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Chapter 1

Classification of Linear
Models

1.1 Introductory concepts

Models are used to describe complex relatioships between variables in simple
mathematical terms. A linear model gives a simple description of the distribu-
tion of the data or observations y. It only describes the expected value (E(y))
and the variance (Var(y)) of the data.

Definition 1.1.1 The model for E(y) is said to be linear if
E(y) = XpB (L.1)

where X is a known matriz and B is a vector of unknown parameters. The above
model for E(y) is linear in the parameters 3.

Definition 1.1.2 The general linear model for y has the form:
y=XGB+e (1.2)
where E(e) =0, Var(e) =V or
y=XB+Zu+e (1.3)
where X and Z are known matrices,

E(u) =0,E(e) =0
Var(u) = G, Var(e) = Ro?, Cov(u,e') =0
Var(y) = ZGZ' + Ro? =V

G and R will often be simplified further, eg. R = 1.



1.2 Classification based on the variable type

Linear models can be classified based on the type of variables used in the models
as:

1. Regression models that contain only quantitative independent variables;
2. ANOVA models that contain only qualitiative independent variables; or

3. Analysis of covariance models (ANCOVA) that contain qualitative and
quantitative independent variables.

1.3 Clasification based on the distribution of ef-
fects in the model

Linear models are also classified based on the distribution of the effects in the
model

1. Fixed linear models contain only fixed effects apart from a random resid-
ual.

2. Random linear models contain only random effects.

3. Mixed linear models contain fixed and random effects.



Chapter 2

Estimation of Fixed Effects
and Hypothesis Testing

2.1 Least Squares Estimation
Let us consider a fixed linear model
y=XpB+e (2.1)

where X is a n X p known matrix with rank r < p, with E(e) = 0 and Var(y) =
Var(e) = Io2. To estimate E(y) = n = X3* by least squares, where 3* is the
unique not known 3 from the whole parameter space, minimize

Q= Z(yz — ;) (2.2)

with respect to ,Bj, where 7; = Ej xijﬁj. Here Bj are the possible values 3; can
take. In matrix notation we can write

Q=(y—XpB)(y—XB)
=y'y—2X'yB+ B (X'X)B

Using 1) and li to obtain the derivative of @ with respect to 8 and
equating the derivative to 0 gives:

Zg = 2X'y +2(X'X)B=0 (2.4)

(2.3)

where B is the estimate that minimizes (). Rearranging 1) gives the ordinary
least square equations (OLS) or the normal equations

(X'X)B=X"y (2.5)

7



In a geometric interpretation of least square theory we want to minimize @QQ =
|| vy — 7 ||? with respect to 7 € V.. Note that V, is the space spanned by the
columns of X. Theorem [6.1.2]shows that 7, the projection of y on V., minimizes
Q. Note that because 7 € V,. we can write 77 = X 3. Also because (y — X3) is
orthogonal to the columns of X we can write

X'(y—XB)=0= X'y=(X'X)3 (2.6)

So, the normal equations, can be derived by using this approach too.

2.2 Estimable functions

Definition 2.2.1 Let ¢ = k’B be a linear function of the unknown parameters
B. 1 is estimable if it has an unbiased linear estimate i.e. if there exists a’
such that E(a’y) =1 for all 5.

For example if E(y) = p + a; where

Y1

I
y= Y iB= |
Yo o
2

Yoo

and if ¥ = a1 — ay = [O 1 —1} B3, can show that 1) is estimable. For
a’ = [1 0 -1 O}, we can write

E(a’'y) = E(y;, —ya1) = o1 — a (2.7)
and based on the definition (2.2.1]) 9 is estimable.

Theorem 2.2.1 1 = k'3 is estimable if and only if k' is a linear function of
the rows of X. That is 1 is estimable if and only if there exists a’ such that
k' =a'X

Proof: If 9 is estimable, from definition , E(a’y) = 1 and as a result
E(a'y)=ad'E(y) =ad’XB=K'B=v¢Y VB=dX=F (2.8)
Now if ¥’ = a’X
Y=FkpB=a'XB=dE(y) =E(ay) VB (2.9)
and as a result 1 = k’(3 is estimable.

Lemma 2.2.1 If v = k'3 is estimable, then there exists a unique linear unbi-
ased estimate of ¥, a* y for a* € V.. Further, a* is the projection of a on V,
where E(a’y) = 1.
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Proof: There exists a’ such that E(a’y) = 1. Otherwise, 1 is not estimable.
Let a = a* + b where a* € V. and b L V.. Then

(
(

' 2.10
( (2.10)
(

because b’X = 0. We have shown that there exists an a* € V., now we need
to show the uniqueness of a*. Suppose o’ is also in V,. and E(a’y) = 1. Then

0 = E(a*'y) - E(a’y) (2.11)
= (a* — Ot) XB vp

Because this holds for all 3-s, this implies that
(a*—a))X=0= (a*—a) LV,

But we know also that (a* — a)’ € V,.. As a result (a* — a)’ = 0, so a* is
unique.

2.3 Gauss-Markoff theorem

Theorem 2.3.1 (Gauss-Markoff Theorem) Given E(y) = X3 and Var(y) =

I02 every estimable function v has a unique unbiased linear estimator 1 which
has minimum variance in the class of all linear unbiased estimators. This is
given by 1 = k'3 where B3 is a solution to the normal equations.

Proof: Let a*ly with a* € V,. be the unbiased linear estimator of 1, and let a’y
be any unbiased estimator. Note that a* is the projection of @ on V.. Because
(a — a*) is orthogonal on a we can write

lal?=[a* >+ |la—-a|]? (2.12)
Consider now

Var(a’y) = a’Var(y)a

=ad'Io’a (2.13)
=lla|P o2
then using (2.12)) we can write
Var(a'y) =[| a* || o2+ || @ — a* ||* o7 (2.14)

Note the fact that

Var(a*'y) = a*’'Io?a* =|| a* ||* o2 (2.15)
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Taking in account the results of (2.14)) and (2.15) we conclude that
Var(a’y) > Var(a*'y) (2.16)

with equality at a* = a. As aresult a*’y is the unique linear unbiased estimator
with minimum variance. This estimator will be called the best linear unbiased
estimator ( BLUE ) of .

We need to show also that a*'y = k'B. Recall that a* € V. and (y —7) L
V,where 11 = X 3 is the projection of y on V,.. So
a*’'(y—1n)=0=a*"y=a*'Xp (2.17)

But
k'8=E(a*'y)=a*XB VB=k =a*'X (2.18)

and as a result 1) and 1' imply that a*’'y = k:’f'].

2.4 Solving normal equations

Gauss-Markoff theorem shows that the solutions of the normal equations provide
the unique unbiased linear estimator with minimum variance. Now we need to
solve the normal equations to obtain this solution. Let X be a n X p matrix
with rank r < p. Then there are infinitely many solutions to (X’X)3 = X'y.
We need to consider the following situations:

1. Let X, be a set of linearly independent columns of X. Then

E(y)=X.B8,=n (2.19)

where 7 is unique and 1 = Xr,é: where B; is the solution to (X'TXT),@: =
X' y.

2. Consider now t = p — r side conditions. The side conditions are H3 = 0.

Definition 2.4.1 H'? is defined as a matriz of rank t with rows linearly
independent of the rows of X .

Note that H3 is not estimable. That is because H is linearly independent
of X. Note also that X3 = 1 has an infinite number of solutions. Here
is where we will use the side conditions to obtain the desired solution.

Lemma 2.4.1 There will be a unique value for B that satisfies
(X'X)B=mn and HB=0 (2.20)
and a unique ,@ for

(X'X)B:X’y and HB=0 or

_ ~ (2.21)
XB8=m and HB=0
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Proof: From the definition of H, it follows that

X

- (2.22)

o= ]
(n+t)xp

has full column rank p. Therefore if
GB = [g] (2.23)

has a solution, it will be unique. We still have to show that there is

A~

n
0

solution to (2.23]).We can write

G n|_|[(X 7 G 7| .
{ 0]{11 0}:>rankof { 0] is p (2.24)

a solution. Now if and G have the same rank then there is a

due to the fact that the rows of H are linearly independent of the rows
of X. Based on the results derived in ( [2.23|), ([2.22]) and ( ) we
conclude that there is a solution and because G is a full rank matrix the
solution is unique. In order to obtain 8 premultiply

~ XB
o=
by G’ = [X’ H’] and as a result
G'GB=X'Xp (2.25)

Note that G'G = X’X + H'H and as a result we can write

(X'X+H'H)B=X'XB but also
X'XB= X'y and as a result (2.26)
(X'X +H'H)B=X"y

which has a unique solution because GG is a full rank matrix. The unique
solution is given by

B=(X'X+HH)'X'y (2.27)

3. From (X'X )B = X'y using the generalized inverse concept we obtain B =
(X'X) X'y.

Lemma 2.4.2 Ifv¢ = K’ is estimable, then by Gauss-Markoff theorem BLUE
of (K'B) =K'S.
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Proof:

~

E(K'B) = E(K'(X'X)” X"y)
= K'(X'X)” X'"E(y) (2.28)
=K' (X'X)"X'Xp
But because ¥ = K’ is estimable, we have also
E(K'8)=K'8 V3 (2.29)
As a result
K'(X'X)"X'XB=K'3 Vg3 (2.30)
and this implies K/(X’X)~X’X = K’ if 1 is estimable. This is a necessary
condition, now we need also to show that it is sufficient. We need to show that
if K/(X’X)”X’X = K’ then 1) is estimable. As a result we need to find A’
such that E(A’y) = K’B. Take A’ = K'(X’X )~ X’ then we can write
E(A’y) = E(K'(X'X)” X'y)
= K/'(X'X)” X'E(y)
= K'(X'X)"X'Xp
= K'B

(2.31)

Now we consider
Var(K'B) = K'Var(8)K
=K'(X'X)"X'Ie’X(X'X)" K (2.32)
=K'(X'X) X'X(X'X) Ko?
where if K’ is estimable then K'(X’X )~ X’X = K’ and as a result we can

write

Var(K'B) = K'(X'X)” Ko? (2.33)

2.5 Generalized least squares

Consider the case where Var(y) = Ro? # Io? and R is known. The underlying
assumptions are: E(y) = X3, Var(y) = Ro?. There is a n x n matrix P with
P'RP =1. Let

y=P'y
E(y) =P XB=Xp (2.34)
Var(y) = P’RPc? = Io?
SO, B can be obtained from:
X'X3=X"y

R (2.35)
(X'PP'X)8=X'PP'y
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and using the fact that PP’ = R™!
(X'R'X)B=X'R 'y (2.36)
These are the generalized leaALst squares (GLS) equations and by Gauss-Markoff
theorem, BLUE(K'3)= K’(3. Note also that
E(K'B)=K'(X'R'X)"X'R'XB=K'3 (2.37)

for all 3. So K/(X'R™'X)"X’'R ' X = K’ if K’( is estimable. The reverse
is also true, that is if K/(X’R*X)"X’R™*X = K’ then K’f3 is estimable.
That is due to the fact that there is a linear function A’y that has E(A’y) =
K’B3. Note that the above result is true for any covariance matrix R.

2.6 Canonical form of linear model

Let {a1,aa,...,a.} be an orthonormal basis for V.. C V,,, the space spanned
by the columns of X. Let the basis be extended to {ay,aq,...,a,} an or-
thonormal basis for for V,,. Note that this can be done for example by applying
the Gramm-Schmidt process to [X I] and taking the non-zero columns. Let
Pll = [al,...,ar], PIQ = [ar+1,...,an}7 P = [P’l,PIQ]. AISO, PP=1I=
PP’. Then

y=Pz=Piz,+ Pyz,

z=Ply— [ﬁj y— [Zl} (2.38)

z2
where z’s are the coordinates of y in this new basis. Also

5 =[] X0 = [Pixs) = ¢

and because the rows of Py are perpendicular to V.
_ &
B - [

Also, Var(z) = PVar(y)P’ = PP'c? = Io%. We can write y = P12z, + P’52,.
Now recall that columns of P’; € V,. and columns of P’y L V,.. So, P'1z1 =1,
the projection of y onto V.. So,

y—n=(P'1z1+ P'yzy) — P12y
= P'yz
and
Q=y—-n)(y—n)
=29P3 P52
=2'229

n
2
.

i=r+1
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represents the residual sum of squares. Because E(z2) = 0, Var(zq) = Io? =

E(2?) = 02. Here r is the rank of the X matrix. The estimate used for o2 is

given by

o Tl oA -d)
¢ n—r n—r

Theorem 2.6.1 2, is called the estimation space, if for any estimable function
1, it’s least square (BLUE) estimate v, is a linear function of z1.

Proof: Recall that 1//\1 = a*'y where a* € V,. and we can also write

o~

Y =a*"Pz
= a*/(P’lzl + PIQZQ) (239)
= a*'P’1z1

because a* L on the columns of P’5. Also z» is called the error space because
E(z2) = 0 and 02 is estimated for 2.

2.7 Hypothesis Testing
The following assumption is made

Q:y" ~R(XB,I0?) (2.40)
where the rank of X"*P = r.

Theorem 2.7.1 Under ()

Y =KpB~R(KB K (X'X) KIo?) (2.41)

and is independent of % ~xZ_,.
Proof: From Gauss-Markoff we know that E(K’3) = K’ and that Var(K'8) =
K'(X'X)~KIo?. Also a linear function of normal random variables is normal.
To show the independence recall that K’3 is a linear function of z; and Q is
a function of zo. Under €2, z; and z5 are independent ( under normality, null
covariance implies independence ). Also 2§ ~ R(0,1) for i > r. So

g

n 2
9 (j) a2 (2.42)

€ i=r+1 €

Notation 1 w = H N Q is the set of assumptions obtained by imposing the
assumptions of hypothesis H in addition to the assumptions 2.
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Definition 2.7.1 Let f(y; 0) denote the probability density function of y. Then
the likelihood ratio statistic for testing H is

) = Mmazuf(y; 0) (2.43)

mazq f(y; 0)
Two forms of 2 and w assumptions
1. Qy:y~N (Xﬁ,IO'g) rank X"*P =r
Hy: 1 =19y =... =1, =0 where 9; are linearly independent estimable

functions, or there exists K’;x, such that ¢; = K'3 = 0, meanining
that, K’ has ¢ linearly independent rows.

