l000,df=S,S0=1,saveAt= 11M_") 
PMSE<- mean((y(tst]-fmM$yHat[tst])'2) 
R2 M<-1-PMSE /mean((y(tst]-mean(y[-tst]))A2) 

### Now Markers and pedigree################### 
KList[[l]]<-list(K=A,df0=5,S0=.l) 
KList([2]]<-list(K=G,df0=5,S0=.l) 

fmPM<-RKHS(y=yNA,K=KList,thin=l0, 
niter=6000,burnin=l000,df=S,S0=1,saveAt= 11 PM_11

) 

PMSE<- mean((y[tst]-fmPM$yHat[tst])'2) 
R2 PM<-1-PMSE /mean((y[tst]-mean(y(-tst]))"2) 

## Now Lets add XXt#XXt ################### 
KList[(l]]<-list(K=A,df0=5,S0=.l) 
KList[[2]]<-list(K=G,df0=5,S0=.05) 
KList[[3]]<-list(K=I(G'2),df0=5,S0=.05) 

fmPM2<-RKHS(y=yNA,K=KList,thin=l0, 
niter=15000,burnin=5000,df=5,S0=1,saveAt=''PM2 '') 

PMSE<- mean((y[tst]-fmPM2$yHat(tst])"2) 
R2 PM2<-l-PMSE /mean((y(tst]-mean(y[-tst]))A2) 

library(graphics) 
barplot(height=c(R2 P,R2 M,R2 PM,R2 PM2), 

names. arg=c ( 'P', 'M', 'PM', 'PM2'}, ylab=' R-sq. TRN set', col=2) 

## Take a look at trace plots of variance parameters 
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In linear regression models the conditional expectation is represented as a weighted sum of input 

variables, E ( )', jx,) = 2;'.°_/)).. · Many non-linear patterns can be represented linearly by appropriate 

choice of basis functions: L' (v, j x,) = 2 ::.~,. ,P ( x,) w_., where, { 9)_.,, ( x, ) r::_, are the basis functions, which 

map from the input variables onto the real line. An example of these are the polynomial basis functions: 

<D = { m (x ) = x"' )'
11 

0 . For instance, if M=2 we have the 2'' degree polynomial basis functions, 't'm 1 1 m= 

<D = \ 1,x, ,x,.'); therefore, E(y,jx,)= /J0 + /J,x, + /J2x,' . Other common examples of non-linear basis 

functions are the power, logarithm and exponential functions. With this types of basis functions each of 

the regression coefficients affect the behavior of the conditional expectation in the entire input space, and 

this may limit the ability of a model to capture the local behavior of the conditional expectation. 

Local basis functions can be used to model a conditional expectation within certain regions of the 

input space. Splines represent an example of this. In a spline, polynomial basis functions are used to 

represent the regression function within boundaries defined by a set of knots. The Gaussian kernel 

discussed in LAB4 is another example of a local basis function, here rp,,, (x,, t,,,, h) = e "ii',_,'",;' where t,,, is 

a focal point and h is a bandwidth parameter which controls how fast the basis function decay as x, gets 

further apart from the focal point. Model specification in this case pertains to the choice of focal points 

(how many and where in input space should be placed) and of the bandwidth parameter. In the RKHS 

regressions of LAB4, the strategy was to 'offer' the model a large set of basis functions (one per subject in 

( I ) 
.._,,, .. 1,j, _, -II' 

the sample) generated by setting t, = x,, t 2 = x, , ... , t,, = x,,; therefore E y, x,. = L.,·_, a,.. x e ' ' 

. This strategy may induce over-fitting and this was confronted by using shrinkage estimation procedures. 

This is approach is also used in smoothing spline (Craven and Wahba 1978; Wahba 1991). 

Non-linear basis functions such as the ones described above offer great potential for capturing 

potentially complex patterns between input and output variables; however, the set of basis functions 

needs to be defined a-priori. In Neural Networks (NN) the basis functions used for regression are inferred 

(i.e., are data driven), this gives NN great potential for capturing potentially complex patterns. 