2. Qo : yNN(n,IUS)neVTCVn
Hy:neV,._,CV,.CV,

V. is the space spanned by the columns of X and V,._, is the subspace
to which 7 is restricted to by H : 91 =2 = ... =13 =0

It is obvious that 2; = s = Q. Need to show that w; = H; N2 is equivalent
towy = HaNQ. Let BLUE(y) = K'3 = A'y. Note that BLUE(K'B) = K'3 =
K'(X'X)"X'y,s0 A’ = K'(X'X)~X'. Also

E(A'y)=A'n=A'XB=K'p

and because this holds for all 3,= A’X = K'. Note that rank(K')= ¢ =
rank(A’X) < rank(A'7") < ¢ = rank(A’) = ¢. Also from the Gauss-Markoff
Theorem, the i*" row of A’,a; € V,.. Under Hy,1p = A'n = 0= n L V4, where
V4 is the ¢ dimensional subspace of V. spanned by the rows of A’. The set of
all vectors in V,. that are orthogonal to V4 is an (r — ¢) dimensional subspace
V(jf C V.. Thus, w1 = n € V(*;,fq) or wi implies wy with V,_, = V(f_q).
Now to show that wy implies wy, let Vi be the orthocomplement of Vi, _,) in

V. Let {a],...,a;} be a set of vectors that span V} and
aj
A = |
a.*'

Let K* = A* X, then
V'=K"B=A"XB=A"n=0
because wy specifies § L V;. Need to show that there are ¢ linearly independent
¥* or that rank(K™?*"™) = ¢q. Suppose there is some ¢’ such that
CK*=cdA"X =u/X =0

where u = A*c. This impliesu L V, but alsou € V, so =u=0= A*c=0.
This fact implies that ¢ = 0 and that means that K has ¢ linearly independent
columns and so wy implies wy. Now we can conclude that wi = ws.
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Consider now

F(4:8) = (2m0?) Fexp{— =2 |y — 0 |[%} (2.44)

20
Need to find the maximum of (2.44) for 0 < ¢2 < oo and i € V, for Q and
n € V,_, for w. First fix 02 and maximize with respect to w. This is achived by
letting 1 be the projection of y on V,. (for Q) or V,_, (for w). Thus, maximum

of (2.44) for fixed o2 is

1

(2mo2) Fexp{— |y — 7 |I*} (2.45)
e

Taking the logarithm of (2.45)) and then taking the derivative with respect to
2

oZ results in
o [ n 1 - no|ly-n]|
=~ Zlog(2n0?) — AP ) = + L 2.46
oo (g ontzno?) = o Ny = 1?) = o + D )
Setting ([2.46) to 0 and then solving it gives
52
a\_s: ||y T’” (247)
n
So
2m i [P\ T n
T IV IO
n 2
. (2.48)
2 - 2\ 2
e, f(y:6) = ( Ty —n,ll ) exp (_E)
n 2
and .
= 2\ T2 -3
A= (H . |2> = <Q“’> (2.49)
|y —7nq |l Qo
In practice,
Flz)=F=""" (A—% —1)
1 (2.50)

is used. Note
A< X ifandonlyif F > F, when Fy= Fy(\o)
So rejecting H when A < Ag is equivalent to rejecting H when F' > Fy.

Definition 2.7.2 Let V,_, C V. be the subspace that 1 is restricted to by H.
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Under Q,n € V, C V,, let {ag41,...,0,} be an orthonormal basis for V,_g.

Extend this set to {a1,..., a4, a441,..., 0} to be an orthonormal basis for
V.. Extend once more to {au,...,aq, Qgt1,...,a,} to be an orthonormal
basis for V,,.
Q... 0, Olgyl .., O, Oy ..., Oty (2.51)
O.N.B.forV,_,
O.N.B.forV,
O.N.B.forV,,
Let
Py =lay,... a4
Py = [ogy1, ..., 0]
Pls=[ogy1,..., 00
P = [P'1P'2P'3]
Then,

ev, 1V,
where z = Py, and also recall P = P Alsoz ~ N (C,IJE) where ¢ =
PX 3 = Pn. Note also that y = 1, + P’3z3. Note that
under Q: (=0 for i>r neV,, and
1< q

under w: (=0 for {i>r neVe_q

From the Gauss-Markoff Theorem,

Ng =Pz1+ Plyzy

ﬁw = P,2z2
So
Qo =1y —7g |P=I| P'sz3 ||’= 2'3P3P’'3z3 = 2’323
n
-y
1=r+1
Q. =ly—mn, = Piz1+ P'sz3 ||°= 21 P1 P’z + 2/3P3P'323
= z’1z1 + Z,323
n
SIETD o
i=1 1=r+1
and
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Note that z; and z3 are statistically independent. As a result Q, — Qg and
Q, are statistically independent.

Under w: —*  iid N (0,1) { v<d
Oc 1>
So,
Q. —Qq : i ? 2
and )
Qq - i 2
= —_— ~J 2.53
-2 i:zrjl =)~ X (2.53)
So,
F:n_’r(Qw QQ)_(Qw_QQ)/q
q Qo o?
o Xxg/d (2.54)
Xn_p/(n—1)
= Fq7n_7.
Under w: Pr(F > Foqn-r) = (2.55)
Under : 22 ~ N (G,o.) i<r
Oe
~N(0,1) i>r
So,
Qw - QQ < 2 2 2
— L) o~ 2.56
O_g ; 0. Xq,§ ( )
where § represents a non-centrality parameter and is equal to § = Y 7_, % So

under Q: F ~ Fg, ;5.
Consider now another derivation of F' and it’s distribution.

Underw: K’'8=0
and K'B~N (0, K (X'X) Ka,?)
So
(K'B)I [K' (X'X)" Kag} B (K’B) ~ x>

SSu
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Also we saw from cannonical form for €2 that any 1?1 and Qg are statistically

Qq
o2

independent. Also we know that ~x2_,. So

(K’ﬁ)/ [K' (X'X)" KUS} -
Qq/oZ/(n—71)
(xB) [ (x'x)" Ko2| " (K'B) /g

~

2
O¢

(K’/@) /q

~ Fq,nfr

UnderQ: F~Fg,_rs (2.57)

-1
where § = (K'B)’ {K’ (X’X)fKag} (K’B). These two forms of the F

statistic are equivalent. The denominators in each is 52

2. So, all we need to
show is that

Q.- Qo= (KB) [k (x'x) K| (K'B) (2.58)

Proposition 2.7.1 Let ¥(,x1) = Dyxq¥. Note that ¢ = K'B and ¢" =
DK'3. For

Hy:
HQZ

Then SSp, = SSu, if D is non-singular.
Proof:
SSp, = (DK’B)/ {DK' (X'X) D'K}_1 (DK'B)
-3 KD (D)™ [K' (X'X)" K} " D 'DK'B
- (K'B)' [K' (X'X)~ K] B (K’B)
= SSm,

Now can show that
P* = i =Dy (2.59)

for non-singular D. So SSg, = SSH,. Can also show that SSg, = Q, — Qq.
To show let 9 = K’3 = A’y and by the Gauss-Markoff Theorem

E(A'y) =A’XB=A'n=1



20

Define P’y = AT, Gram-Schmidt process in matrix, A = P/, T~ ! = A’ =
(T™')'P;. D is a non-singular matrix. Now
A= = A'[P'1{ + P'5() = (T7) PP ¢ + (T PiP'y ¢,
~——
0

So, SSu, = SSu, where

Hy: »p?™l=0

Hy: ¢™'=o0

In order to calculate SSg, first need to get the BLUFE of ¢;. Working in can-
nonical scale we have

E(z) = P ¢, + P’'5¢,

Var(z) = Io? (2.60)

From the Gauss-Markoff Theorem, BLUFE of 1,7)* = 21 can be written as
e A’y where the columns of A € V,. C V,, spanned by P’; and P’5.
e Further, E(A’y) = ¢,
Both this conditions are satisfied for A = P’;. From the Gauss-Markoff Theo-
rem A’ is unique. So
= =Piy=P Pz =2
)= Var(zl) = Var(z,) = Io?
As a result

_ 1
SSH2 = le [Var(zl)] ! Z1§ = 2,121 = Qw — QQ

(&

So the test based on likelihood ratio

F (Qw _A?Q) /q

= (K'B)/ [K' (X'X)~ K}*l (K’B) g (2.61)

e

In summary
e (: wa(X,[’)’,Iag) XB=neV.CV,

e BLUE(K'B) = K'B (also, i is MLE of ) if K’(3 is estimable, where
3 is the solution to (X'X)B8=X'y=0=(X'X) X'y
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o Var(K'B) = K’ (X' X)™ Ko?>

Hypothesis testing:
Hy: ¢¥=K'""3=0

is equivalent to
H: neV._,CV,

,(x5) (ke k] ()

2
O¢

(2.62)

Reject Hy when F' > F.,,,—,. This is equivalent to likelihood ratio test.

2.8 Consequences of using wrong model

Suppose H : 97! = 0is true and 5 € V,_, C V; C V,,. Then, writing the
model in the cannonical form

y=P(+e E(y)=n=P2, (2.63)
Then BLUE of 1 is P’'5¢,. Also

Cy = (P2P'y) ' Poy = Poy
N, = PoPyy = Prz

Note that 77 is the projection of y onto V,._,. We consider now the consequences
of overfitting. Suppose H is true and n € V,._, C V. C V,,. But use model

y=P1¢{ + Py, +e (2.64)
Then 7 is estimated by

No = P'1¢; + P3¢,

’ (2.65)
=Pz + Pz
As a result
E.(Mq) = P'1E(z1) + P’3E(z2)
=0+ P3¢, (2.66)
=n
and
Var, (7ig) = P'1 P10, + Py P30, (2.67)
whereas

Var, (7,) = P'sPyo? (2.68)
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Consider now the consequences of underfitting using the cannonical form. Sup-
pose H is not true but the model

y="P(,+e (2.69)
is used to estimate 7. As a result
Eq(fw) = E(P'222) = P'2(, (2.70)
whereas n = P’1¢; + P’2¢,. Also
Varg(f,) = Py Pao? (2.71)

So, 7, is biased, but has lower variance than

Varg(ijo) = P'1 P10, + P’y P30 (2.72)

(&

Consider now a different approach to these problems. Suppose the true model
is
y=X108,+ X208, +e Q (2.73)
but the model
y=X106,+e w (2.74)

~

is fitted (underfitting), and the estimable function K’3, is estimated as K'3,, =
A’y where A’ = K’ (X’1X1)” X’1. Now consider

Eq() = A/ (X168, + X208,)
= K’51 + AIX2,82

because A’X; = K’. Note that in general, A’X, # K’ does not even have
the same dimensions. Consider now the situation of overfitting. The model

y=X16,+ X0, +e (2.75)
is used. Then
E,(K'Bq) = A’E,(y)
= A'X,6,
= K'p,
if K3, is estimable under .

2.9 Variance of estimates by iteration

When the system of equations is large, solve by Gauss-Seidel iteration.
Var(k'B) = k' (X' X) ko> (2.76)

The desired variance can be computed without computing (X’X)~. Note the
fact that (X’X) "k is a solution to (X’X)b = k. So first solve this equation
to obtain b by Gauss-Seidel iteration . Then

k'bo? = Var(k'3) (2.77)
Also if there is no solution to (X’X)b = k, then k’(3 is not estimable.



Chapter 3

Prediction of Random
Effects

3.1 Best Prediction

Mean squared error of prediction: Let T be an unobservable random
variable (genotypic value) and y (phenotypic values) a vector of observations
that are related to 7. In prediction, the goal is to define some function T of y
such that

E(T —T)?, (3.1)

the M SE of prediction, is minimum. Let T = E(T|y), and write
E(T -T2 =E(T-T+T-T)?
:EBTfff+@fo+ﬂTfﬂ@¥T).

But,
B0 -T)T-1)| =y {BE[T-D)T-1T) ||}
:Eyvf—fo—Tﬂ (3.3)
So,
E@fTV:E“Tfﬂ%uffﬂﬂ. (3.4)

The first term of (3.4) does not involve T, and the second term is minimum
when T' = T. So E(T — T)? is minimized by choosing T to be T' = E(T|y).

Correlation between predictor and predictand:

23
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Proposition 3.1.1 Can show that
~ Cou(T, T)

p(T,T) = = (35)
Var(T) Var(T)
is mazimized by choosing T = T.
Proof: Let E(T) = 6. Then,
Cov(T,T) = E [T(T - 9)} —E { [(T ~T)+ T} (T - 9)} . (36)
but, o
Ey {E [(T—T)(T—ony]}:]«:y [(T-T)(T-@)] =0.  (3.7)
So
Cov(T,T) =E [f(f - 9)} = Cov(T, T), (3.8)
and Cov(T,T) = Cov(T,T) = Var(T). Now,
2y Cov?(T,T)
P = S T Var(T)
_ Cov¥(T,T)
Var(T)\iarET) R 3.9)
B Cov*(T,T) Var(T)
Var(T)Var(T) Var(T)
o
This is maximum when 7' = T and p(T,T) = 1. Note that
Var(T) T YRS
Var) 70 T)

Mean of selected candidates: Consider now the problem of maximizing the
expected value of selected T7s. Suppose there are n candidates and we want to
choose k such that

k
E Zi:l Tsi
k
where s1,..., s are the indices of the selected T/ s.
k
Zf: Teq, -
Tl = ny ZTSI ny > T, (3.10)
i=1
It is clear that selecting sq, ..., s, to be the indices of highest ranking ﬁ would

maximize [3.10}] This is a very general result that not depend on the joint
distribution of T' and y. Here, the proportion selected (%) is a constant.
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Truncation selection: Under truncation selection, the proportion selected is
not a constant. Cochran (1951) showed that under truncation selection the mean
of the selected candidates is maximized by selecting according to T provided that
the candidates are identically and independently distributed and the information
used for prediction is also independently and identically distributed:

Selecting based on conditional mean does not maximize probability of correct
ordering.

e Example :

Pr(T | y) = 0.1 Pr(T]|y)=0.9
T 1 2

T 20 1

E(Ti|y) =0.1%1+09%2=1.9
E(Thly) =0.1%20+0.9%1 =29

Given this value of y, if you select T, you would be wrong in 90% of the time.
Note E(Tz|y) > E(T1|y).

Proposition 3.1.2 Suppose X and Y are multivariate normal (MVN). In

eneral
g Bon () 3, S]) e

Can show that
BX|Y)=px + L xyLy (¥ —ny) =X
Proof: Write X = X + (X — X). Observe that
e E(X-X)=0
e Cov (X —X\%Y’} =2XXy ~ XXy =0
Note that under multivariate normality a null correlation implies independence.
So,
E(X|Y)=E(3(\|Y)+E[(X—/)Z)\Y}
=X+E(X|Y)-X
—X 10

—

=X

(3.12)
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and as a result X is a linear function of Y. Consider now
Var (X | Y) = Var (5(\ | Y) +Var {(X ~X) | Y}
0 (3.13)
= Var (X — 55)
because (X — /)E) and Y are independent. Now
W%Xffyﬂh*XfYMXffﬂ
—1 —1
SLX TLXYLYLYX TLXYLYLYX (3
+ XYYy Ly X
-1
=XX " XXYLyLYX

m ~ N (Pﬂ ’ [Uc% ﬂ) (3.15)
E(T|y)=pr+cV  (y—n)=T (3.16)

Note T' = a + b’y ( linear in y ) where a = pup — ¢’V ' and b = 'V ™! We
have seen that in general, the best predictor does not maximize the probability
of correct ranking. However, under MV N, can show that the BP maximizes
the probability of correct pairwise ranking. Let

d=T, — Ty
d=E(T |y) - E(Tz | y) = E(d | y)

Suppose

Then

Ranking is correct when d has the same sign as d. Note:

~  Cov(d,d)

E(d| d) = E(d) + <757 [~ E(@)

If E(d) = E(d) =0

(3.17)

Also

= Var(d) - p(d, d) Var(d) (3.18)
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_ =~ [ Var(d)
p(d7 ) Var((i) k

Prd>0]|d=k>0)=1-

Var(d)[1 — p2(d,d)]~1/2 (3.19)

_ N 1
pd, d) Var(d) K

[1— p2(d, d)]=1/2

=1-®
This is maximized by choosing d to maximize p(d, c?)

3.2 Best Linear Prediction

Calculating the BP requires knowing the joint distribution of (T, y). Further, it
requires computing E(7" | y). This may be non-linear and difficult to compute.
Consider a predictor of the form:
T=a*+b"y (linear in y)
where a and b’ are chosen such that E(T — f)2 is minimum. So,
E(T - T)? =E(T — a* — b"*y)?
=02 + p3 — 2ura* — 26" ¢ — prb’*n + a*? — 2ab’*n + bV b*

+ b nn'b*
(3.20)
This is the expression for MSEP(T) regardless of the exact form of the joint
distribution of T and y. Claim that a* = a = i, —c’V 'gand b =b= 'V
Suppose a* # a and b* # b has lower MSEP than a + by. But under MV N,

a+by gives the BP. So, a* and b* cannot give lower value for MSEP. To verify
let T =a+ by and let T = a* + b""y. Then

MSEP(T) =E(T —T)? = E {(T ~T)+(T-T) (3.21)
Note E(T — T) = 0 and
E(T — T)y' = Cov {(T - f),y’} — =0 (3.22)
So E(T — T)(T —T) =0 and

MSEP(T) = E(T —T)*> + E(T — T)? (3.23)
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The first term does not involve 7" and the second is minimum by choosing f: =T.
Consider now the problem of maximizing the correlation between 7" and T'. Let
T = a* + b’"y be an arbitrary linear predictor.

- b e
o7y = e
N

This is the expression for p(T, f) regardless of the exact form of the joint dis-
tribution between T' and y. We know that choosing a* = a and b* = b maxi-
mizes p(T T) under MV N. So among all linear predlctors the BLP maximizes

p(T, T).Consider now a different approach. Let T =T + (T —T') where T is the
BLP. Then,

(3.24)

Cov(T,T) = Cov [f (T -T), T} (3.25)
But, we have already seen that for any linear predictor T
Cov {(T 7, } 0 (3.26)

So,
Cov(T,T) = Cov(T,T) (3.27)

and

(3.28)

Var(7)
Var (1)
by the maximum p (T, T). This is maximum when 7' = 7. Note that

Note that does not depend on the choice of T'. So, p*(T,T) is maximized

et

3.3 Best Linear Unbiased Prediction

If the true values of yr, p,,, ¢’ and V' are known,

T=pr+ V= iy—mn) (3.29)
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is the BLP. Suppose,

E(y)=n=Xp (3.30)
where X is known and (3 is unknown. Further, suppose ur = A’ is estimable.
That means, there exists an b’ such that

E(b'y) =b'XB=XNp3 forallg (3.31)
thus, X = X’. Then can predict T with
T=NB+cV (y—Xp) (3.32)
where B is a solution to
(X'V'X)B=X'V 1y (3.33)

Note that T can be written as
T =0ty (3.34)
where
V=XNXV'X)y "XV !'-V'I-X(X'V'X)"X'V'] (3.35)

This predictor is called the BLUP of T'. It can be shown that among all linear
unbiased predictors of the form T = by, MSEP(T) = E(T — T)? is minimum
for T'=T. A useful result to prove the above is:

Lemma 3.3.1 Cov [(T —-T), b'*y} is a constant with respect to b’".
Proof: Note that when E(b'"y) =b" X3 =N forall 3= b""X = X\
Cov {(T -7, b'*y}
= Cov[(T-N(X'V'X)" X'V 'y—cV'ly
+VTIIX(X'VTIX)T X'V ), by
=V - N(X'VX)" XY -V +VTIX(X'VTIX)T XY
S—— e ad
A A

= NX'VI'X)A+VTIX(X'VTIX)A
(3.36)

Let T = by and T = b’y where for both, b’ X = b’ X = X\’. So,

~ ~

Cov [(T D) (T - T)} = Cov [(T - 1), f] — Cov [(T -1, T)] —0 (3.37)

Now we can prove that MSE(T) = E(T — T)? is minimum when T = T, for
T=b"yand b"X = \.

MSE(T) = B(T ~ T = B[( - T) + (T - 7)] ’ (3.38)
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Note that E(T — JA“) = 0. So,

o~ o~ ~

E(T — T)(T — T) = Cov [(T—f),(f—T) =0 (3.39)

and
MSEP(T) = E(T —T)? + E(T — T)? (3.40)

The first term is free of 7' and the second term is minimum when T=T. So
MSEP(T) is minimized by choosing T'= T'. Note that there is a linear unbiased
predictor that has lower MSEP than BLUP, namely BLP. In animal breeding
we model genotypic values as

T=E(T)+T-E(T)=NB+u (3.41)
where E(u) = 0. Now BLUP of u is
i=cV '(y-XB)=by (3.42)

where b = ¢'V ™! [I - X(X'V’lX)*X'V’l} and for E(@) = b’X8 = 0 for

all 3= b’X = 0. Let % = b’y be another predictor with E(2) = " X3 =0
for all 3. So, b’*X = 0’. Then,

Cov [(u—1),d] =0 (3.43)

Cov[u— eV 9y + VI X(X'VIX)" X'V y, b'*y}

_pE IR ryy—1 ryy—1 — YIp*
=cb" b +VTX(X'VTX)"X'b (3.44)
0
=0
So,
Cov(u,u) = Cov[u+ (v — u), ] = Cov(u, @) (3.45)

It follows that
Cov(u,u) = Cov(u,u) = Var(u) (3.46)

and that

Var(u — ) = Var(u) — 2Cov(u,w) + Var(u) = Var(u) — Var(u) (3.47)
Consider

. Cov?(u, @)
2 _ I

prlu. ) = Var(u)Var(a)
~ Cov*(u,@) Var(q) (3.48)
~ Var(a), Var(@) Var(u) '
Var
Var(u

U
u

~

= p*(u, )

~—
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So to maximize p?(u, @) chose % = 4. Those among all predictors of the form
@ =b""y with ¥"X =0’ @& =u = b’y has the highest p(u, ).
Consider a mixed linear model

y=XB+Zu+e (3.49)
with
E(y) = XB, B(u)=0, E(e)=0

Var(u) =G, Var(e)=R, Cov(u,e)=0, Var(y)=ZGZ'+R=V
(3.50)

So,
Cov(u,y’) =C' =GZ' BLUPu)=u=GZ'V ' (y—XB)  (3.51)
What if incorrect G and V' are used. Still,
E(XB)= Xz (3.52)

where B was obtained using an incorrect V. For example, suppose ,@ is obtained
of OLS as B = (X'X)” X'y. Then,
E(XB)=X(X'X)"X'X3=Xp (3.53)
—_———
X
because IX = X and X3 is estimable. So,

E(@) =0 (3.54)

even when the wrong values for G and V' are used.

3.4 Henderson’s Mixed Model Equations

Can obtain BLUE and BLUP efficiently by solving Henderson’s Mixed Model
Equations (H.M.M.E). Suppose,

y=Xp+zute=[x 2)[]]+e (3.55)

where both 8 and w are fixed effects, and Var(y) = Var(e) = R. Then the GLS
equations are

W/R'W m — W'Rly (3.56)

u

where W = [X Z] S0,

Ylex g g =[5y .40
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X'R'X X'R'Z|[B] [X'R'y

Z'R'X Z'R'z||a| |ZR'y
When u is random with E(u) = 0 and Var(u) = G and Cov(u,e’) =0, BLUE
of estimable functions of 3 and BLUP of u can be obtained from H.M.M.E

X'R'X X'R 'z Bl _[X'R'y (3.59)
Z'R'X Z'R'Z+G'|u|l |ZR'y '

(3.58)

BLUE of estimable k/8 is k'8 and BLUP of u is .

To see the above is true, we need to consider a very useful result in the inverse
of partitioned matrices. This result is useful in deriving A~! also. Consider the
nonsingular matrix

A A
A= 3.60
{Am A22] (3-60)
Then,
1 [An AR [AY AP [T o
AA [Am 224 Al =00 (3.61)
and consider now "
Al Ap| A7) _ |0
peirl iRl (302

Next we premultiply the first row of the above matrix equation by (A Ay
and then subtract it from the second row. As a result we can write

0A2 4+ (Ay — A1 A AR)AP =T

and
A* = (Ay — An Al Agp) ! (3.63)

Ay Al [AY] [T

[A21 As| |42 = |o (3.64)
and premultiply now the second row of this matrix equation by (A;2A5," ) and
then subtract it from the first row. This results in

Now consider

(A — A Ay Ay A =T
and
A = (A; — Ap A Ayt (3.65)

In order to compute A'? make use of the fact that A~'A = I. Consider now
the partinoned result

Al A21 TA;, Aps I 0
|:A21 A22:| [A21 A22:| — |:0 I:| (366)
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After the multiplication of the two matrices in the left hand side we can write

AT A + AP A =0 (3.67)
and consequently
A12 _ *AllA A71
e B (3.68)
=—(An — ApAy, Ay T ARA,
Can also write A*? in the same way from A™'A = I,
Ay A2 + A A2 =T
and consequently
A22 — A—l I _ A A12
a(l” And g e B89
= A22 + A22 A21(A11 — A12A22 Agl) A12A22
So,
A% = (Agz — 14211417111412)71 (3.70)
= Ay — Ay Ay (A1 — AnnAsy Ag)) 1A Ay
Now based on AA™! = I can write
A AR L ARAP =0
and as a result
A = A A A% (3.71)
Using again A™'A = I can write
A AL+ APAL =0
and consequently
A%t = —APABAY (3.72)
Now from AA™ ' =1
A AY + ALAM =0
and consequently
A = AN - A, A (373)
= A+ AT ALAP A AT '
Based on the results discussed above can write
[AH Am} o [Aul + Aﬁ;;th”AmA;f —~A A AP
Ay A —-A A12Af11 (Ao — A21A1711A12)71

(3.74)
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and conclude that

Ayl o], [-AG'A - -
{61 0]+[ y 12] A [—An AL T =A"" (3.75)

with A?? = (Agg — A21A1_11A12)’1. It is useful to observe that when Asgy is
1x1, becomes

14_1 O —A_lalz -1 7"1‘83'
|: 61 0:| + |: 111. aso [—aglAH 1] = <b1j + 022 ) (376)
B S
with a®? = (agy — ag1 Ay a12) "t In calculating the inverse of the additive

relationship matrix Al_llalg is easily determined and is very sparse.
Consider now the inverse of

V=2GZ +R=(R-Z(-G)Z) (3.77)
with R = Ay, Z = Ay, —G = A" and Z' = A3, then
V= (R-2Z(-G)Z")"
—R'+R'Z(-G'-ZR'Z) ZR

1 1 1 1\ —1 1 (3.78)
~R'-R'Z(ZR'Z+G ) 'ZR"

P

Next a proof of the fact that Henderson’s mixed model equations (HMME) gives
BLUEFE and BLUP is provided. Consider

X'R'XB+X'R 'Zui=X'R 'y
ZR'XB+ (ZR'Z+G )u=2ZRy
from the second equation can obtain u = P (Z'Rfly - Z'RleB) and then

substitute @ in the first equation. Then
X'R'XB+X'R'ZP(Z R 'y~ ZR'XB) = X'R 'y
X'R'XB-XR 'ZPZR'XB=X'R 'y- X'R'ZPZ'R 'y
X' (R'-R'ZPZR ) XB=X (R'-R'ZPZ'R ')y
(XVIX)B=X'Vly

the generalized least squares equations which give BLUE.BLUP of w is

GZ'V! (y _ Xfa) —GZ (R'-R'ZPZ'R™) (y - XB)
= (GZ'R™'-GZ'R'ZPZ'R™") (y — XP)

7 (3.79)
~(G-GZ'R'zP) (Z’R*Iy - Z’R*Xﬁ)

Rhs of MME
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Note that
(G '+ZR1'Z)P=1

and as a result
ZR'ZP=I1-G™'P

So,
BLUP(u) = [G — G(I - G™'P)] (Z’Rfly - Z’R*IXB)
—[G-G+P|(ZR'y—ZR'X3
G-G+P|(Z Ry 8) 550
~P(ZR'y-ZR'XB)
— 4

Consider now the variance of HMME estimates. X is assumed to have full
column rank. If X is not full column in the following results one has to use a
generalized inverse instead of the unique inverse. From HMME can write

3 Cll 012 XIR—I
ISy e
————
C—l

and the variance can be written as

!
Var [2} =Cc! FZ(/} R Y (ZGZ + RR™! (X Z] c!

1 X’ -1 I p—1 -1

=C ', | (BR'2)GEZR)[X Z]C
1 X/ -1 —1

+C || RT[X Z]C (3.82)
L [X'R'zZ _ _ _

=C! {Z,Rlz}G[Z’R 'X zZR'z]C!

Lot [X’R_IX X’R_lz] c-!