One of the simplest NNs is the single hidden layer feed-forward NN. This NN can be thought as 

non-linear regressions consisting of two steps (Hastie, Tibshirani, and Friedman 2009): in the first one (or 

hidden layer) the basis functions are inferred, and in the second one (or output layer) the output, J' , is - , 
regressed on the basis function inferred in the hidden layer. A graphical representation of such NN is given 

in Figure 1. The term feed-forward is used to highlight that in these NNs information flows from inputs 

(the x,. 's) to output (the y 1 's), other NN allow feedbacks. 
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<)utput 

Hidden z .. =0,(n,) z_,f = ql,r ( 1/•f ) 

t F 

ll;; = l1i: + L-\H': .. 

Laver t t , 
u_lf: = b.w:: + L-\ 11'.1.f 

Input 

Figure 1. Graphical Representation of Single Hidden Layer Feed-Forward Neural Network for a Continuous 

Response ( Y,) and p predictor variables ( x,, , ... ,x,). The network contains M neurons. At each neuron, 

linear combinations of the predictors ( 11,,,, = b,,,
0 

- I'.~,-\ H',," ) are inferred and subsequently activated 

z,,,, = ¢,,, ( 11,,,,) . These basis functions are then used in the output layer to regress the output variable 

L
M 

using a linear model ( 1' = b
0 
+ z 11' +& ). 

• 1 m=l m1 m : 

As illustrated in Figure 1, in the hidden layer M basis functions, rp (b + I" x w .), are 
Ill mo ]"'l I) II!] 

inferred (one at each neuron). Each of these basis functions consist of a linear score, 

11 = b O + "" x w , activated by a non-linear activation function, rp (.). 
1111 m Lj=J !) l!IJ m 

In the output layer, the outcome, y,, is regressed on the basis functions using an additive model. 

The example of Figure 1 is for a continuous response; in many applications with NN the outcome is either 

binary or polychotomous. In those cases an additional activation functions are added in the output layer. 
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Note that, if the activation function of the hidden and output layers are identity functions (i.e., 

(fl.,, ( 11,,,.) = u,, the model of Figure 1 becomes a standard multiple linear regression model. Moreover, if 

we set the (fl.,,(.) to be the basis functions of a reproducing kernel (see LAB4), the NN of Figure 1 becomes 

the RKHS regression. Therefore, we can view the NN of figure 1 as a general framework that includes the 

linear model and the RKHS as special cases. 

The activation functions of the hidden layers map from the real line onto the [0,1] interval, and a 

I 
common choice is to set this to be a sigmoid function. For instance we could use ¢,,, (z,,,,) = lk for 

I+ e -.,,. 

some () > 0. 

Architecture of a Neural Network. The elements that define model specification in NN are: (a) the 

choice of input variables, (b) the type of network (e.g., feed-forward), (c) the number of layers, (d) the 

number of neurons per layer, and (d) the choice of activation functions. In general the term 'architecture' 

of the network is used to referred to the choices made in (b)-(d). 

Penalized Neural Networks. The set of parameters to be estimated in the NN of Figure 1 include: 

all the intercepts and regression coefficients at each neurons, the parameters of the activation functions, 

and the intercept and regression coefficients of the output layer. With large p, and with several neurons, 

the total number of parameters to be estimated can be huge. This, together with the intrinsic flexibility of 

the NN, can easily yield over-fitting and poor predictive performance. To prevent this, a common strategy 

is to fit the neural network using penalized methods such as those discussed in LAB2. Therefore, in a 

penalized NN, parameters are estimated by minimizing an objective function consisting of a lack-of fit 

function (e.g., a residual sum of squares) plus a penalty on model complexity. Any of the penalties 

discussed in LAB 2 can be used; however, a common choice is to set the penalty to be the of regression 

coefficients (usually intercepts are not penalized). 