ZR'X ZR'Z
Note that C~'C = I and,

ct' c?l[X'R'X X'R'Z I 0

{C” C”] [Z’R_lX Z’R_IZ+G_1} = [0 I] (3.83)
So,

[C” c”] [X’RlX X’Rlz] _ {I -c2G! }

c? 2| |zZr'x ZR 'z 0 I_Cc2G! (3.84)
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and

A 12 ~—1
Var {@] - [ R }G[Z’R‘lX Z'R'z]C™

I— C22G_1

I c“Gg! _
+ {0 I—C”Gl]c 1

u

Also note that CC ™! = I and,
[ZR'X ZR'zZ]C'=[-G'C* I-G'C¥]

and,
Z\a r _C12
Var |:a:| = G 022:| [_G—1021 I— G—lcQQ]
N _Cll _ Cl?a—lch C12 o CIQG—1022
(I_CQQG—l)C21 (I_CQQG—1)022

_ 'Cll 0

10 (G-C*
So,

v @ % ¢ en)

Also consider,

Cov [ﬁ, (u— u)'} = —Cov(B,u)

X'R'z
_ _ [1t 12
=-lc" ¥ {Z’Rlz} G
=cCc”Gc'Gq
_ C12
and,
Var(a — u) = Var(@) + Var(u) — 2Cov(u, a')
= Var(u) + Var(u) — 2Var(u)
= Var(u) — Var(u)
=G - (G-C*®)
_ C22
Finally,
3 Cll 012
Var L,Z é u} = [021 C22]

Assume now

|

(3.85)

(3.86)

(3.87)

(3.88)

(3.89)

(3.90)

(3.91)
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The joint density of u and y is given by

fu,y;8,G,R) =
1
27

1 q/2
(2) | G |72 exp {u/G ™ u}
s
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n/2
() | R|7% exp {—;(y ~XB—Zu)R™(y - XB - Zu)}

Henderson obtained the MME by maximizing the above relation with respect
to B and u. Note that this is not really maximum likelihood. But the mixed

model equations give,
BLUP(T) =T =XB+C'V 'y — XB)
where under MVN ,@ is the MLE of 8 and
NB+C'V7 i (y—XB)=E(T | y)

So,BLUP(T) is the MLE of E(T | y).
Under MVN can show that

BLUP(u) =u = E(u | w)

where
M
w=y-XB=[I-X(XV X)XV 1]y

and E(w) = 0. Let
P=(V1!'-vIX(XVIX)"X'Vh
and note that PV P = P and M = V P. Then,
Var(w) = VPVPV =VPV
Note also that

VPVV 'VPV =VPVPV =VPV

(3.92)

(3.93)

(3.94)

(3.95)

(3.96)

(3.97)

(3.98)
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So, V! is a generalized inverse of Var(w) = V. PV. Now we can show that

BLUP(u)

= Cov(u,w’)Var(w)w

= (GZ'PV)V ' (y - XB)

—GZ'P(y— XB)

=GZ' (V' -V IX(X'V'X) X'V ) (y - XB)

—GZV i (y-XB)-GZVIX(X'V X)XV )y
+GZ'VIIX(X'V'X) X'V HXP)

—CV i (y-Xp)-GZ VXXV X)) (X'V ly— (X'VX)3)

0

=C'Vi(y - XB)

Can show that under MVN C*W ™~ w = E(u | w) where Cov(u,w’) = C* and
Var(w) = W. Write u = u + (u — 1) and consequently

(3.99)

So, E(u | w) =u if E[(u—u) | w] = 0. But, E(u —u) = 0 and as a result
Cov [(u — u),w’] = 0. Note that we had shown earlier that any linear func-
tion that had E(.) = 0 has Cov() = 0 with (u — @). Note also that the joint
distribution of w and w is MVN so, (u — u) and w are independent and

E[u—u)|w]|=E(u—u)=0 (3.100)

Both 8 and w MVN (fixed versus random)

B 0 D 0 O
u| ~N([O|,|0 G 0}) (3.101)
e 0 0 0 R
where
|8 _|D o0
0= [u and > = 0o @ (3.102)
and consider the model
=XB+ Zu+
y=XB+Zute (3.103)

=wl+e
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with w = [X Z]. Can write
f(aayvzvR) = f(y | 0, Z>R)f(0azaR)

1
~|R|" exp{—2<y —wO/R(y —w0>}

|32 1712 exp {—;9'2_19} (3.104)
Q
exp{—3 {(y —wh) R (y — wh) + 0'2_10}}
- (S [PIRT7?

Consider now
Q=yR 'y —20w'R 'y +60wR 'wd+6% "6
=yR 'y+6 (w’R_lw + Zfl> 0—200w'R 'y
—yR 'y +(6-0) (w'Rflw + 2—1) ©—-0)-0 (w'R’lw + 2—1) 0
(3.105)

where ('w’Rflw + Z_l) 0= w' R 'y. So,
0.9, 5 R) = exp {56~ 8 (w'R "w+ £ )60 -0))

8
1 _ I~ _ 15 _ _
exp {4 [y Ry B R N0+ SO0 | IS R
(3.106)
Also,

0.5 1) = 002

where f(y,>,R) = [ f(6,y,)_, R)dO;note that y is a constant with respect
to 6. So,

(3.107)

exp {—%(9 —0)(wR 'w+ Y (6 - 5)}

f0]y, >, R)~ DIREIRE

(3.108)

and consequently
6|y, R~ N[0, (wR w+3 ") (3.109)

with E(8 | y) = 0 and Var(6 | y) = (w' R 'w + S~ where,

P 1 [X'R'X+D! X'R'z
wRTw) _[ ZR'X  ZR'Z+G
_ X'R!
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Note that if the variance of 3 is considered to be very large, D™! — 0 and 0
becomes the BLUP solution.
Uncertainty about parameters is expressed by a density function. So,

fBw,y, 20 R) = fy | Byw, 25 R)F(B| 20)f(w | 22)f0)f(R)  (3.110)

where f(3 | >) represents the “belief” density (normal) and f(3") and f(R)
can be assumed 1 for particular values and 0 for all other values. In this way
can obtain BLUP. However need to keep in mind that when you pretend 3 ~
N (0, D), or when you use Bayesian inference, can calculate E(T | y) but using
this will not give maximum expected genetic progress. That is because we are
not using the using the correct joint distribution of T and y. Note that here
expected genetic progress is a frequency (or sampling) definition. Also when we
talk about correct joint distribution that is from a sampling point of view.

3.5 Genetic evaluation in populations undergo-
ing selection

Selection results in:
e complex distribution of data and usual assumptions are violated.
e genetic parameters are changed, i.e. E(u) # 0

Example: Suppose y1, y2, Y3, y4 are phenotypic records from four full sibs. Under
additive inheritance,
1
Cov(u;, uj) = 503
Let ys,, and ys, be the phenotypic values of the highest ranking animals. Then,
2
a

Cov(us,, us,) > =0

N |

Can show that if data used for selection are a subset of y, E(u | y) can be
computed ignoring selection.

Two approaches have been used to model selection. A simple cow culling
problem is used below to describe these two models of selection.

Model I:
yearl year2

cowl  y11 Y12
cow2 Y21 —

Also y11 > yo21 S0, a second observation is obtained on cow 1. Under MVN can
calculate distribution of

Y1
Y21 |  given yi1 > Yo1
Y12
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Henderson showed that given one-cycle of selection of this “type” BLUP can be
computed from usual MME. Note that with this model the distribution of

Y11
Y21

is altered by selection.

Model II:
A B
yearl year2 yearl year2
cowl Y11 Y12 cowl Y11 —
cow2 Y1 - cow2  yo1 Y22

Let ¥’y = (y11,Y21,¥12) and y'5 = (Y11, Y21, Y22). Suppose y 4 is realized when
y11 > yo1 and yp is realized when y11 < yo1. In this model the distribution of
—y11_
Y21

is not changed by selection. Note that in both models the distribution of
[y11]
Y21
ysZ_

is changed by selection.

3.5.1 Genetic evaluation

Consider genetic evaluation of N individuals from multiple, possibly overlap-
ping, generations. The pedigree for these N individuals can take a large but
finite number of possibilities: Py, Ps, ..., Py.

Under random mating, the joint density of phenotypic (y) and genotypic
(u) values, conditional of pedigree P = P; is denoted by f(u,y|P = P;). Then,
genetic evaluations are based on

Jf(u,y|P =P,)
fy|P=F) "’

where f(y|P = P;) is the marginal density of the phenotypic values:

fluly,P=P) = (3.111)

fy|P=PF)= /f(u,y|P = P))du.

Under selection and non-random mating, the joint density of y, u, and P is
different from the joint density of these random variables under random mating.
Thus, (3.111]) cannot be used for genetic evaluation.
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As described below, selection based on some variable z is modeled by using
a random variable s with sample space {1,2,...,k} and distribution D;(0(z)).
Note that the distribution of s depends on z through the parameter vector 6(z).

Selection is now modeled by specifying that data from pedigree P; is realized
only when s = i. Thus, the joint density of y, u, and P conditional on selection
can be written in terms of their random-mating density as

Flu,y, P = P Pr(s = ifu,y, P = P)
Pr(s =1) (3.112)
x Pr(P = P)f(u,y|P = P;)Pr(s = ilu,y, P = P,)

g(u7yaP:PZ) =

where Pr(P = P;) is the marginal probability of pedigree P; under random
mating. Now, genetic evaluations are based on

P = Piv = = -
gluly. =0 =[PP = P)f(u.y|P = P) Pr(s = ilu,y, P = P,)du

_ Pr(P = P)f(u,y|P = P;) Pr(s = ilu,y, P = F;)
~ Pr(P=P)f(y|P = P)Pr(s=ily,P = P)

fylP=F) Pr(s=ily,P=F)

(3.113)
In the above equation, when the ratio

Pr(s = Z'|U,y, P = -Pz)
Pr(s=ily,P = F)

is unity, (3.113)) reduces to (3.111f) and selection can be ignored. The numerator
and denominator of (3.114]) are identical under the following conditions:

1. s is independent of y, u, and P:
Pr(s =ilu,y, P = P;) = Pr(s =)

(3.114)

and
Pr(s =iy, P = P;) = Pr(s =1)

2. conditional on y and P, s is independent of wu:
Pr(s =i|lu,y,P = P;) =Pr(s=ily,P = P,)

The first condition is true when selection is based on some criterion unrelated to
y, u, and P. The second condition is true for selection based on y and any other
criterion that is conditionally independent of u, given y. This includes data
based selection. However, if selection partly depends on y,,,;,, not contained in
y, and

neither of the conditions for ignoring selection is true.
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3.5.2 BLUP with selection

Under MVN
BLUP(u) =u = E(u | w) (3.115)

So, as long as selection was based on w =y — XE, BLUP(u) can be obtained
from HMME. Note that

f(uia wl) Pr(s(z) =1 | uivwi)
Js(ui | w;) = . 3.116
W) = ) Pr(s(z) = i w) 410
and that z = L'y and because
E(z)=L'XB=0 forany B onlyif L'X =0 (3.117)

if '’X # 0 = did not select on w and as a result cannot ignore the selection
process. So if selection is across fixed effects cannot ignore selection. However
for T=k'B+u;

BLUP(T) = k'8 +; and is equal to the MLE of E(T | y)

Note that if 3 were known, under MVN, we can compute E(u | y) or E(T | y).
This is not affected by selection across fixed effects! But, if we have good
estimates “lots of data” to compute 3, what we get is almost E(u | y) and E(T |
y). Remember that MLE are consistent! Note also that for the BLUP property
to hold true, we don’t need any assumptions, only need to know the second
moments. Normality is required just for BLUP to be equal to the conditional
mean.

3.6 Genetic evaluation under additive inheritance

In order to setup the MMFE need the inverse of Var(u) = G. Under additive
inheritance,

Var(u) = G = Ac? (3.118)

where A is the additive relationship matrix with elements:
a;; = 2Pr(a random allele from 7 is IBD to a random allele in j)

If 7 is not a descendant of j then,

This leads to the tabular method to compute A. Following steps provide A:

1. Number individuals such that parents precede offspring.
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2. For founders ( individuals without parents ) enter 1 on diagonal and 0 on
off-diagonals.

3. For non-founder ¢ calculate row elements 1 to ¢ — 1 as the average of the
parental row elements.

Qs d;

4. Set the diagonal element i to 1 + —%

5. Fill columns by symmetry.

Consider the following pedigree as an example:

2 ®

For this pedigree the A matrix is given by:

105 0 025
05 1 0 05

0 0 1 05
025 05 05 1

In matrix notation the tabular method becomes

A — A Aifalqdi _ |An e

g A 1T+ S a1 G2
where A; is the relationship matrix expanded up to individual 7, g; has only at
most 2 non-zero elements ( = % ) corresponding to the parents of i. For our
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example
A =1
[ A Aig] o, 1 112
AQ—_q’QA1 1 B=5742= 1y
] ] 1 1/2 0
A A
Ay = q,j 21‘13 =10 0]=>A3=|1/2 1 0
L8 0 0 1
1 1/2 0 1/4
[ As  Asq)] 12 1 00 12
A4*_q§lA3 1 g,=[0 1/2 1/2] = A, = 0 0 1 1/
1/4 1/2 1/2 1
Recall the inverse of a partitioned matrix
A [Au 012]
az; a2
—1 41
Al = {Aél 8] n [ A111 a12] 0 [—an A7} 1]

where a?? = (QQQ — 0,21A1711a12)71. SO,
_ A7l 0 —A7Y A g, _
1 J— 11— 77— 2 1q1, 22 1
A7l = [ - 0} + [ B ]a [—q/Ai 1A 1]
A7l 0 —
- [ 0 0} +[ 1q] ? a1
where a?2 = (ag — aglAﬁlalg)_l and in general

a” = (a; — ;A1 AT A 1q;) T = (ai — qjA_1q;) (3.119)
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As.d. . . .
where a;; =1+ Td Consider now the example previously discussed

ATt =1

4
2 =1/2= (022 — Gy A1g) ™ = (1-0.25) 7" = 2

ey [P - 3

g5 = [0 0] = (ass — g3Aaqy) " = (1-0)"" =1

1+1/3 —2/3 0 0
Az'=| -2/3 4/3 o+ |0[1[0 O 1]
0 0 0 1

14+1/3 —2/3 0
=1 -2/3 4/3 0
0 0 1

a;=[0 1/2 1/2] = (a1 — q1Asq,) ' = (1 -1/2)7 =2

1+1/3 =2/3 0 0 0
| -2/3  4/3 0 0 -1/2 - B

Al = 0 o 1 ol T 12 200 -1/2 —1/2 1]
0 0 00 1
1+1/3 -2/3 0 0
| —2/3 4/3+1/2 172 -1
N 0 1/2 1+1/2 -1
0 -1 -1 2

Note that the following rule can be used to compute a* for a pedigree without
inbreeding:

. 4

W= 3.120
where m is the number of unknown parents. The following algorithm can be

used to obtain A~

1. Set A"t =0.

2. Compute a® for all animals first. Note that these values can be computed
without computing the whole A matrix.
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3. For each animal add the following to At
a’ to (i,1)
—%a“ to (i, Si), (Si, i), (i, dz), (di, Z)
_iaii to (Si7 Si)u (Si; di); (diu 8i)7 (di7 d’L)

4. Omit entries for missing parents.

47
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Chapter 4

Estimation of Variance
Components

4.1 Maximum Likelihood

Consider y, sampled from a distribution with density f(y; @), for 8 € Q. In this
density the argument is y. The likelihood is defined to be a function of 6:

L(6;y) < f(y;0) (4.1)

Then MLE(0) = 0 where
L(8;y) = Maxgea L(0: ) (4.2)

This idea was made popular by Fisher, but may have been used earlier. Consider
now the following intuitive explanation. Suppose that have data of type:

Y1...yp iid N(ur,o)

Can draw histogram from data and find the expected distribution for 0 =

{ﬁ 55} Can “superimpose” expected distribution with empirical distribu-

tion by choosing p = i, 0% = o2, Can say that the maximum likelihood helps
choose which particular distribution fits “best” the data.