In what remains of the lab we illustrate the use of penalized NN using a beta version of the R

package trainbr. This package was developed and kindly shared by Paulino Perez. 

5.2. Scatterplot smoothing using a penalized NN 
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The following example illustrates the use of penalized NN for scatter-plot smoothing. 

Example 1: Scatter-plot smoothing Using a Nenral Network 

rm(list~ls());library(trainbr) ; library(splines) 
### SIMULATION (same as the one used in Ex. 1 of LAB4) ##### 

set.seed(12345) 
N<-200 
x<-seq(from=O,to=2*pi,length=N) 
signal<-sin(x) 
error<-rnorm(N) 
y<-signal+error 

# for train-br the oucome variable needs to be standardized to [0,1] 
yStd<-normalize(y) 7 J\JN' l'-)-$vv.,.__.,. '--iJ'-.--'-.J .i,,''I::,~, ;-:;, ;.J---...J~ ,u,u"-r,( (IJ ·f,y'ic:; .:;,\ t,,, I) 

signa1Std<-2*(signal-min(y))/(max(y)-min(y))-1 

1.St) 
## Various!parametric models 

lml<-lm if~x) 
poly3<-lm(yStd~x+I(xA2)+I(xA3)) 

## Natural spline with 4 knots 
X<-ns (x=x, df=4) 

fmNS<-lm(yStd~X) 
## Neural Networks with 1,2,3 and 5 nuerons 

NNl<-trainbr{y=yStd,X=as.matrix(x),neurons=l) 
yHatNN 1<-predictions.nn(X=as.matrix(x),theta=NN1$theta, neurons=l) 

NN2<-trainbr(y=yStd,X=as.matrix(x),neurons=2) 
yHatNN 2<-predictions.nn{X=as.matrix(x),theta=NN2$theta, neurons=2) 

NN3<-trainbr(y=yStd,X=as.matrix{x),neurons=3) 
yHatNN 3<-predictions.nn(X=as.matrix(x),theta=NN3$theta, neurons=3) 

NN4<-trainbr{y=yStd,X=as.matrix(x),neurons=4) 
yHatNN 4<-predictions.nn{X=as.matrix(x),theta=NN4$theta, neurons=4) 

NN5<-trainbr(y=yStd,X=as.matrix(x),neurons=5) 
yHatNN 5<-predictions.nn(X=as.matrix(x),theta=NN5$theta, neurons=S) 

#(continues next page) 

Example 1: Scatter-plot smoothing Using a Neural Network 
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# (FROM PREVIOUS PAGE) 
## R-Squared ######################################################## 

R2_lm<-l-mean( (signalStd-predict(lml))"2)/var(signalStd) 
R2_ply3<-1- mean((signa1Std-predict(poly3))"2)/var(signa1Std) 
R2_NS<-1- mean((signa1Std-predict(fmNS))"2)/var(signalStd) 
R2 NN<-numeric () 

R2_NN[l]<-l-mean((signalStd-yHatNN_1)"2)/var(signalStd) 
R2_NN[2]<-1-mean((signalStd-yHatNN_2)"2)/var(signalStd) 
R2_NN[3]<-1-mean((signalStd-yHatNN_3)"2)/var(signalStd) 
R2_NN[4]<-1-mean((signalStd-yHatNN_5)"2)/var(signalStd) 
R2_NN[5]<-l-mean((signalStd-yHatNN 5)"2)/var(signalStd) 

##Plots########################################################### 
plot(yStd~x,col=l,cex=.5) 
lines(x=x,y=signa1Std,lwd=2,col=2) 
lines(x=x,y=yHatNN 3,col=4,lwd=4,lty=2) 

plot(R2_NN-I(l:5), 
xlab='Number of Neurons',ylab= 'R2(Pred. vs signal',type='o 1 

, col=4) 
abline(h-R2 NS,col-4,lty-2) 

Example 1 illustrates the flexibility that NNs have in terms of capturing complex patters: starting from a 

single predictor, the NN generated complexity by inferring multiple basis functions which were able to 

capture the non-linear patterns between inputs and outputs very well. The example uses a single 

predictor, but as illustrated in Figure 1 the method could also be applied to multiple-predictors. However, 

with large p and with multiple neurons, the computational requirements increase substantially. 
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In Example 2 we first select the top p markers from single marker regressions and subsequently 

offer these markers to a NN with 3 neurons. 

Example 2: Penalized Neural Network Applied to Pre-selected Markers 

rm(list~ls () I 
###DATA############################################# 

library(BLR) ; library(trainbr) 
N<-nrow(X) ; p<-ncol(X) 
y<-Y[,4] 
y<-normalize (y) 
set.seed(l235) 

data(wheat) 

tst<-sample(l:N,size=lS0,replace=FALSE) 
XTRN<-X[-tst,] ; yTRN<-y[-tst] 
XTST<-X[tst,] ; yTST<-y[tst] 

### SINGLE MARKER REGRESSIONS######################## 
pValues<-numeric() 
for(i in l:p) { 

fm<-lm(yTRN~XTRN[,i]) 
pValues[i]<-summary(fm)$coef[2,4] 
print(paste('Fitting Marker ',i, '! ',sep= 1')) 

nMarkers<-75 
selSNPs<-order(pValues) (1:nMarkers] 
XTRN<-XTRN[,selSNPs] 
XTST<-XTST[,selSNPs] 

### Neural Network################################### 
NN<-trainbr(y=yTRN,X=XTRN,neurons=4, epochs=l00) 
yHatNN<-predictions.nn(X=XTST,theta=NN$theta, neurons=4) 

cor(yHatNN,y[tst]) 

## Change the number of pre-selected markers (line 22) and number of 
## Neurons (lines 28 and 29) and experiment. 
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In Example 2 we pre-selected markers, another strategy consist of first mapping the input 

information into some basis functions (e.g., using a reproducing kernel or using genomic relationships) and 

then applying the NN to these basis functions. For instance, Gianola et al. (2011) suggested using the 

additive relationships as basis functions, by so doing we reduce the number of input variables of the NN 

from p ton. In Example 3 we illustrate this approach by using as inputs to the NN marker-derived principal 

components. 

Example 3: Penalized Nenral Network Applied to Marker-derived Principal Components 

rm(list-1s ()) 
###DATA############################################# 

library(BLR) ;library(trainbr) ; data(wheat) 
for(i in 1:ncol(X)){ X[,i]<-X[,i]-mean(X[,i])) 
N<-nrow(X) ; p<-ncol(X) 
y<-Y[, 4] 
y<-normalize(y) 
## Pcs 
SVD<-svd(X,nu=599,nv=O) 
PC<-SVD$u; for(i in 1:ncol(PC)) { PC[,i]<-PC[,i]*SVD$d[i] } 
plot(PC[,l:2],col-4) 
set.seed(1235) 
tst<-sample(l:N,size=lSO,replace=FALSE) 
yTRN<-y[-tst] 
yTST<-y[tst] 
PCTrn<-PC [-tst,] 

PCTst<-PC[tst,] 

nPC<-300 
NN<-trainbr(y=yTRN,X=PCTrn[,1 :nPC],neurons=3, epochs=l50) 
yHatNN<-predictions.nn(X=PCTst[,1:nPC),theta=NN$theta, 

neurons-c(length(NN$theta)-1)} 
cor(yHatNN,yTST} 

8 



Craven, P., and G. Wahba. 1978. "Smoothing Noisy Data with Spline Functions." Numerische Mathematik 

31 (4): 377-403. 

Gianola, D., H. Okut, K. Weigel, and G. Rosa. 2011. "Predicting Complex Quantitative Traits with Bayesian 

Neural Networks: a Case Study with Jersey Cows and Wheat." BMC Genetics 12 (1): 87. 