4.1.1 Cauchy - Schwartz Inequality

Lemma 4.1.1 )
Var(T) > % (4.3)
Proof: Let,
T = B(T) + W[Y CEB(Y)]

49
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and write

~

T=T+(T-T)
——
Z

recall also that E(Z) = 0 and Cov(Y, Z) = 0 = Cov(T, Z) = 0 So,

Var(T) = Var(f) + Var(Z)

Cov*(T,Y)
Var(Y) + Var(Z)
So,
Cov*(T,Y)
T > —— 2 4.4
Var(T) 2 Var(Y') (44)
unless, T is a linear function of Y. Then, Z = 0 and Var(T) = C%#(g/’;/)

More generally, let y be a vector and T the BLP of T. Then consider
T =T + Z where R
T=ET)+cV'(y—Xp)

and E(Z) = 0 and Cov(y, Z) = 0 = Cov(T, Z) = 0 So,

Var(T) = Var(f) + Var(Z)
=V le+ Var(2)

and consequently
Var(T) > 'V 'e (4.5)

4.1.2 Jensen’s Inequality
Lemma 4.1.2 If g(z) is a convex function and E(x) = p,

Elg(z)] > g(p) (4.6)

with equality only when x is the constant p.

Proof: Convex functions have the property:

g(x) = g(o) + ¢ (w0)(z — o)

Now let g = u. Then,

and

because E(z) = p.
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4.1.3 Kullback-Leibler Inequality

Lemma 4.1.3 Suppose f(y;8) is the density function for random variable y
with 6 € Q.

fly; 0*)
Ey«log 7f(y, 0) >0 for €0 (4.7)
Proof:
fly;0%) o [(y;6)
Eg- log Fw:0) = Eg- log 0 (4.8)

convex function

Now using Jensen’s Inequality,

Eo- [— log ]f((;’f:%} > —log Eg- [m] = logl=0

because

fw0) | _ [ f@:0) 0 gy | B
Eg- {f(y;a*)} _/f(y;a*)f(y’a )dy—/f(y,O)dy_l

4.1.4 Consistency of Maximum Likelihood Estimates

Suppose the data y can be partitioned as y;,¥y,, ..., ¥y,, #d vectors. Then
log f(y;0) = Y _log f(y;; 0) o log L(6; y) (4.9)
i=1

From the Kullback-Leibler Inequality,

Eg- [log f(y;0") —log f(y;0" £0)] > 0 (4.10)
But asn — oo
1 n
~ > log f(y;;0) — Elog f(y;; 0) (4.11)
i=1
So as n — o0,
1
— [log L(6";y) — log L(0" £ 8;y)] >0 (4.12)
n

Also as n — oo the maximum of L(0;y) is at 8. In words the previous results
are described as follows:

. %log L(0;y) converges to its expected value.
e The Elog L(0;y) is maximum at 6*.

e In “large” samples %log L(0;y) as well as L(0;y) are maximized at 6*.
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4.1.5 Crameér-Rao Lower Bond
Lemma 4.1.4 Let s(0) = % log f(y;0) Then
Ep- |

3(0) |0:0*} =0
Proof:

Ey- |

s(0)lg_g=] = ‘ log f(y; 6 ’0 a*f(y;(?*)dy

/nfgﬁéﬁ)’agfxy;aﬂe_g*fuue \dy

0
%/f(y;(ﬂdy
1

=0

0=0*

(4.13)

So, the expected log likelihood has a root at the true value. However this result

is not as powerful as earlier result.

Lemma 4.1.5 Suppose (9\2 is an unbiased estimator of 8F. Then,
Var(@\i) > p¥
where B = Var[s(0*)].
Proof: 51 is an unbiased estimator of 8 so,
0 0) =0 = [0 dy

Note that

9 -
E(d; -1
{892' (Hl)} 0,=0*

5 1 of(y;0) o+
0= [0 || dwer)ay

but also

797 log £(Y:6)

- [0 gy ontwo)|  rweryay

s(0")
— [0 dy
e e
= Cov (és)
=1

(4.14)

(4.15)
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because Eg- [s(0")] =0 = Ey«(s;) =0

0 ~ 0 ~
aTEg* (01) = aiejez =0=Cov (01', Sj) (416)
So,
Cov(B:,8') =0 .. 0 1 0 ... 0]=¢ (4.17)

From the generalized Cauchy-Schwarz inequality and nature of ¢,

Var(@) c.B~
:[ ... 001 0 ... O}
and conclude that

Var(f;) > b (4.18)

with equality achieved when 9: is a linear function of s.

4.1.6 Newton Raphson Algorithm

Newton Raphson Algorithm is used for finding the root of a function. The use
of this algorithm allows the examination of properties of MLE. Let g(x) be some
function of x. Want to find the value of x such that for x =z — g(Z) = 0. The
reasoning is based on the use of Taylor series to approximate g(x) as:

g9(x) = g(x0) + ¢'(20) (2 — w0) (4.19)
Now set to zero and solve for T as
9(wo) + g'(20)(Z — 20) = 0
9 (20)(Z — wo) = —g(x0)

~_ . 9@
* g'(0)

Consider now a vector of functions

dg(xo)

g(@) ~ g(wo) + 92 (@ — o)

5 (4.20)

= g(iL‘o) + B(CL' — :Eo)

The last result represents the Taylor series approximation of g(x). The next
step is to set (4.20) equal to zero and solve for Z.

B(z — z9) = —g(z0)

_ _ (4.21)
T=x9— B 1g(a:o)
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4.1.7 Application of Newton Raphson to MLE
Let U(0) = log L(0;y). Want to find 6 such that

9 ~
25U, = 5(8) =0 (122)

Applying Newton Raphson algorithm gives a way to obtain MLE,
ol = pli-1 _ B~15 (4.23)

where
0s(0) B 82U(9)

B6,_,) = |22 - |29
(8i-1) [60’ }e_ei_l {aeae’}e_ai_l

(4.24)

4.1.8 Asymptotic distribution of MLE

Approx.distribution that gets “better” as n — oco.

Theorem 4.1.1 For

(0 = g los o) (4.25)

and U(0) =log L(0;y), can show that

Varls(6")] = {—Ee* [ gzja(g:

7w

{or [0

ool

0

0
G S we) dyf ()

ol

_8{ 1 laf(y;ﬂ)’ ]
0_0- 00k |f(y;0")| 90, |g_g-
> f(y;0)
90,00, |g_p-
of(y;6) 0f(y;6)

20, 09, |g_g

Proof:

02U (8)
90,00,

1

~ f(y;07)
1

[f(y;07)]2

(4.27)
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Now,
02U N )
E0[5939k99} /f o) 0 k10-6"
2f(y;0)
39 0 Lo (4.28)
/ of (y; )3f(y;9)‘ iy
1 y,0* 00, a9;  |g_g*
/ ‘af y; )3f(y;0)‘ dy
f y, Bﬁk 60j 0-0*
because the first term in the last equation is
0*f(y;0)
—_ = ; = 4.29
| %om o= [ rw oty 0 (429
| —
1 6=0"
Similarly,
e L oo are) w0
00; 00y |g_g+ [f(y;:07)>| 06k a9; |g_p
And as a result
. *[8U( ) U (8 ‘ ] / of (y; )3f(y;9)‘ dy
01700, 00x |g_p- fy;07) | 90, 90; |g_g-
[ 0%U(0) } (4.31)
00;00k |g_p

=Eg- [5;(87)s1(0")]

Recall that E [s(6")] = 0. So,
Var[s(6")] = Eg- [s(0")s'(07)] = —Eg- [B(0")] = —B" (4.32)
where ,
B©)= 5,50 |p.o

Proposition 4.1.1 For a data set consisting of iid vectors of observations

ylaylv"'ayn B
=Y Bi(0") =nB(6") (4.33)

e | 9% log f(y; 0)
B,L(e)—[agag, ]0_0* (434)

B;(67)] =

where

*

and as n — oo, B(6*) — E|
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This holds because “arithmetic mean & converges to E(xz;)”. So for large n
B(0*) ~nE|[B;(0")] = nB; = B*

or in words for large n the observed information matrix is approximately equal
to the expected information matrix. R
Recall that MLE are consistent. So, for large n, 8 is close to 8* and

0~6"—(B*) 's(6") (4.35)

The result in can be obtained by the use of Taylor series approximation:

s(0) = s(0") + %s(e*)(a —6*)=0
B

s(6*) — BO* = —BO (4.36)
B! | B6* — s(6*) = BO
0" — B 's(60") =0

Note also that the approximation in [1.35] gets better as n gets larger. Based on
[4.35] it can be seen that,

E(0) ~ 6" — (B*) ' E[s(6%)] = 6" (4.37)
0

0 is asymptotically unbiased. Also,

Var(9) ~ Var [0" — (B*)~'s(6")]
= (B*)"'Var[s(6%)](B*)™*
)

— (B*){(-B)(B) (439)
_ _(B*)—l
= [Var[s(6")]

so we conlude that Var(@) = [Var[s(6*)]]”" which is the inverse of the Cramer
- Rao lower bound for unbiased estimators. Further, if y, iid s(8*) is the
sum of iid s;(6%). So for large n, s(8*) ~ R(0,—B*) and because of [4.35
6~ R(",—(B")71).

4.1.9 Asymptotic distribution of the likelihood ratio

_ max, L(0;y) )

where,
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) is a p dimensional space
w is a p — g dimensional supspace of {2
Lemma 4.1.6 Can show that as n — oo and if Hy is true,
—2log A\ ~ xg (4.40)
Proof: Consider the following notation,
maxgeq log L(0;y) = u(ég)

and after using a second order Taylor series approximation can write

w(B0) ~ u(6%) + (60 — 67)'s(6%) + %(59 0B (00— 0")  (441)

Recall the fact that for large n,
(0 — 0*) ~ —(B*)"'s(6") (4.42)
Now using [4:42] in [£.41] can write

w(@q) ~ u(0*) — §'(6")(B*) 's(6%) + %s'(@*) (B*)"'B*(B*)"'s(6")
I (4.43)

= u(@") — 3/ (0°)(B) " s(6")

Note that under w there are p — g free parameters and ¢ fixed parameters and
consequently can write

— /él . 0; -
(b\w —-0") = 9*617—11 :ggfq = {%1} (4.44)
p—q+1 p—q+1
. e -6, ]
Then,
~ 1
maxge, log L(0:y) = u(B.) = u(67) + dys1(67) + S Bidy  (445)

but we know that d; ~ —(B7;) 151(8") so under w,
n * * * o\ — * 1 * * o\ — * * o\ — *
u(0,) = u(0%) — 81 (67)(Bi;) " 's1(87) + 53/1(0 ) (B11) "' By (B1;) " 's1(67)
—_———
I

* 1 * * O\ — *

= (@)~ 54 (0°)(Bi)) s1(0")
(4.46)
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Thus,

—2log A = §'(6")(B")""'s(0") — 51(07)(B1,) " 's1(67)
But for large n,

s”*1(0") ~ R(0,B*) and s~V (0%) ~ R(0, B})
and consequently,

—2log A = §'(6")(B")"'s(6") — 51(87)(B11) " '51(67)

L2

The last result is obtained using the result from appendix.

4.2 MLE of variance components

Consider the mixed model (animal model)
y=XpB"+Zu+e

where

- u animal effect

- B* unknown true value

Assume also that
Yy~ R(XF", V)

where V* = ZAZ'0%* + Io?*. Then we can write the likelihood as

exp{i(y—XB)V ' (y—XpB)}
(271.)71/2 |V |1/2

L(B,og. 00 y) =
and the loglikelihood as
1 1
U=logL=K—3log|V|+5(y—-XB)V ' (y—XB)

1 1 -
~oglog |V +5(y - XB)V  (y - XB)

(4.47)

(4.48)

(4.49)

(4.50)

(4.51)

(4.52)

(4.53)

In order to be able to use the Newton-Raphson algorithm we need the first
and second derivatives of the loglikelihood. These expressions can be computed
using the results regarding derivatives of matrices and determinants described

in Appendix. Consequently,
(2y'V'XB-BX'V'XP)

2X'V7ly-2(X'V'X)g]

(4.54)
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By setting the last equation to zero and solving for 3 we obtain
B=(XVX) X'Vly (4.55)

Similarly the second order derivative can be obtained as

0*U
3805~ (X'VX 4.56
0803 ( ) (4.56)
Now consider
U 19l | V]| 19 -
ooz 2 Jo2 2 902 (y—XB)V ' (y— XB)]
ov 1 1%
=—gtr |V Sly—-Xxp)v “y - 4.57
5tr [V (603)] +5u-XB)V (603) V iy — XB) (4.57)
==t (V7IVa) + gy - XV VLY - X9
where v 5
“7 902 do2 (ZAZ'o; +107) = ZAZ' (4.58)
Also
02U 3]
Y _ Y Ix'v Yy X
95002 ~ 902 XV (= XB)] (150)
= X'V7V.V T (y - XB)
and
82U 1 JoVv'vy] 1.0 e
02002~ 2" {aa] + 3903 (W XBYVIVLV T (y - XB)]
- %tr (V7VvTVe) - %(y ~XB)VIVLVTIWVLV (y - XP)
W= X VIV VLY g - Xp)
= S (VI IV — (- XBYV VLY VLY - XB)
(4.60)
Consider now the derivatives of the loglikelihood with respect to o2
oU _ 10log| V| 10 -
do2 2 Jo2 2 902 (y—XB)V ' (y— XB)]
. _]. -1 BV 1 _ I r—1 aV . B 161
= —gtr {V (803) +5y - XAV 907 VvV l(y— XpB) (4.61)
= —%tf (V7'Ve) + %(y —XB) VWV (y— XB)
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where

o ov _ !’ 2 2\ _
V.= 907~ 002 (ZAZ o +Ioe) =1 (4.62)

So,

v _ 1l (V™ + %(y - XB)V 'V iy - Xp) (4.63)

Also,

o*U 0 P—
= 552 X'V 'y - XB)] (4.64)

(y—XB)V 'V, V '(y - XB)

UL [0V VL)) L0
902002~ 2 do?

1
r(VIIVTIV,) = Sy = XB)VIVIIVLV  (y - XB)

(y—XB)V VIV, Vv iy - XpB)

N =N =

tr(VIIVTIV,) — (y - XB)VIVTIV.V T (y - XB)
(4.65)

and

62U - 8 1 —1 1 Iy —1yr-—1
507007 = 907 —5r (V) + 50 -XB)V IV i (y - XB)
= (VI - Ly - XAV IV (y - XB)
1 g —ly,—
— 5y -XPVIVIV iy - Xp)

= (V) - XB VIV IV (y - Xp)

(4.66)

Now we can apply the Newton-Raphson algorithm

— Bs (4.67)
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where

_[ou(e)
B= [8080’}0_9“”

—X'VX  X'VWV,V iy - Xp) XVl (y-Xp) ]
itr (V*lvav*) - e (VvTlv,) -
(y-Xp)vv,viv,v! (y-Xxg)vvlv,v!

= (y—XP) (y — XB)
str(vivTh -
(y—Xxpyv'viv'
(y— XB)

(4.68)

and
X'V i (y-XB)
s=|—3str(V'Vo) + iy - XB)V 'V, V ' (y — XB) (4.69)
—la (VTIWVL) + Hy - XB)VTIV.V T (y - XB)

note that here V., = I.