Hastie, Trevor, Robert Tibshirani, and Jerome Friedman. 2009. The Elements of Statistical Learning: Data 

Mining, Inference, and Prediction, Second Edition. 2nd ed. 2009. Corr. 3rd printing 5th Printing. Springer. 

Wahba, G. 1991. "Spline Functions for Observational Data." SIAM, Philadelphia, PA. 

9 



Statistical Methods for Genome-Enabled Prediction, 

LAB6: 

Validation Methods 1 

{ gcampos@uab.edu) 

Contents 

6.L lntrnduction .. 

6./, Alternative Validation Sc-hcrncs .. 

6-3. Between sub·population prediction. 

G.4. Across environment prediction using single·-trait models 

HcfcrcncPs. 

- ----- - --- ----- -- --- ------ - -- --- - ----- -- -- --- --- ----- ---- -- -- - -- -- -- - - - ---- --- ---- --
NOTE: In many examples in this lab we use Bayesian methods. In those examples we make inferences based ' 

on a relatively small number of samples and this is done due to time constraints. In practice, accurate 

inferences require much more samples. 

1 
Suggestions made by Daniel Gianola are gratefully acknowledged. 

. .. :l 

... ,8 

. ....... 9 

1 



Prediction is a central problem in plant and animal breeding and in many other domains. It is natural to 
compare models based on their ability to predict future outcomes. Validation methods aim at estimating 
the distribution (or features of it, e.g., the variance) of prediction errors. 

Prediction error. Let Srnx = {J';, x,} denote the available training data, M a model (or 

algorithm) and {y,,,,,, x,,..,,.} an un-observed data point that we want to predict. The algorithm processes 

the training sample and derives a prediction: ;,,,..,,. (x,,,,,, M, Srn.v ). Example: using training data, STRN, 
and a linear model (M) we estimate marker effects and then we use the estimated marker effects and 

the genotypes of candidates of selection ( x,,,,,) to derive predictions. The prediction error is 

E = 1· - v . Model performance can then be assessed using features of the distribution of r //i'll • /Wl\ • llf'" 

(
/pre~~?;: er~~::.liit,o- , 1 , ,,,y n>< / "'"' -•~ 

{1!"' 1 1 Validation methods. Deriving a closed form for the distribution of prediction errors requires 
making assumptions about the true data generating process. In practice we do not know such process 
and models are, at best, good approximations. However, if we are able to draw a large number of 

samples from the desired prediction errors{c,," . ., }, we can then estimate features of the density of 

prediction errors using Monte Carlo methods. For instance, given a large number of sample of prediction 
errors we could estimate the proportion of variance of future phenotypes accounted for by predictions 

' " L.i c-
using an R-squared type statistic: R',sr = 1- -- - . ' ""'·' i. 

L, (Y,,ffi•.i - Y,,,,,) 

In practice we have only a finite sample of data and most validation methods emulate the 
sampling process by sampling data points using some type of resampling method. There are different 
types of prediction errors, and the design of the validation scheme will determine what type of 
prediction errors are we describing. 

Conditional error. Typically, we want to estimate the distribution of the prediction error given 

the training sample, that is, p(i,,,,,.jSTRN ). Here, prediction errors are random variables because they 

are functions of yet-to-be-observed genotypes and phenotypes. Intuitively, we can obtain draws from 
the distribution of conditional errors by first fitting the model (only once) to the available TRN sample 
and subsequently evaluating the prediction accuracy of the model we derived by sampling testing 
samples. 

Marginal prediction errors are obtained by averaging the density of conditional errors over all 

possible realizations of the training sample: p(i,,,,,) = E[p(i,,,,,.jSrRN )] = f p(i,,,,,jsr.,v )p(SrRN )asrRN . 

Intuitively we can estimate the marginal distribution of prediction error with re-sampling of both raining 
and testing datasets. 
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In most applications, our interest is to estimate the densHy of conditional errors; however this 

density is difficult to estimate and most of the methods we will see estimate p(i,,"") (Hastie, Tibshirani, 

and Friedman 2009). 

Training-Testing (TRN-TST} Validation 

If sample size is large we can simply assign some individuals for training (TRN) and some for testing 
(TST). We use TRN to fit the model and derive prediction errors from TST. We have done so in previous 
labs by partitioning at random the wheat dataset into TRN and TST. If the prediction problem of interest 
has certain structure (e.g., ancestors will be used for training with the goal of predicting performance of 
progeny) the partition of the data into TRN and TST should reflect such structure. This has been done, 
for instance for validation of methods for genomic selection in dairy cattle. Unfortunately we can't do 
this with the wheat dataset because we lack a pedigree. 

Cross-validation (CV} 

One disadvantage of the TRN/TST design above described is that individuals are either used for training 

or testing. When the total sample size is large this is not a problem; however, with small sample size one 

would like to use all individuals both for training and testing CV allows this. In CV individuals are 

randomly assigned to disjoint sets using an index, for example, in 2-fold CV each individual is assigned to 

either 1st or 2"' fold. Then, a TRN/TST evaluation is done for every fold. In those evaluations, individuals 

assigned to that fold are regarded as TST set and the remaining ones as TRN set. The following R-code 

implements a 5-fold CV using the wheat dataset. 
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Example 1: 5-fold CV 

### LOADS DATA ############################# 
rm (list~ls I)); library (BLR); data (wheat) 
y<-Y[, 4] 
for(i in l:ncol(X)) { X[,i]<-(X[,i]-mean(X[,i]))/sd(X[,i]) 
h2<-0.5 ; lambda<-(1-h2)/h2*ncol(X) 

I## ASSIGNMENT TO FOLDS (5-fold CV) ##1####1### 
set.seed(124292) 
sets<-sample(l:S,size=nrow(X),replace=TRUE) 
yHatCV_RR<-rep(NA,length(y)) 
yHatCV_O<- rep(NA,length(y)) 
varE<-numeric () 
indexH<-rep(NA,length(y)) 
for(fold in 1:5) { 

tst<-which(sets==fold) # here we partition the data 
C<-crossprod(X[-tst,]) 
for {j in 1: ncol (C)) { c I j, j I<- c I j, j I+ lambda J 

Cinv<-chol2inv(chol(C)) 
H<-X[tst,]%*%Cinv%*%t(X[-tst,]) 
indexH[tst]<-rowSums(abs(H)>.15) # count entries> 0.15 in H 
yHatCV_RR[tst]<- H%*%y[-tst] 
yHatCV_O[tst]<-mean(y[-tst]) 
print I fold) 

sqErrorRR<-(y-yHatCV_RR)"2 
sqErrorO<-(y-yHatCV 0)"2 

PMSE_RR<-tapply(X=sqErrorRR,FUN=mean,INDEX=sets) 
PMSE_O<-tapply(X=sqErrorO,FUN=mean,INDEX=sets) 
R2<-1-PMSE RR/PMSE O # compare to cor(y,yHatCV)"2 
sqrt(R2) 

## Three different ways of computing R2: discuss! 
cor(y,yHatCV_RR)"2 
1-var(y-yHatCV_RR)/var(y) 
1-sum((y-yHatCV_RR)"2)/sum((y-yHatCV_0)'2) 

## Relationships between entries of hat matrix and pred. errors 
tapply(FUN=mean,X=sqErrorRR,INDEX=indexH) 

plot(sqErrorRR~indexH,ylab='Sq.Error',xlab='Index',col=2,cex=.5) 

NOTE 1. While CV is commonly used in statistics and computer science, one needs to be aware that CV is 

not always an appropriate validation design. For instance, as previously mentioned, in breeding 

applications the prediction problem usually consists of inferring genetic values of candidates to 

selection. This prediction problem involves a generational order that is not considered in a standard CV 

with random assignment of individuals to folds. This may or may not induce biases, but one needs to be 

aware that CV is not the solution to any validation problem. 
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NOTE 2. The observed the variability in PMSE and R-squared across partitions of the CV reflects 

uncertainty associated to the sampling of TRN and TST sets. Evaluating such uncertainty is very 

important, especially when the number of records in the TRN and/or TST set is small. Note however, 

that ideally we would like to hold the training data fixed and evaluate the uncertainty associated to 

sampling of un-observed data (i.e., TST) only. 