Consider a more general model where 87*! and V is a function of k variance
and covariance components. Then the first derivatives are

ou 1 B
95 =XV 'y~ X8)

_ *%tr (Vv + %(y ~XB)VIViVTi(y - XP)
(4.70)

= —%tr (V'v)) + %(y - XB)VIVVTi(y - XB)

= 5 (VIVL) 4 Sy - XBV VY (y - XB)
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where V; = 6{23; and the second derivatives are
62U Iyr—1 —1
WZ—XV ViV7i(y - XB)
p+i
0*U

0pyi00py; 2

Consider a two trait problem where

Yy = X108, + Z1u; + e
Yy = X208y + Zoua + €3

The previous equations can be written as

y=XpB+e
where
X1 0 |z
x5 % 24
and

I

with y ~ R (X3, V), with V = ZVar(u)Z' + Var(e). Also

2
Var(u) = {A% A%]

2
Aoy, Aoy,
2 *
Ioel R1202612:|
*
R21a€12 IU@Q

Var(e) = [
Consequently,

vV — ZlAZ'lagl ZlAZ/QO'a12:| + |: IUgl

= / ) *
ZgAZlaalz ZQAZ20'a2 R210'612

*
R120€12

1
= (VI'ViVTV)) - (y - XB)VTIV,V TV, VT (y - XB)

(4.71)

(4.72)

(4.73)

(4.74)

(4.75)

(4.76)

and the first derivatives of V' with respect to the variance components are

vV _[2,AZ, 0
902, | 0 0

ov 10 RTQ
80612 B R;l 0

(4.77)
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Now in order to describe R}, (note that (R],) = Rj;) consider the following
data

Traitl Trait2

1 T T
2 T T
3 T —
4 — T
) T —

where x means that the observation is present and — that the observation is
missing. For this data

(62 0 0 0 oo, 0 0]
0 021 0 0 0 0¢p, O
0 0 031 0 0 0 0
Var(e) = | 0 0 0 021 0 0 0 (4.78)
Oc¢py, 0 0 0 022 0 0
0 o0¢, O 0 0 032 0
| 0 0 0 0 0 0 032_
So
1 00
« 10 1.0
R, = 00 0 (4.79)
0 0O
Asymptotic Variance Matrix
Var (5) ~—(B)"' = —E(B(6*)"" (4.80)

The expected values of second derivatives (expectations taken with respect to
6 not ") are

oUu
oF [3&%’

ou _ Iyr—1 /-1 _ _

] =-E[X'V'X]=XV'X
(4.81)
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and

ou }
—E|—
[89p+i89p+j

=-E Btr (VIWViVTIV) - (y-XB) VTIViVTIV, VT (y - XB)
— ,%tr VIV VIV)+E[V VvV, VT (y - XB) (y — XB)]

= S (VIVIVIV) 4 aV ViV VYT R (- XB) (v - XB)

|4
1
= —gtr (V'VvivTiV) +ua (VIIV,VTiv v
1
=5t (V'v,vlvy)
(4.82)
Then the asymptotic variance matrix becomes
SN [X'VTix 0 - ]
% = — BX< - 4.
Var (0) [ 0 {Lr (VIV,VTIV))) (B7) (4.83)
Fisher method of scoring
6, = 0,1 — B(6,)s(6) (4.84)

Note the difference between Newton-Raphson where

2
1
oU__ ——ttVIWVVTIWV (- XB) VTIVVTIV, VT (y - XB)
00,00 2
(4.85)
is used and Fisher method of scoring where
02U 1 1 L
E =—-trV'V,V'V, 4.
[891-09]} 2t1rV V,V7V; (4.86)

is used.

Functional iteration

Consider the function g(x), want  such that g(z) = 0. Then rewrite g(x) as
h(x) — 2 = 0. Then the functional iteration process is given by

20 — p, (x[i—u)

We look now at how can functional iteration be used in the case of the gen-
eral problem disscused previously. Remember that the first derivatives of the
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loglikelihood were

ou
— =XV y-X
98 (y— XB)
ou 1 _ 1 _ _
=t (V'V) + - (y— XB)V ViV (y - XB)
00p41 2 2
(4.87)
1 1
U _ low v+ ly-xpviviviy - xp)
00+ 2 2
ou 1 _ 1 _ _
5o = 5t (VVi) + 5y = XB) VIV, Vi (y - XB)
p+k
Now using the principle of functional iteration we can write
X'V ly-XV1'XB8) =0
1 ~ ~
—tr (V7IV) 4+ Sy~ XB)VIVIV y -~ XB) =0
(4.88)
1 -1 1 ays—1 -1 2
— Etr (V Vk) + i(y - XB)VTV, Vi (y—Xp)
Note that
tr (V'V) =tr (VI'V,V V) =tz [ VIV, V™ ZV ;) (4.89)
%,_/
14

because any variance covariance matrix function of several parameters can be
. k
written as y . ; V;0;. As a result

w (VW) =t | Vv, Zve =Y w(VIVivTv,) e

%/_/
Vv
(4.90)



and now
1 1
o~ e (VIVI) Ly XBYV VY - XB)
p+i
1 - ~ 1 - ~ (4.91)
-3 Ztr (VIIViVIIV) 6+ Sy - XB)'VTIVIV (y - XB)
j
Set [4.91] to zero and then use for functional iteration
9p+1
{tr (V'V,VTIV))} : (4.92)

b= (- XB) Vv (5 )

Note that V in the matrix of traces containes 6’s from round n — 1 while

Opt1,...,0p4k are from round n. Consider the case of three variance components
for ilustration
X'v1x 0 0 0

tr(V'ViVvTIVY) o (VTIVLIVTIVL) an (VTIVLVTIVG)
tr (V7'VoVT'Vy) tr (VT'VLV V)
tr (V'V3V V)

X'vly
95—1 (y - XB)/V—lvlv—l <y - XB)
“ |t T (v xB) VvV (y - XB)
p+3

(v-xB) v-'vyv ! (y - XB)
(4.93)

Values for the desired parameters can be obtained through an iterative process
from the previous equation.

4.2.1 EM algorithm

Suppose that L(0;y) is hard to compute, but L(8;y,m) is easy to compute
where m is an additional variable. Further suppose

Q(8:;6"1) = E [U(05y.m) | y; 6"~ (4:94)

is easy to compute. Note that in [£94] 8 is the argument of this likelihood and
0" is the value of the parameter used in computing the expected value. Then,
can maximize L(6;y) with respect to 8 by the EM algorithm as follows

1. E step: Compute Q(e;e[i—l])
2. M step: Maximize Q(; 0~ ')),
Maxpe,Q(8;6" 1) = Q(6":0" 1)
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Can show that every step of this algorithm will result in a higher value for

L(0;y). Note that
Yy - observed data or incomplete data;
m - missing data;

form the complete data.

Proposition 4.2.1 Can show that
L(6%y)>L (9”‘”;11)
Proof: Consider the density of complete data

fly,m;0) = f(y;0)f(m | y;0)

Take the logarithm of the previous expression

log f(y,m;0) = log f(y;0) +log f(m | y;0)

Let
0(00) -5 im0

U(6;y) =log f(y;0)

H (8:611) = [1og f(m | y:0) | y; 0"
Now using [4.97] [£.99] [£.100] in [£.98] can write

Q(6:60) = U (65) + 1 (0;001)

Note that

(4.95)

(4.96)

(4.97)

(4.98)
(4.99)

(4.100)

(4.101)

-Q (0;0[i71]) is the conditional expectation of complete data loglikelihood,

given the incomplete data.

- U (0;y) is the loglikelihood for the incomplete data.

- H (0; 9[1-71]) is the conditional expectation of missing data loglikelihood given

the observed data (y).

Note also that
Q (g[i];g[i—ﬂ) >0 (O[i—l];e[i—1]>

because 01 is obtained by maximizing ) (0; 0“71]). Then using

can write

(4.102)

4.101

in (4.102

U (6%:y) + i (61;6171) > U (617 y) + i (611 01 Y)
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Then
U (61y) —U (61 y) = i (00500 ) — i (61:611)  (4.103)
and using
U (e“l;y) U (O[i_l];y)
> B [log f(m | 4 01) | 40711 — B [log f(m | ; 61) | y; 61
> E [log f(m | y: 81 ~) — log f(m | y: 61") | ;0" 100

f(m | y; 001

> E |log | -9”—”1
fm | y;6")

>0

based on the Kullback-Leibler Inequality. So can conclude that
U (O[i];y) >U (H[ifl};y) (4.105)

and consequently
L(6%y) =L (6" y) (4.106)

Proposition 4.2.2 Can also show that at convergence of the EM algorithm i.e.
when @i~ = gl 5

A ; i = 4.1
50 (0:9) lgri=0 (4.107)
i.e. we have reached a root of U(0;y).
Proof: At step ¢ — 1, 6 is obtained by

Maxge.,Q(8; 0 ")

which implies that
0

% (6; 601 lgi1=0 (4.108)
Note also that from E.107]
U (0:9) = Q (0:01) — 11 (001 ) (4.109)
Thus,
E%U(G;y) gt = —a%H(e;e[H]) gt
= 2o fm | y:0);0°] g (4.110)

0 .
_ . ) .pli—1]
- |:60 {logf(m | Y; 0)} ‘0[1] 1179 :|
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But as convergence is reached, ol—1 = gl and

0 0
590 (0:9) lgun = —E | =5 {log f(m | 4;0)} |gu

.g[i]
60 y’

(4.111)
=0

4.2.2 Use of EM algorithm to estimate variance compo-
nents

Consider the following model
y=XB+Zu+e (4.112)
with

E(y) = X8, E(u)=0, E(e)=0

Var(u) = Z Ac2 Z', Var(e) = Io2, Cov(u,e’)=0 (4.113)
~—~ ~~
G R

To obtain estimates of 3,02 and 02 by MLE using the EM algorithm let
y be the incomplete data
u be the missing data

and y and u form the complete data. Then,

L(O;y,u) ~ f(y | u;0)f(u;0)
N exp{—% (y— XpB - Zu)'R_1 (y— X3 - Zu)}
~ 1/2

R (4.114)
exp{—%u'G_lu}
X
|G|1/2
Let e =y — X8 — Zu, then
1 1 1 I p—1 1~—1
U(G;y,u)z—§log‘R’—§log‘G|—ieR e—u'G 'u (4.115)

and
Q (6:6071) = —% log | R| - %log G| - % [tr (R Var (e y:61) ) + @ R']

— % [tr (GilVar (u | v; B[i*”)) + ﬁ’G*la]
(4.116)

where
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e=E (e | v; O[i_l])

u=E (u | y; O[i_l])

Now consider

[i-1] (ZG“—HZ' n R[z‘—u)’l <y _ Xﬂ[H])

G
_ ( ,(R,l)[i—l] Z 4 (G71)[i—1])71 Z'R! (inIB[i—l])
(4.117)

and

Var (u | y; G[Z‘*H) = Var(u) — Cov (u,y’) Var~* (y)Cov (y,u’)
—qli-1 _ gli-1g (ZG[F”Z’ n R[iﬂ])*l Z'qli-1)

_(zali-Vg o gli-1 -1
( +RI)

—Cc!
(4.118)
here we have used the following result from partition matrices
_ -1
AT = (Ao = A i) (4.119)
- _ _ -1 _ :
= A221 + A221A21 (All — A12A221A21) A12A221
Now consider
E (e | v 9[i71]> =e
=E|(y-X8-Zu) | y; 6] (4.120)
=y—XB—-Zu
and
Var (e ;0[2-71] = ZVar (u ;0[1'71] A
(e 1ws6™) (w1 w:6°) (4.121)
=ZC,\Z
Now we proced with the E-step in equation [4.116
. pgli—1 1 1 1 -1 -1 ~ =1
Q (0,0[ ]) = —ilog |R| — ilog |G’ ~3 [tr (R ZCWZ/) +eR e]
1 1~
— = [tr (G_IC’;}) +u'G 1u]

2
(4.122)
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And for the case considered G = Ac? and R = Io? so

i— ]. 7 1 i
Q (9;9[ 1]) = —inlog (af)” -3 ’A (012)[]
[i] (4]
1 1 1 1
[4] (1]
o (amer (2 R
2[tr<A Cu ((73) >+<aﬁ) uA u]

For the M-step take the first derivatives with respect to 3,02 and o2 and then
set to zero and solve for the parameters.So

Q19

= - _—_(y—-XB—-Zu) R ' (y—-XB-Zu
55 = 305 W—XB—Zuw R (y—XB - Zu)
=X'R'y-X'R'Zu- X'R'Xp (4.124)
=0
Now we can solve for 3
B = (X'R'X)” X'R" (y - Za) (4.125)
Next consider
1 1 1 1 1
9 _ 1a 11 atopy+ i L waa
o2 207 2(02) 2 (02) (4.126)
=0
and solve for o2
1 PR
@) =t (A'Cy)) + @A) (4.127)
q
And finally consider
oQ In 1ée 1 1 o
=—-S+:—5+-—=tr(Z2C,,2Z) (4.128)
Oo? 202 2(02)°  2(02) e
and solve for o2
i 1 s _
(@) = = [ee+u (2C, 2" (4.129)
n
Simplification for Exponential family of distributions
Let ¢ = [31] be the complete data. Suppose
b
fa:0) = "o 10y (4.130)

)
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where t is a sufficient statistic, and

a(8) = /b(m)exp {t'0} dx (4.131)
Then,
dloga(@) 1 0a(8) [ tb(x)exp{t'0} / ) B .
S = 7 56 _/ o e = [t (@i0)da =B (x:0)
(4.132)
This result will be used in the M-step as follows
Q (0; 0“_1]) =c—loga(@)+E (t’ | y; 0“_1]) 0 (4.133)

where c = E (1og b(x) | y; 0[’;1]) is not a function of 8. So in the M-step

0Q (0;0[#1}) _0loga(®) (t/ | y;a[i—l])

00 00
=-E(t;6) +E (t’ | y; 0“*1]) (4.134)
=0
So @ is maximized by solving through iteration
E(t;0)=E (t’ |y 0[1‘—”) (4.135)

in the case when we have incomplete data.
Note that when complete data is available, that is when x is observed,

log f(x;0) ~ t'0 — log a(0) (4.136)
and as a result

Elogf(:z:;@) =t—E(t;0)

00 (4.137)
=t— P60
By setting the first derivative equal to zero and solving for 8 we have
6=P 't (4.138)

4.2.3 REML - residual maximum likelihood

Consider the case when we do not write the likelihood given y but given K'y
where

E(K'y):K'X,B:O for all 3

) (4.139)
==K'X=0

with K a (n — r) x n matrix and rank(K’) = n — r. Note that w = K'y are
n — r linearly independent error contrasts because E (K ’y) = 0. Remember
that we have seen that for BLUP that
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E(u)=0
BLUP(u) =E (u | w)
In order to do EM for REML estimates need to look at
E (u | w), Var (u | w)
and E (e | w), Var (e | w)
Recall that y € V,, can be written as
y=y+t+e (4.140)

where y € V,., the subspace spanned by the columns of X, and € L V.. Conse-
quently g can be written as Ay and € as (I — A)y where A = X (X'X) X'
Further we have shown that 4 and € are unique. It can be shown that this fact
implies that A and (I — A) are unique too. To see this fact suppose A and B
are both projections of y onto V,.. Then

(A-B)y=0 for all y (4.141)

due to the fact that g is unique, so Ay = By = y. Note that this holds for all
y. Consider now

y=|. = A and B have the same first column
(4.142)

y= |- = A and B have the same last column
0

1

So we can conclude that A = B.