NOTE 3. We also observed that sq.-error diminishes as 'local sample size', measured, for example using 

the entries of the hat matrix, increases. 

Replicated Training-Testing 

In CV the number of folds affects the size of the training and testing datasets and the number of 
replicates of estimates of prediction accuracy. For instance, in a 5-fold CV the size of the TRN (TST) 
datasets is 80% (20%) of that of the available data and we only obtain 5 estimates of prediction accuracy 
(one per fold), this is a very small number if we wish to construct a confidence interval on estimates of 
prediction accuracy. An alternative is to replicate TRN-TST experiments a large number of times, each 
time re-assigning at random subjects into TRN and TST samples. The following R-code illustrates this 
with 30 replicates (example in next page). 
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Example 3: Replicated TRN-TST partitions 

rm(list=ls ()) 
#####DATA############################################# 

library(BLR) 
data(wheat) 
N<-nrow(X) ; p<-ncol(X) 
for(i in 1:ncol(X))( X[,i]<-(X[,i]-mean(X[,i]))/sd(X[,i]) 
y<-Y I, 2] 
nTst<-150 
nRep<-30 
set. seed (1235) 
COR<-matrix(nrow=nRep,ncol=3,NA) 
colnames (COR) <-c ( 'lambda=l0', 'lambda=l279', 'lambda=S000 1

) 

lambda<-c(l0,1279,10000) 

for(i in 1:nRep) { 

) 

print(paste{ 1 TRN-TST Replicate ',i,sep=' 1
)) 

tst<-sample(l:N,size=nTst,replace=FALSE) 
XTRN<-X[-tst,] 
yTRN<-y[-tst] 
XTST<-X[tst,] 
yTST<-y[tst] 
ZTRN<-cbind(l,XTRN) 
ZTST<-cbind{l,XTST) 
rhs<-crossprod{ZTRN,yTRN) 
CO<-crossprod(ZTRN) 

for ( j in 1 : 3) { 
C<-CO 
for(k in 2:ncol(C)) { C[k,k]<-C[k,k]+lambda[j] 
Cinv<-chol2inv(chol{C)) 
sol<- Cinv%*%rhs 
yHatTST<- ZTST%*%sol 
COR[i,j]<-cor(yTST,yHatTST) 

## Plots in next page 
### PLOTS (Results from previous page) 
## One way of looking at the problem (not quite correct) 

x<-rep(lambda,nRep) 
boxplot(as.vector(COR)~x,xlab=expression(paste(lambda)), 

ylab='Correlation') 

## A better way 
plot(y=COR[,2],x=COR[,1],xlim=range(COR),ylim=range(COR), 

xlab=expression(paste(lambda[lO])), 
ylab=expression(paste(lambda[1279})),main='Correlation 1 ,col=2) 

abline(a=O,b=l,col=4) 

plot(y=COR[,3],x=COR[,2],xlim=range{COR),ylim~range(COR), 
xlab=expression(paste(lambda[1279])), 
ylab=expression(paste(lambda(10000])),main='Correlation',col=2) 

abline(a=O,b=l,col=4) 
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So far we have assigned lines from training and testing completely at random. In this example we 
explore the impacts of training and validating in different subpopulations. 

- -

Example 3: Across sub-population prediction 

rm(list=ls ()) 
#####DATA############################################# 

library(BLR) 
data (wheat) ; 
for(i in l:ncol(X))( X[,i]<-(X[,i]-mean(X[,i]))/sd(X[,i])) 

## Clustering based on q principal components 
q<-2 # number of PCs used for clustering 
for(i in l:ncol(X)){X[,i]<-X[,i]-mean(X[,i])) 
SVD<-svd(X,nu=q,nv=O) 
myClusters<-kmeans(x=SVD$u%*%diag(SVD$d[l:q]),centers=2) 

## Plating principal components 
tmp<-which(myClusters$cluster==l) 
plot(x=SVD$u[tmp,l],y=SVD$u[tmp,2], ylim=range(SVD$u[,2]), 

xlim=range(SVD$u[,l]), col=2, xlab='lst PC 1
, ylab='2nd PC' 

points{x=SVD$u[-tmp,1],y=SVD$u[-tmp,2],col=4) 

## Fitting models 
prior=list(varE=list(df=5,S=l), 

lambda=list(type= 1 random',value=20,rate=le-5,shape=.53)} 

groupl<-myClusters$cluster==l 
y<-Y [, 4] 
yNAl<-y 
yNAl[which(groupl)]<-NA 
yNA2<-y 
yNA2[which{!groupl)]<-NA 

## Training in sub-population 1 
fml<-BLR(y=yNA1,XL=X,niter=7000,burnin=2000,prior=prior,saveAt='l ') 

# training in sub-population 2 
fm2<-BLR(y=yNA2,XL=X,niter=7000,burnin=2000,prior=prior,saveAt='2 ') 

## Across group prediction 
cor(X[which(groupl),]%*%fml$bL,y[which(groupl)]) 
cor{X[which(!groupl),]%*%fm2$bL,y[which(!groupl)]) 

## Estimates of marker effects 
plot(fml$bL~fm2$bL,col=2) 
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In this example we address the problem of across environment (or trait prediction), this appear, for 
example when we want to select individuals based on expected performance in an environment in 
which these genotypes have not been evaluated. Most of the models we have discussed so far can be 
extended to accommodate multiple traits. Here, we explore the problem of prediction across correlated 
environments using single-trait models alone or combined using an ad-hoc procedure. A fully multi
environment evaluation of genome-enabled prediction methods for this dataset is presented in 
Burgueno et al. (2012). 

Example 4: Across environment prediction 

rm(list~ls ()) 
#####DATA############################################# 

library (SLR) 
data(wheat) 
for(i in l:ncol(X)){ X[,i]<-(X[,i]-mean(X[,i]))/sd(X[,i])) 

round(cor (YI, 3) # 

prior=list(varE=list(df=S,S=l), 
lambda=list(type='random 1 ,value=20,rate=le-5,shape=.53)) 

## Training models in environments 1-4 
fm<-list II 
for ( i in 1: 4 I { 

fm[[i]]<-BLR(y~Y[,i],XL~X,niter~7000,burnin~2000, 
prior=prior,saveAt=paste('E ',i,sep=' ')) 

## 1st strategy 
COR<-matrix(nrow=4,ncol=4,NA) 
colnames(COR)<-paste('TRN_',1:4,sep=' ') 
rownames(COR)<-paste('TST ',1:4,sep=' ') 
for(i in 1:4) { 

for(j in 1:4) { 
if(i!~j){ COR[i,j]<-cor(Y[,i],fm[[j]]$yHat) 

) 

## 2nd strategy (a bit of cheating) 
covP<-cov (Y) 
W<-matrix(ncol=4,nrow=4,0) 
wCor<-rep (NA, 4) 

I 

for(i in 1:4) { 
W[i,-i]<-covP[i,-i]%*%solve(covP[-i,-i]) 
TMP<-cbind {fm I I 1 I I $yHat, fm I 12 I I $yHat, fm[ [3] I $yHat, fm I ( 4 I I $yHat) 
wCor[i]<-cor(Y[,i],TMP%*%W[i,]) 

## compare COR & wCor 
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