Theorem 4.2.1 For

y~R(XB,V), rank(X"™P)=r; rank (K,("_T)X") =(n—r) (4.143)
and K'X = 0;w = K'y,and for w and y MVN, can show that
E(u|w) = Cov(u,w') Var ' (w)w
(u | w) (u, w’) (w) 3 (4.144)
=Cov(u,y)K (K'VK) K'y
18 N
BLUP(u) = @ = Cov(u,y) V" (y - Xﬁ) (4.145)

where B = (X'VX) X'Vy
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Proof: Note that by replacing B into BLUP(u) can write
@ = Cov (u,y') [V’l VX (X'VTX) X’V’l} y (4.146)
First we will prove the following lemma:

Lemma 4.2.1 Fory ~R(XB,V), rank(X"*?)=r; rank (K/(”_T)X") =
(n — 1) and with the property that K' X = 0 can show that

1

K(KVK) K=v'-v'X(XVv'X) xv! (4.147)

Proof: Note that

K'X=KV7?v 12X =K"X*=0 (4.148)
K X"

Let V* be the space spanned by the columns of X ™. From |4.148|it follows that
the columns of K* span the orthocomplement of V*, denoted by V**. So,

’ -1 ’
K* (K* K*) K"
is the projection matrix onto V*+. But,
/ -1 ’
[I - X (x7x) x }
is also a projection matrix onto v, Thus,
/ -1 ’ ’ - /
K" (K K) K = {I—X* (X X) X*}
and by pre and postmultiplying by v 2
V-2 g (K*/K*> -1 KXv-12 - y-1/2y-1/2
3 (4.149)
_ V—1/2X* (X*/X*) X*/V_1/2
Now using the fact that K* = K'V'Y? and X* = V"'/2X in4.149| results in

Vol2y2 i (K/V1/2V1/2K)_1 K'Vi/2y-1/2
———— ———
I I
- (4.150)

v Ii-vI2y-12x | x'v 2y x | X vyl
N———’ ————’ N———’
V! V! V!
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So,
K(K'VK) 'K'=V'-VvX (X'V1'X) X'V} (4.151)

Now we return to the proof of the theorem. Note that using the result of the
lemma,

E(u|w) = Cov(u,y') K (K"VK')f1 K'y
— Cov (u,y) V! (y - XB) (4.152)
— BLUP(u)

where 3 = (X'V7'X)” X'V~! and consequently does not depend on K.
Consider now

BLUP(e) = ¢

Cov (e,y ) V! (y - XB)

- (4.153)
~ RV~ (y- XB)
want to show that R
BLUP(e)=é=vy - XB - Za (4.154)
where @ = BLUP(u). Can write
y—XB—Zi=y-XB-ZGZ'V! (y - XB) (4.155)

Note that

Var(y) = (ZGZ'+ R) =V
Vv i=1I

Then by postmultiplying by V! the variance of y can write

(ZzGZ'+R)V ' =1=
ZGZ'V '+ RV =T1= (4.156)
ZGZ'V'=I-RV!
Now using in results in
y—XB-Zi=y-XB—(I-RV™") (y—XB)
R (4.157)
~ RV~ (y- XB)

Now can conclude that

y-XB-Zi=RV~' (y- XB) =e= BLUP(e) (4.158)
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Note that the ML estimate of o2 is equal to é/Té for a fixed linear model, but
the REML estimate of o2 will be equal to e/j where r = rank(X). In REML,

n

w=Ky~R (O7K/VK)

1 1 ’ / -
f(w) =~ Wexp{—Q {w (K'VK) 1w}}

U(w) = logf(w) ~ —%log ’K/VK‘ . %y’K (K/VK)—l K'y

Now consider the first derivative of the loglikelihood

U
20;
ewve) 2 (k')
2 90;
1 ’ / —1 a 7 / -1 /
+2yK(K VK) % (K'VK) (K'VK) ' K'y (4.159)
- —%tr (K'VK)'K'V,K
+ %y’K (K'VK) "K'V, K (K'VK) 'K'y
P P
where V; = %. As a result can write
ouU 1 1,
96, ~ fiterl + 5y PV,Py (4.160)

In order to look at the second derivatives of the loglikelihood first look at the
derivative of P.

oP 0 -1
= K(K'VK) K’

o0, ~ a0, KVE)
- -K(K'VK) ' K'V,K(K'VK) 'K’ (4.161)
=-PV,P

Now can write the second derivative of the loglikelihood
oUu 1 1 1
= —trPV,PV,— -y'PV,PV,Py — —y'PV,PV ;Py
00;00; 2 2 2 (4.162)

1
= §tI'PVjPVi - y/PV7PV1P’y

After computing the first and second derivatives the parameters desired can be
computed using one of the following procedures:
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1. Newton-Raphson

where

2. Functional Iteration

Note that
oU

90;

1
75 {tI‘PVZ - y/PV7P’y}

7

and that PV P = P. In order to do functional iteration set to zero the first
derivative and then rearange the terms of the term that involves the trace

{trPV;} = {y PV Py}
{trPV PV} = {y' PV,Py}
{(trPV, PV} = {y' PV, Py}

trPV;PY V;0; o = {y PV, Py}
——
1%

{YuPViPV,6;} = {y' PV,Py}

Then the set of equations used for functional iteration will be

{etPV,PV;}0 = {y' PV, Py}

matrix vector

3. REML - EM
Consider the following model

y=XpB+Zu+e

with u ~ R (0, Ac2) and e ~ X (0, I0?). Want to maximize
L (H;K’y) where E(K'y) =0 and 6 = [UZ o

Let

w=Ky=KXB+KZu+Ke=K'Zu+ K'e
——

0

(4.163)

(4.164)

(4.165)

(4.166)

(4.167)

be the incomplete data, and let w and e form the complete data. Then the

complete data likelihood is

2
202

u’A’lu} exp{e/e

2
202

BXp{
L(O;u,e) = X
‘A02|1/2 |I02|

(4.168)
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Note that
Az = [A] (o7)"

. 4.169
102 = |1 (02)" e
and then the loglikelihood becomes
_ . q o wWA'u n 5 €e
UO;u,e) = —5 log (02) — T2z 2 log (02) — 207 (4.170)
In the E-step of the EM algorithm we obtain
E(U)=Q (0“1, 9“—”)
q 2 1 -1 A1 A1~
= 5 log (02) - 207 [trA™ ' Var (u | w) + @' A™ '@ (4.171)

n 2 1 PNZN
-3 log (02) — 507 [trVar (e | w) +€'€]
where @ = E (u | w) = BLUP(u) and Var (u | w) = Var (@ — u) = C**. Note
that

X'R'X X'R 'z
-1
ZR'X ZR1lz+4

pi
Uu

*17 clt o2
- C21 022

] with R=1Io? (4.172)

Also,é=E(e | w) =y — X3 — Ztu and Var (e | w) = Var (€ — e) Now
e—-e=y—XB-Zu—y+XB+ Zu
=X (ﬁ_ﬂ) —Z(@-u) (4.173)
——[x z] PP
u—u

and as a result can write

Var(é—e) = [X 2] Var {g - fﬂ [ﬂ
_ix 2z [giicgii] [’Z‘] (4174)

Using these results can write

Q (0[2]70[1_1]> — glog (g’i) — ﬁ [tI‘Ailcﬂz —|— ’l\l//Ail'l/z]
S (4.175)

n 2 1 —1 A~
_§log(ae)—@ [tr [Z’X Z'Z]C —l—ee}
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Now in the M-step we take the first derivatives

gg = —% + ( 12)2 [trA™'C* + u' A 4

v v S , , (4.176)
Q9 _ noy L T |XX X 2o g
do2 202 2(02)* “\z2x z'z

and then in order to maximize set them to zero and solve for o2 and o2

il
(2)

trAT'C”? +u'A'u

q
X'X X'Z] 01 (4.177)
N0 tr{Z/X Z'Z}C ree
(Ge) = n

4.2.4 REML in terms of mixed model equations

In the previous section the desired parameters are estimated with respect to
V1. It might be convenient to express them in terms of the mixed model
equations. For u ~ R (0,G = Ac2) and K'y | u ~ X (0, K'RK) can write
f(u,K'y) = f(K'y|u)f(u)
exp {f% (y— Zu) K (K'RK)' K’ (y - Zu)}
‘K’RK’UZ (4.178)

~
~

exp {—%U’G_lu}
x ’G’1/2

We use the following notation
M=-K(K'RK)'K'=R'-R'X (X'RX)' X'R™"
As a result we can write

~ exp{—% [’!/My - Qy/MZU‘FU/Z/MZ’u,—&—u’G*lu}}

f u, K/y ~
( ) |K'RK|'"* |G|
(4.179)
By completing squares can write
f(u, K'y) =~
exp{—% [YMy+(u—-u) [ZMZ+G'|(u—u)-u'[ZMZ+G ']u]}
|K'RK|'? |G|
(4.180)
where

a=[2Mz+G '] Z My
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Now we can compute the marginal distribution

f(K’y):/f(u,K’y)du

~|zMz+ 6 |"? | K'RK|"* |G| (4.181)
1 . 17 A~
X exp {2 [YMy-u'[ZMZ+G™'] u]}
Now consider the following result
Proposition 4.2.3 For K """ and X"*P can show that
|K'RK| |R||X'R™'X|
7 = 7 (4.182)
|K'K| | X' X|
Proof: Consider the following equality
K’ K'RK K'RX
{X,} R[K X]- [X,RK KRX (4.183)

Now can write in terms of the determinants of both sides

K'K K'X

Rl X

But K’X = 0 and so,

K'K 0
7|5

X'X
Now can write

|R||K'K||X'X| = |K'RK||
= ’K'RK|

= |K'RK|

= |K'RK|

= |K'RK| |

Finally can conclude that

— |K'RK| ‘X’RX -~ X'RK (K'RK) ™" K’RX’

(4.184)

‘ ~ |K'RK||X'R(R™ - K (K'RK) " K') RX |

(4.185)

X'R(R™"— M) RX|
X'R(R'-R'+R'X (X'RX)” X'R™") RX|
X'RR™) X (X’RX) " X' R_lRX‘

T 1

X'X (X'RX)" X’X’
XX "
X'RX|
(4.186)
|[K'RK| |R||X'R'X]
= (4.187)

K'K| | X'X]|
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Note that | K'K| and | X'X| are constants and as a result we can write
|K'RK |~ |R||X'R'X| (4.188)
Now multiplying both sides by |Z'MZ + G™"| can write
|K'RK||ZMZ+G '|~|R||X'R'X||ZMZ + G| (4.189)
But the determinant of C, the mixed model equation matrix, can be written as
IC|=|X'R'X||ZMZ+G™'| (4.190)
As a result can conclude that
|K'RK||Z’MZ + G|~ |R||C| (4.191)

Using the result of [4.191]in 4.181] can write

N 1/2 | ~11/2 | ~11/2
f(K'y) ~ R0 7|6
1., o, . (4.192)
X exp 3 [yMy—u [ZMZ+G ]u]
It can be also shown by elimination of rows in the following matrix
yR 'y yR'X yR'Z
X'R 'y X'R'X X'R'Z
-1
ZR'y ZR'X ZR'Z+4,
that
yMy - [ZMZ+G '|u=yR 'y-6W'R 'y (4.193)
where
~ -1
B ~ 8] [X'R'X X'R 'z ,
W=[X 2z] and 6= [a “lzr'x zRrR'z+c'| WV
(4.194)
As a result can conclude that
1/2 | (1/2 | ~11/2
I (K'y) ~|R["* [0 |a]”
(4.195)

X exp {; [y’Rfly — /O\W'Rfly} }

and from here obtain the loglikelihood and proceed with REML.
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4.2.5 Minimum variance unbiased estimators - MINVAR

Consider
oUu 1 1.,
5(0) = — = —={trPV,;} +- {y PV, Py} (4.196)
00 2 —m 20—
S1 S2

where P= V'~ VX (X'V7'X)” X'V~ and V,; = 2% Note also that

E(y) = 0. Now consider
E(s2) = {E (try/ PV, Py)}
={E(trPViPyy)} note E(yy)=V"—-E(y)E(y)

={trPV;PV*} where V™ is the true Var-Cov matrix of y

trPV ;P Z VJB;‘
J

> wPV,PV 6}
J
= {ttPV PV} 6"

= Fo*
(4.197)

where F' is the same matrix as the one used in Functional Iteration. Now can
get an unbiased estimate of 8* as

0" = F'5,(0)
= —F '5(0) + F ' [5,(0) + 52(0)] (4.198)
= —F's5,(0) + F'5(0)

Note that by Cramer-Rao lower bound if & = 6* then 6" is the minimum
variance unbiased estimator of 6*.
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Chapter 6

Appendix

6.1 Some useful results in vector algebra

Definition 6.1.1 V,, will be used to denote the set of all n x 1 vectors.

Definition 6.1.2 Let {ay, a,...,as} be a set of vectors in V,,. The vector
space V' spanned by {a1, s, ..., s} is the set of all vectors that are linear
combinations of a1, s, ..., s and 0.

Note that V C V,,.
Proposition 6.1.1 Ifx and y are in 'V so is ax + by for any scalars a and b.

Proof: Let A = [a1, 2, ..., a]. Then, from definition (6.1.2]), © and y can be
written as « = Ac; and y = Acy for some vectors ¢; and cp. Then,

ar +by = A(acy +bey) = Acg €V (6.1)
Definition 6.1.3 Vectors {a, ao, ..., .} in'V, are linearly dependent if there
exists a set of scalars {a1, a9, ...,a,} not all zero such that ayo; +asaa+ ...+
ara,. = 0. Otherwise {a, s, ..., .} are said to be linearly independent.

Definition 6.1.4 A basis for a vector space V is a set of linearly independent
vectors that span V.

Lemma 6.1.1 FEvery vector space V' has a basis.

Definition 6.1.5 The dimension of a vector space V is equal to the number of
columns in any basis of V.

Notation: The notation V,. C V,, is used to denote that V. is a r dimensional
vector space in V,.

85
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Lemma 6.1.2 Any set of r linearly independent vectors in V, C V,,, is a basis
for V.

Definition 6.1.6 The length of a vector X is defined as || X ||= (X'X)'/2.
Note that || X + Y |?= (X'X + X'Y + Y'X + Y'Y).

Definition 6.1.7 Two vectors X and Y are said to be orthogonal, (X LY,
if and only if X'Y = 0.

Note that if X’Y =0then || X + Y |]?=|| X >+ || Y ||?
Lemma 6.1.3 Orthogonal vectors are linearly independent.

Proof: Let A be a orthonormal basis. Need to show that if Az = 0 then = 0.
Let

Ax =0 (6.2)
by multipling both sides with the transpose of A we have
A’Axz = A0 (6.3)

now because the vectors included in A are orthogonal A’ A = I and as a result

Ix=0=x2=0 (6.4)

Definition 6.1.8 Any set of r orthogonal nonzero vectors in V. C V,, is a basis
for V., C V,.

Definition 6.1.9 A basis {1, s, ..., o} for V. CV, is called orthonormal
if the r vectors a; are pairwise orthogonal and have unit norm.

Lemma 6.1.4 Given an arbitrary basis {a, g, ..., a.} for V. C V,, there
exists an orthogonal basis {vq,%Ya,--.,v,.} for V. C V,, where each =, is a
linear combination of {1, aa, ..., 0},

Such an orthogonal basis can be constructed using the Gram-Schmidt process.
Let

=«
B 1 (6.5)
B2 = az — c2161
where we want to chose e21 such that
B1B2=0
/
- =0
B (o2 — c2181) o (6.6)
Q2
Blas =c218,61 = ca1 = =
102 210101 21 3.5
Then
Ps (6.7)

7o vV BiBi

Note that B2 cannot be 0. Otherwise cr; and a2 are not linearly independent.



Fernando, Iowa State University 87

Theorem 6.1.1 For V, C V,,, any vector in V,, can be uniquely written as
y=y+e (6.8)
where y € V. and e L V,.

Proof: Let U be a matrix with r orthogonal column vectors in V. C V,,. Let
also y = Uc € V, where ¢ = U’y. We can write

e=y-y (6.9)

and by introducing these values in and then multiplying both sides of the
resulting equation with U’ we obtain

Ue=U'ly-Uc

=U'y—-U'Uc
Uy (6.10)
=0

U’e =0= e LV, = € is in the orthocomplement of V,. We will show now
that this representation is unique. Suppose

y=y* +e* (6.11)
where &I €V, and e L V.. Using 1} in results in
(y—y*)+(e—e*)=0 (6.12)

where (y — 13:) €V, and (e — (/2;) L V,. But (6.12) implies that

—

G-y )=—(—e) LV, (6.13)

As a result (ij—f) 1 V. but because (@—g;:) also € V., (;T/—y;:) =0 and
consequently ¥ is unique. We conclude that there is a unique decomposition of

Y.

Theorem 6.1.2 Given V, and y € V,,,|| y — 4 || is minimum for § € V,. at
4y = g the projection of y on V.

Proof: Note that we can write
y-9=wy-9)+@w-9) (6.14)

as a result

(6.15)
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Note the fact that

© @)
<

e Ve
6.16
v (6.16)

Q@) @
<

and as aresult (y—y) (y—9) =0and (y—9)’(y—vy) = 0. In order to minimize
(6.15)) with respect to 4 we need to set 4 = y, because the choice of ¢ has no
effect on the first term of the relation and as a result it depends only on the last
term.

6.2 Some useful results for solving systems of
equations

Definition 6.2.1 The column ( row ) rank of a matriz is equal to the number
of linearly independent columns (rows ).

Proposition 6.2.1 Let A be a n X p matriz with rank r. Then the system of
linear equations

Az =0 (6.17)
has

1. the unique solution x =0 if r =p

2. if r < p, the solutions are spanned by any set of t = (p — r) linearly
independent solutions.

Proof: Let {z1,2a,...,2¢} be a set of linearly independent solutions of (6.17).
Then each x; is orthogonal to the rows of A. So, any linear combination of
{z1,22,..., 2} will also be orthogonal to the rows of A. Note that ¢ cannot be
larger than ¢t = (p — r) otherwise the matrix

A
4
Ty
/7
Ty

will have row rank > p wich is impossible.

Proposition 6.2.2 Let A be a n X p matriz with rank r and b an n x 1 vector.
Then the system of linear equations

Az =b (6.18)

may not have a solution if n > r.
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Proof: For n > r, we can write

[ A
A= L,;lj (6.19)

As a result (6.18) will have a solution only if

[ b
b= L,;)J (6.20)

Example:
3b; +0bz +3b3 =6
0by + 2b2 +2bg =10 (6.21)
6by + 2by +8b3 = 22

Here the third equation can be written as twice the first equation added to the
second equation. Otherwise the system is not consistent.

Proposition 6.2.3 For Ax = b to be consistent A and [A b] must have the
same rank.

Note that if we augment A with a linearly independent row w, and b with
element k£ the matrix

A

w

]

wk:_

has rank r + 1 and the matrix

also has rank r + 1 regardless of the value of k. So, if Ax = b has a solution, so

does _
[A] z— Z} (6.22)

w

for a linearly independent vector w and an arbitrary scalar k.

Proposition 6.2.4 The set of all solutions of the consistent system Ax = b
can be written as € = u + xg where u is the set of all solutions to Au = 0 and
T is a particular solution to Ax = b.

Proof: Let x; be an arbitrary solution to Ax = b and xg a particular solution.
Then, A(x; — o) = 0 and (x; — o) is a solution to Au = 0. Letting u =
(x; — xo) gives x; = u + xp. So any solution to Az = b can be written this
way. Note that any ®; = u + ¢ is a solution to Ax = b

Az, = A(u+ x9) = Au+ Axo=0+b=0>
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Definition 6.2.2 For any b that can be written as Ax = b a generalized inverse
A~ is such that
A b==xg

where xq is a solution to Ax = b.

Note the fact that Axg = b == AA~b = b. Because every column of A is
spanned by A,= AA~ A = A. This is a necessary but not sufficient condition
for a generalized inverse. In order for AA~— A = A to be sufficient we need to
show that it implies A~b = xg. In order to show this fact multiply both sides
of AA—A = A by . Then we can write

AA- Ax = Ax
and because Ax = b we obtain
AAb=b VB€V,= A b=x¢ isasolutionto Ax=0>b

and as a result we can conclude that AA~ A = A is a necessary and sufficient
condition to define a generalized inverse. A complete solution to Ax = b is
given by

A b+ (A A—-I)c where A"b=z¢9 and (A"A—-Ic=u
where u is a solution to Au = 0. Note that

Au=A(A"A-IT)c=(AA"A—A)c=(A-A)c=0

Lemma 6.2.1 If a (n x r) matriz X has rank r, then (X’X ) has also rank r.

Proof: Suppose there is a ¢’ such that ¢/ X’X = u’X = 0 where u = Xc and
consequently uw € V,.. But /X = 0 implies that w L V,. and as a result u = 0.
But because X is a full column rank matrix and u = X ¢ = 0 we conclude that
¢ = 0 and this implies that X’X is also full column rank.

Lemma 6.2.2 If a (n x p) matriz X has rank r < p, then (X’X) has also
rank r.

Proof: Because X is not a full rank matrix we can write
F x,

X = [Xl XlL] respectively X’ = X,

where rank(X;)=r and XL is a linear combination of X;. Then

X" X, X1 XL |

4 —
X' X = r'x"Xx, XX,L'L

and due to the fact that X/{ XL, L’X’1X; and X’ X{L’L are linear com-
binations of X’/ X we can conclude that the rank of X’X is equal to 7.
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6.2.1 Iterative Methods for solving equations
Consider the following system of linear equations that are consistent
Ab=r
the following iterative methods can be used to solve this system.

Iterative Method 1 (Gauss-Seidel)

i—1 n+1 n n
1l _ T 2 aigby Y — i 0y

i

(6.23)

Qi
By using the following equation the convergence of the process is improved.

b£n+1]* b£n+1] + Oé(b[n+1] _ b[n]) (624)

7 7

Iterative Method 2 (Jacobi)
bt = D7 (e — AbIM) 4 Bl (6.25)

where D is a diagonal matrix with the diagonal elements of A. Again the
convergence of the process can be improved by using the following relation.

bt — p 4 (b — b1y 4 D (r — ABIM) (6.26)

6.3 Derivatives of matrix expressions

6.3.1 Derivative of y’b

Suppose the vector y is not a function of b. Note that y'b = Z;L y;bj. As a
result

oy'b  _

b, =

oy'b  _

Obs = Y2

ay'b

aybn = y”L
In matrix notation, we have

oy'b ,

=y (6.27)
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6.3.2 Derivative of Xb

Suppose X is not a function of b. Note that Xb = Zj x;b;, where x; is the
j-th column of X. As a result

agbfl b _ @
655:’ —
Gl =
In matrix notation, we have
% =X (6.28)

6.3.3 Derivative of b’Ab

Now consider the derivative of b’ Ab = Z? Z;L a;;b;b; where A is not a function
of b.

OX'AX

Som s =m0 enTi+ 3 awy = X+ X
’
% = 0222.’132 + ZZ&? a;ox; + 2?752 asT; = C/QX 4 TQX
’
% = @20 + 30 Qi+ Dy @@y = X 41 X

where ¢,, is the n-th column of A and r,, is the n-th row of A. As a result if we
use matrix notation we can write

O0X'AX
Note that for
/7
A—a = XAX L ix (6.30)

o0X
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6.3.4 Product rule for matrices

Consider the case when matrices A and B are functions of z. Consider now

g k
{ 2
oz
= { a [(%) brj + aix (6;:)] } (6-31)
{ |

Note that when B is not a function of x then

P o,

- (%‘f) b, (6.32)

-(%)»

6.3.5 Derivative of a inverse

-1
Consider a non-singular matrix A then AA™' = I. Want a‘gx and this can

be obtained using the following result

% (AA™Y)Y = = (I)=0 (6.33)

x
Now using the product rule described above can obtain

9 1y [0AN 4 OA™TY
9 (a4 )_(ax>A +A( A >_o

DA™ DA\
A( oz >—‘<ax>A

oA~ L [(0AN ,
o = A (m)“‘
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6.3.6 Other usefull results regarding derivatives of matri-
ces

Consider the case when we are interested in a% (A’BA) where B is not a
function of x. Then

0 0
%2 (A’BA) = 32 {a;Ba;}

= % {trBa;a;}
= {trBaax(aja;)}

o aaj ’ ) 8a;
~{uB (e G|}
_— (MA + AaA)

(6.34)

ox or
0A 0A
=5 BA+AB—

Look now at 8% (AleAfl) where B is not a function of x. Then using the
previous result can write

D iy (0AT -1 i (0AT
9 (a'Ba )_< 4 >BA rap(%
— (A (%A A Ba 4B (9B A4
Ox Ox
(6.35)

And finally consider the case when we are interested in % (y’ AilBAfly)
where y and B not functions of . Then

0, ,._ _
0 _ 1,
= %tr [A 1BA 1y y}

= —tr KAl (%;‘) AT'BAT'+AT'BATY (8A> A1> yy’:| (6:360)

ox
=—y' (A} oA A'BA '+ A'BAT! 04\ 4 Yy
ox ox

6.3.7 Derivatives involving determinants

Recall that the determinant of a matrix A is given by

’A’ = Zaiinj (637)
J
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where A;; is the cofactor of a;;. Recall also that the inverse of a matrix A can
be computed as

A Ay

Al 1 App Ago

(6.38)
Aln AZn

Now,

A A
d|A| Az As (6-39)
A:I’Ll A;zz
and by using the chain rule can write
IA] < 9|A]dayy
ox n %: 8aij %
_olajoa
0A 0Ox (6.40)
—1\/ aAl
= e | (4|4 5

— (a5 ja]

6.3.8 Derivatives of log. determinants

310g|A| B L8|A|
or  |A] Oz
o 1 —1 /aAI
- [(A ) &C} ] (6.41)

—ufay ]

6.4 Expectations and variances of vectors and
matrices

Proposition 6.4.1 Under normality can show that
Var(u | y) = Var(u —u) (6.42)
where u = E(u | y)
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Proof: We know that

E (u | y) = E(u) + Cov(u,y')Var™*(y) (y — E(y)) (6.43)
and
Var (u | y) = Var (u) — Cov(u, y')Var~*(y)Cov(y, u) (6.44)
Thus
Var (u —u) = E[Var (u —u) | y] + Var [E (u — u) | y]
=E[Var(u|y)]+0 (6.45)
— Var (u | )
Proposition 6.4.2
E(y'Qy) = trQV + p/'Qu (6.46)
Proof:
E(y'Qy) =E[tr (y'Qy)]
=E[tr (Quy')]
= tr[E(Qyy')]
— (QE (4 (047
=tr(Q) (V + pp')
=trQV + p1/'Qu

6.5 Some usefull results with respect to the y?
distribution

Proposition 6.5.1 The x? distribution can be written as the squared length of
a N(0,1) vector.

In order to show this fact consider a vector u™*! ~ N(0,X). We need to show
that w3~ u ~ x2. We can write

=352 and =71 =2"287Y2 ghere ®Y? = (nl/2)7!

where £7Y2 is a symmetric matrix(?). Now consider z = » Y24, Then we
can write
E(z) =X Y?E(u) =0
Var(z) = 27V Var(u) 2712 = 27 V2en 2 — wol2el/2el/2e 12 _
So
2~ N(O,I) = 2z'z~x2
2z =uS V28V 2y —w S~ X2

Note also that if u ~ N(n,X) then w/X tu ~ Xiﬁ where § = 'S 'n.
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Proposition 6.5.2 If

px1
1
Yyl = ~ R (07 {V“ V”D (6.48)
y(n_p)x1 Var Vo
2
then,
YV iy~ X
(6.49)
/ V—l 2
Y1Vi1Y1~ Xp
and,
WV 'y —viVily) ~ Xty (6.50)

Proof: Let P™*" be a non-singular matrix. Can write z = Py then, Var(z) =
PV P'. Consequently,

2'(Var(z)) 'z

Z(PVP) 'z
z/(Pl)—lv—l P—lz
S~ (6.51)
P Py-y

=y'V'ly

So z/(Var(z)) "'z = ¥’V ~'y. Now choose P such that

z1 Y1
= _ 6.52
[ZJ [?JQ - V21V111y1] ( )
To do that let
I 0
P = _ 6.53
{Vﬂvn1 I] ( )

and consider

I 0] [y Y } [zl]
Py = _ L= o = 6.54
Y LV21V111 I} {yz] [yg - V21V111’!J1 Z2 ( )
Note that z; and z, are independent. To see that consider
COV(Z17 ZQ) = COV(’yl, Yo — VQlV;llyl)
=V - VuV'v
21 21V Vi (6.55)
=Vau—-Vo
=0
Note also that
o V11 0
Var(z) = [ 0 Var(zQ)} (6.56)
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Because z; and z5 are independent can write

2'(Var(2)) "'z = 41 Viitys + z5(Var(zz)) ' 22
vy (6.57)

So now

"WVly — oy Vity, = 25 (Var(zy)) ' 2
Yy Y=YV 22( ( 2)) 2 (6.58)
~ X(n—p)
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